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CHAPTER V

VALIDITY OF THE NUMERICAL SOLUTION AT POINTS
REMOVED FROM THE END OF A
SEMI-INFINITE BAR

Strictly speaking the only sufficient way to conclu-

vely justify a numerical solution is to show that it agrees
ith a known solution, or with precise experimental data, at
ery point in the giVen'region. Since it is impossible to
sure the state of the bar at any point within the bar with-
mt destroying the geometry or the properties of the bar, and
since there is no exact analytical solution for all points in
e bar; a complete justification of the numerical method is
ot possible.

However, it can be shown that the numerical solution
satisfies many conditions that are necessary for it to be cor-
rect. These necessary conditions are the following: first,
he numerical solution obtained at points far removed from the
loaded end of the bar must approximate the P.C.S. for the in-
finite bar; second, the numerical solution must approximate
experimental data on the surface of the bar near its end where
no analytic solution is known; finally, the solution near the
driven face must agree with the uni-axial strain solution

within the "core of influence."

46
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These necessary conditions are very strong conditions.
In fact, without an exact analytic solution, no other signifi-
cant condition can be advanced. Also, the strength of the con-
dition resulting from the comparison with the P.C.S. cannot be
over emphasized.

A numerical solution that is started at the end of the
bar will involve a large number of calculations before it can
approach the region in which the P.C.S. is valid., In addition,
any appreciable errors or instabilities in the numerical pro-

cedure will become more evident as the number of calculations

increases. Furthermore, since the P.C.S. yields the state of
‘the bar for all radial points (not just at the surface), the
Lcomparison of it with the numerical solution allows a very
strong test of the validity of the numerical solution.

| Thus, if the approximate numerical solution satisfies
all of the above necessary conditions it will be assumed here
that it is valid for every point in the bar.

At points far removed from the end of the bar the P.C.S.

is valid. For a given frequency, this region can be determined

by comparing the P.C.S. to a correct numerical solution.

Numerical Method
In order to compare the numerical solution with the
P.C.8., a disturbance that is periodic in time must be applied
at some point in the bar. Far removed from the point of appli-
cation, a favorable comparison can be made, if the frequency

components of the resulting disturbance travel with the proper
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elocity and if these components are harmonic along the bar

In this chapter the finite difference boundary condi-
ons developed in Chapter III are used with W = sin ot at

= 0. The harmonic disturbance is easier to use than a peri-
¢, nonharmonic disturbance because the general periodic
sturbance would have to be analyzed by Fourier analysis.

so, the harmonic disturbance can be more accurately studied
iith less computer time and storage.

The choice of the particular frequency of the displace-
ent is influenced by many factors. First of all, it is desir-
ble to choose a frequency that allows a severe test on the
umerical solution. Probably the most reasonable criterion for
the severity of the test would be that the wave length ought

to be chosen so that the two—dimensional effect is most pre-
dominant.

The P.C.S. (see Fig. 7) indicates that the two-dimen=-
sional effect is evident for a frequency that yields d/A' =
0.30 and becomes more pronounced until 4/A' = 1.7. Thus, from
this standpoint, the frequency of the disturbance should be
ichosen so that 4/\' is equal to 1.7.
| However, the capacity of the computer, the accuracy of
the solution, and the amount of computing time necessary must
be considered. The IBM 709 computer allows about 18,000 num-—
bers to be stored in dimensioned arrays when FORTRAN IV is
used. IFurthermore, with the numerical procedure used it is

necessary to store the values of U and W for three time
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ncrements, a fixed number of radial increments, and a fixed
umber of axial increments. If it is assumed that there are
. increments in the radial direction and J increments in the

xial direction, then equation (70) can be written:

(2) (3) (1) (J9) < 18,000, (70)

gnere 2 is the number of variables and 3 is the number of time
ncrements. Thus, the product of the number of radial incre-
ents and the number of axial increments must be no larger than
£,000.

A total of 3,000 points in the body seems like a very
adequate number. However, for the problem of the long bar,
this number is quite restrictive. That is, for a reasonable
degree of accuracy, the number of axial increments, the number

radial increments, and the d/\' ratio must be chosen with

care.

There are two major factors that influence the accuracy
of the numerical procedure. First, it is expected that a
larger number of radial increments will be necessary for a
given accuracy when the deformation changes more rapidly along
he radius. Second, if it is assumed that a given level of
accuracy is established by the number of points used to repre-

sent a wave length, it is evident that for this accuracy, the

number of axial increments will increase with the frequency of
the disturbance.

Since the P.C.S. indicates that high frequencies yield
large changes of the deformation in the radial direction, it is

evident that for a fixed number of increments, the higher the
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';quency the more inaccurate the numerical procedure will be.
order to have a sufficiently accurate solution and yet demon-
rate the two—dimensional effect, the frequency is chosen so
hat d/A' is equal to 0.3. This frequency is calculated by us-
the phase velocity given by the P.C.S5. as follows:

A/A" = 8.3

A o= 2n/h

A = w/c
c/c0 = 0.9833%6

0.3 = d/\' = d%/2n = dwco/Encco.
therefore,

w = 1.8535898 co/d.

For d/\' = 0.3, it was found that the accuracy of the
sumerical solution is not appreciably increased by using more
than 12 increments. Thus, 12 radial zones are used and since
the total number of points is 3,000, this leaves 250 axial
zones.

A numerical solution can be performed for a specific
case only. In comparing the numerical solution to the P.C.S.,

the following specific case is considered:
E = 2.0 Mbar, p = 8.0 gm/cc, and v = 0.25.

so, the radial increment size is arbitrarily chosen to be

0.1 em and this results in a bar diameter of 2 cm. The low-
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sequency phase velocity is easily computed to be 0.5 cm/usec
2d this along with d = 2.0 yields the desired value of the
equency (w = 0.4633974 rad/usec).

The size of the axial increment is chosen to allow

oth an accurate solution and a solution that yields values at
istances "far removed" from the end of the bar. It is assumed
at "far removed" from the end is a distance greater than

) diameters from the end; or it is assumed that the P.C.S. is
21id at 10 diameters from the end of the semi-infinite bar.
fith d/A' = 0.3 the bar velocity is 0.49168 cm/usec and the

jilation velocity is approximately 0.548 cm/pusec. Thus, the

ime required for a wave to propagate 10 diameters or 20 cm at
the bar velocity is 40.75 psec. At the dilation velocity the

tront of the wave would propagate approximately 22.4 cm in this

Since there is room for only 250 axial zones in the
achine memory, the smallest Az that can be used is 0.0895 cm.
The size of the axial increment is chosen to be 0.2 cm. To
determine how much this limits the accuracy of the numerical
solution, several numerical solutions (at distances close to
the bar end) were performed for Ar = 0.1, At = 0,075 and vari-
pus values of Az. The results of these calculations are shown
in Figs. 8 and 9.

These figures, especially Fig. 9, show that the most
accurate solution is obtained with the smallest Az. From the
curves for W in Fig. 9, it can be seen that the estimated error

for Az = 0.05 is about 0.6%, for Az = 0.10 it is about 2%, for
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= 0.2 it is about 7%, and for Az = 0.4 it is an unreason-—
ible 19%. These error estimates are calculated by assuming
that the values of the deformation smoothly approach the values
for Az = 0 and that the extrapolation in Fig. 9 yields the true
alues of W and U.

Although the values for U(R) in Fig. 9 demonstrate
larger errors than those for W, it would not be reasonable to
1se these values for an error estimation. The values shown
for U(R) are quite small and near z = 1.20 the values of U(R)
(see Fig. 8) change sign. Thus, a small error in the phase of
J(R) will cause a large apparent error in Fig. 9.

Figure 10 shows how the solutions are affected by vary-
ing At. From Fig. 5 for Az = 0.2 and Ar = 0.1, the stability
eriterion demands that at/ar < 0.142., Thus, for Az = 0.2 and
s = 0.1 the effect of the time increment on the accuracy of
he solution is very slight so long as a stable time increment
s chosen. The value of the time increment was set at 0.1 psec
y o that the numerical computation could be efficiently achieved
End yet allow the stability criterion to be safely satisfied.
| In summary, the following special case is used to de-
.fermine whether or not the numerical solution approaches the
P?.C.8.: E =2 Mbar, v = 0.25, p = 8.0 gm/cc, Ar = 0.1 cm,
4z = 0.2 cm, At = 0.1 psec, 12 radial increments, and 250 axial
increments with d/A' = 0.3. The value of Az = 0.2 is used in
the solution because the estimated error is not extremely
large (7%) and this solution should approach the P.C.S. if any

numerical solution does. Furthermore, the solution for Az =
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f-takes approximately 1.8 hours of IBM 709 time and a more
ate solution would take an unreasonable length of time.

It should be emphasized that the numerical solution is
complished in a nondimensional manner. Although the above
ecial case is used, the same numerical solution can be ap-
5ed for a bar of any size so long as E/p = 0.25 Mbar=-cc/gn,
& 0.25, and 4/\' = 0.3.

Comparison of the Numerical Solution
with P.C.S.

The analysis of the numerical results will be initiated
stating the conditions that the numerical solution must
=tisfy for it to converge to the P.C.S. These conditions are
eparated into three categories as outlined below:

Category I. (General considerations that are evident
from only a vague knowledge of the true
solution)

(a) The solution must be stable.

(b) The front of the wave must not propagate at a
velocity greater than the dilation velocity.

Category II. (Time dependent and phase relations that
are evident from a general study of the
Pochhammer—Chree problem)

(a) The values of the axial deformation at r = O
and r = R should be harmonic in the axial
dimension and in phase with one another.

(b) The values of the radial deformation at r = R
should be harmonic in the axial dimension and
oug of phase with the axial deformation by =*
909,

Category III. (Conditions that are evident only after
the solution to the Pochhammer-Chree
problem has been studied in detail)
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(a) For d/A' = 0.3, the harmonic amplitudes of the
maximum ax1al deformation (at r = O) and the
maximum radial deformation (at r = R) should
be as predicted by the P.C.S., namely, wﬁax/
Uy = 3-91127.

(b) By using the driving frequency that was com-
puted from the P.C.S. for d/A' = 0.3, the wave
length for the numerical solution should yield
d/h' = 0050

(¢) The nondimensional phase velocity (c/c ) for
the wave should be 0.98337.

(d) The radial distribution of the axial deforma-
tion should be as given in Fig. 6 for 4/\' =
0.3.

(e) The radial distribution of the radial deforma-
tion should be as shown in Fig. 7 for d/A' =
O,

The analysis of the numerical results is greatly sim=-

plified by using these three categories. If Category I is not

satisfied there is no reason to continue the analysis. Also,

srovided that Category I is satisfied, Category II can be
zasily tested to determine whether or not there is any expec-
Tation that the numerical solution will converge to the P.C.S.

Finally, if the first two Categories are satisfied, Category

IIT can be applied to find where the numerical solution and
I%he P.C.S. agree best and to determine how well they agree.
The satisfaction of Category I is easily tested by
plotting the displacement at r = O as a function of the axial
position for the final time increment calculated as shown in
Fig, 11. Since the solution is stable and the front of the
wave is propagating at the dilation velocity, Category II can
be tested. This is accomplished by plotting the curves for

the axial and radial deformations at r = R as shown in Fig. 1l1.



Fig. 1l.--Summary of Numerical Results at the Greatest
Value of Time (t = 41 psec).
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Before a conclusion can be reached concerning the satis-
action of Category II, it must be realized that these condi-
tions can be met only in a restricted region of the wave. That
s, the P.C.S. is not wvalid close to the bar end and it is not
valid near the front of the wave. In the region where a com-—
sarison can be made (center portion of the wave), Category II
is approximately satisfied.

In this region, all of the deformations are nearly
narmonic in the axial direction, and the conditions on the
phases of the deformations are very nearly satisfied. Although
these conditions are not exactly satisfied, the agreement is
lose enough to encourage examination of Category III.

There are two reasons why it is necessary to obtain the
region of validity for the P.C.S. First, this region has not
previously been found because the exact solution to the semi-
iinfinite bar problem has not been found. Second, once this
I;egion is found the error in the numerical solution can be
Iiound by using Category III.

This region can be obtained by defining a parameter

that satisfies the following conditions:

l. It must be a function of time because the region
of agreement will not be present until a certain
time after the wave front passes.

2. It must be a function of the distance (z) because
the region of agreement will be a certain distance
from the end of the bar.

3, It must be related to the details of the P.C.S.
and Category III.
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The most convenient parameter that satisfies the above
equirements is the nondimensional phase velocity. An "Equiva-
ent Nondimensional Phase Velocity," as defined and computed

n Fig. 12, was computed for many times and distances. In the
<ample shown, the equivalent phase velocity is (0.98 cm)/

4] - 39) psec = 0.49 cm/psec and the "Equivalent Nondimen=
0.98.

ional Phase Velocity" is 0.49/0.50

1.0 T T | T T

008 -

0-6 =

W(R)

0.4 -

0.2 |

0 5.2 5.6 6:0 6.4 €8
Z (cm)

Fig. 12.--Example of "Equivalent
Nondimensional Phase Velocity" Determina-
tion at z = 6 cm and t = 40 psec.

The results of these calculations are shown in Fig. 13.
Phe region of best agreement is also suggested here. The
points of best agreement are those between z = 5 and z = 9 cm
or a time greater than 40 psec. In this region, the satisfac-
son of the other conditions in Category III can now be

investigated.




*£3TO0T3A

u

Teuo TSUSWTPUON queTeaTnbyg, 9Y3 JO senTepA——"¢T °*STd

aseyd
(mwo) 9ouelsTd TeTxXVy
*4c *0c “9iL *¢L 0°8 0% 0
T T T T T
70°* T
~ ¢g* tHo* =0T
“f 24 96° LO°T
™ vo.H l6° 00°T 2T'T 0 3
— =]
O o
6£* 80°T 88° ¢0°T 2T'T 96° m,
(4]
. ¢ 9
- 0:1700°T 0S° - g 0
£ To0T9A \
uoTaeTid T0°T 00°T 46° #9° 86"
™ #0°T 86" <cO0° #0°* T ~|O%
LaTo0T8p IBg queweel3dy 3sed JO uo 138y
1 1 y \7 \/ L \f Om




62

The condition on the harmonic amplitudes is easily
checked at t = 41 psec by using W(r = 0, 2 = 5.2) = wmax =
1.0811253% and U(r = R, 2 = 6.8) = Uﬁax = 0.26473070 as shown
in Fig. 11. This yields wﬁax/uﬁax = 4,083868 from the numeri-
cal solution, whereas the value given in the P.C.8. is
3.91127. This is an error of 4.4128% and represents very
good agreement since the estimated error in the numerical
calculations is approximately 7%.

The condition on the wave length is readily examined
in Fig. 11 over the region of best agreement. The measured
wave length is 6.62 cm, and since the diameter of the bar is
2 cm, the d/\' ratio is 0.3021 and the agreement is again

very good. The deviation from the Pochhammer-Chree value of

0.3 is less than 1%.

| Since the phase velocity is used to determine the re-
igion of valid comparison with the P.C.S., the condition on the
iphase velocity is automatically satisfied in this region. In
‘this region the maximum error in the phase velocity is approxi-
:mately 2%.

The last two conditions in Category III can be expected
to be most severe because of the large amount of detail in-
‘volved. To perform a test using these conditions, the radial
'distributions of the axial and radial deformations are plotted

| in Fig. 14 for the two points most likely to agree with the
distributions obtained from the P.C.S. (z = 6 and z = 8 cm for

t = 41 usec).
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The maximum error in the distribution for the axial

eformation at z = 6 is 4.73% and for z = 8 cm, the maximum
or is 7.04%. This error is within the expected accuracy
the numerical procedure. Most of the error in the distri-
ution of the axial deformation is due to the fact that this
eformation does not exactly satisfy the phase condition of
tegory II. By studying Fig. 11, it can be seen that rela-
tive to the axial deformation at r = O, the axial deformation
t r=Rand z = 6 is greater than it would be if the deforma-
tion were in phase. Also at z = 8, the axial deformation at
r = R is less than it should be because of the phase
ifference.
At the first glance at Fig. 14, the agreement in the
radial deformation also looks good. The wave shapes are quite
imilar and the end points match. However, by computing the
error in the radial deformation relative to the P.C.S. at each
adial increment, the errors are found to be large. At z = 6,
the maximum error is 17.2% and the average error is 9.22%. At
z = 8, the maximum error is 13.6% and the average error is
5.91%.

For a given frequency the energy of a wave is propor-
tional to the square of the amplitude of the wave. Since the

amplitude of the radial deformation is about 1/4 that for the

axial deformation, the energy associated with the radial de-

formation is only about 1/16 of that for the axial deformation.

k Thus, a large error in the radial deformation can be present
: without causing an appreciable effect in the remainder of the
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olution. Furthermore, the maximum percent errors in the
adial deformations occur at low wave amplitudes and thus the
average amount of error in the amplitude based on the energy
associated with the radial deformation will be much less than
the error values calculated.

Since energy E(r) is proportional to the amplitude
squared [A(r)]2, the energy associated with the radial deforma-

tion can be written as follows:
Iy [? taorr?
0 E(r) dr ~ 0 [A(r)]© ar.
By the trapezoidal rule, this is approximately equal to:
£ 2 2 e o 2 2
1/2 [}b + 202 + 282 + + 2805 0+ AN] Sr

where §{r = (R - 0)/N. Using N = 10 and R = 1, the following
relative energies are obtained for the radial deformations:
Pochhammer-Chree = 0.3721, numerical at z = 6 is 0.4134, and
numerical at z = 8 is 0.3465. The average value of the ampli-

tude for each case is computed as follows:

R R
fo E(r) dr = fo [A(2)]2 dr = Agvg R.

This yields the following average amplitudes: Pochhammer-
Chree is 0.610, numerical at z = 6 is 0.634, and numerical at
z = 8 is 0.589. Thus, the error in the average amplitude is
5.46% at z = 6 and 3.45% at z = 8.

In the region where agreement is expected, the ap-
proximate amount of error associated with each of the condi-

tions in Category III is summarized in Table 2.
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TABLE 2

Error between Numerical Solution and P.C.S.

Condition Folear an
W/ Topgesssrsnnnonsns 4,4127
/N e 0o nemssneis 55 0.7
c/co....... ........ A 2.0 (max.)
W(F)issnswuss - 7.04 (max.)
Average U(2)eecensn- T 5.46 (max.)

Since the numerical solution is expected to have an
error of approximately 7%, there is no reasonable doubt that
the numerical solution is converging to the P.C.S. However,
these differences can be caused either by the fact that the
convergence is not yet complete or by the errors in the nu-
merical procedure. The only way this can be determined is
to obtain a more accurate numerical solution. This can be
done by using a smaller Az, but it would take an unreasonable
amount of machine time. The solution for Az = 0.2 represents
the compromise that was made between accuracy and cost.

Even so, it can be reasonably concluded that for a
plane harmonic deformation at z = O and for 4/A' = 0.3, the
P.C.S. is very nearly valid at distances of more than 4 di-
ameters from the end of the bar for times greater than (z +

6d)/co (see Fig. 13).
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Summary of Numerical Results

In the comparison between the numerical solution and
the P.C.S., the numerical results were closely examined at
t = 41 psec. The numerical results for t < 41 psec are also
of interest and are summarized in Figs. 15 and 16. Figures 11
and 15 indicate how the deformations approach the conditions
of Category II as the time increases. In Fig. 16, the indi-
cated deformations are plotted at the point where the best
agreement with the P.C.S. is expected. It is evident from
Fig. 16 that as time increases the conditions of Category Il
- are more and more closely satisfied.

The dashed vertical lines in Figs. 11, 15, and 16
indicate the ordinate values that correspond to the dilation
velocity. Also, these figures show that the wave front is
‘one—dimensional. The value of U approaches zero and the axial
deformation becomes planar. Thus, the wave front is a dila-

- tion wave.
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Time = 10 psec

| | | | | I 1
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Fig. 15.--Deformation vs. Axial Position at Various Times
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CHAPTER VI

VALIDITY OF THE NUMERICAL SOLUTION AT POINTS
NEAR THE END OF A SEMI-INFINITE BAR

The verification of the numerical solution at points
lose to the bar end cannot be expected to be as complete as
the verification at points removed from the bar end. The va-
1idity of the solution near the end is tested by using experi-
ental data at the r = R surface and the uni-axial strain solu-
tion near r = O in the "core of influence." The "core of in-
fluence" is defined as the time dependent region in the proxim-—
ity of the center of the bar where the deformation is one-
mensional and corresponds to the solution for one-dimensional
strain.

To compare a numerical solution to experimental data,
;t is necessary to know the exact conditions of the experiment
at the impact end of the bar. Data resulting from the colli-
=ion of two bars are not very useful for two reasons. First,

oblique impact will cause bending waves. Second, even if the

impact is not oblique, the bars will not remain in uniform con-
tact over the entire surface. Uniform contact over the entire
surface cannot be expected at all times, because each point on
= radius of the z = O surface will deform differently. For an
initial step change of stress, points at the center of the bar

i1l initially deform as if the radius of the bar were infinite.

70
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fhat is, at the center the bar will initially deform as it would
for a one-dimensional strain. The axial deformation at the out-
gside of the rod will initially be larger than the one-dimen-
sional strain value because the radial normal stress is equal

.o zero at r = R. Although the larger deformation at r = R

i11 decrease the stress there and tend to make the deformation
slane again, it is evident that an exact solution would depend
on a time dependent boundary condition at z = O which, in turn,
depends on the solution.

Many recent experimenters have used either ultrasonic
pulses [23,29,53] or a shock tube [15,32]. Because of the char-—
acteristics of an ultrasonic transducer, the initial amplitude
of the wave is also time dependent. Thus, the experimental
arrangement that produces the best defined boundary conditions
is one that utilizes a shock tube. When the gas shock wave
contacts the end of the elastic bar, the stress on the end of

he bar will be very nearly a step change from zero to a con-
-tant value. The change of stress will be nearly immediate be=
cause the length of the shock front is very small and the veloc—
Fty of the shock wave is large. Furthermore, this yields a
Sressure that is nearly constant over the diameter of the bar.

|

I
experiment and obtained very useful data. The reader is re-

Miklowitz and Nisewanger [32] performed this type of

1'9"e1:'rc.=:d to this paper for the details of the experiment. They
sbtained data for both the radial deformation and the axial

=train on the radial surface at points near the end of the bar.
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hese data appear to be very reliable and will be used for a

heck on the numerical procedure.

Boundary Conditions for a Pressure Applied
at z =0

In determining the validity of the numerical procedure

2t points removed from the end of the bar, the boundary condi-

ions at z = 0 were not important because the numerical solu-

tion was examined at points where the end conditions were not

significant. However, to compare & numerical solution with ex-

serimental data close to the bar end it is obvious that the

boundary conditions of the experiment must be reproduced, if

asreement is to be obtained.
For the experiment of Miklowitz and Nisewanger, the

youndary conditions at z = O are: 0,, =~ P and 0, = 0, where

“he initial conditions are U = O and W = 0. Also, since the

=adial surface is free,1 By Oatr =Rand z = 0. Further-

ore, at r = O, the conditions for proper behavior of the equa-

ons of motion must be satisfied.

By using equations (30) for the components of stress,

“he boundary conditions at z = 0 for an applied pressure are

pbtained:

at r = B3y ¢

=0=(7\+2p)§-g+?\[%}zi+% (71)

rr

lphe seal around the bar at the shock tube probably

s ntroduces some radial constraint, but the mounting is not de-
oribed and the effect of the seal will be omitted in the nu-
merical solution. This may be expected to produce small differn-
=nces between the numerical and experimental results.
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U . W
for 0<r <R;jo,, =0=p [%E + %;] (72)
forO-_(_rgR;cZZ=—P=(h+2p)%+h[g+§g] (73)
U 3U W
at r = 0; 3 =2, U-0, anda 3 - 0. (74)

Since values of U and W for r < O are nonexistent, the
finite difference approximation to equations (71), (72), (73),
and (74) must be written in forward r differences. By the same
+oken forward z differences must be used. Equations (71) and
(72) are easily written in forward finite differences as

follows:

. ]:U(R+Ar.0) ;I_I(R.o)] . B [U(g,o) , WRuaz) = W(R,O)](,75)

AT

|for 0< 2 < B

| 5 = [? THAT OAr_ W(r.,0 ] A [Ugr,az)A; U(r.Of} (76)

Qwhere G =N+ 2p).
| For 0 < r < R, equation (73) can be written in forward

differences as follows:

_Re [EL;.AZ) - W(;.O)]
A AZ

.G [F(i,oz N Eﬁ£+ﬁr.g; ~ Ugr.Ol]. (77)

Also, by using the first of equations (74), equation (73) can

be written as follows:

+ 2 A (%g) . (78)

-P = (A + 2p) (%E)
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d for forward differences this becomes:

PG W(O,Az) = W(0,0 U(ar.0) - U(0,0)
_ka [ - _L_L-l} + 2G { S ]. (79)

ES AT
e remaining equations are easily written in differences as
llows:
U(0,0) = O and W(ar,0) = W(0,0). (80)
Since equation (76) is identically satisfied at r = O,

ifference equations (79), (77), (76), and (75), respectively,

be written as follows:

. E%Aﬁ - W(0,8z) = 26 42 y(ar,0) - W(ar,0) (81)

D < < By = E%AE - W(r,0z) = G ﬁ% U(r+ar,0)
+ @z |2 - | U,0) - W(z,0) (81)
T Ar ) ?
or O < r < R; U(r,az) = U(r,0) + %% W(r,0)
- ﬁ% W(r+ar,0) (81)

-G ﬁ% W(R,Az) =

U(R+Ar,0) + U(R,0) [? %} - i] -G ﬁ% W(R,0) (81)

here equations (80) were used to eliminate U(0,0) and W(0,0).

For R = Nar, equations (8l) are a system of 2(N + 1)
linear equations with 2(N + 1) unknowns. Since the values of

(r,pz) and W(r,az) for O < r £ R are obtained from
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mations (40), the unknowns are U(Mar,0) and W(lMar,0) for

Bi, 2, © ¢+ * N, N+ 1.

In the numerical procedure, this system of equations is
slved at each time step. Then the value of W(0,0) is computed
som equation (80). The computer time required to solve this
sstem of 2(N + 1) equations for every time step is minimized

inverting the matrix of coefficients at the start and using

his inverse, which does not change with time, at each subse-
ment time step.

This numerical procedure is used for a step change in
he stress at z = O for a bar with the same diameter and mate-
a2l constants as were used in the experiment of Miklowitz and

isewanger. These constants are summarized in Table 3.

TABLE 3

Physical Constants Used in the Numerical
Procedure for a Step in Pressure

Property Value

Bar material....... 24S-T aluminum

Bar diameter....... 1 inch
B assmsurench 0.72395 Mbar
B &wanuEs I 2.7135 gm/cc
W oo ain ook W8 £ 0.3125

Bar velocity....... 0.51654 cm/pusec
Dilation velocity.... 0.60965 cm/psec
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Miklowitz and Nisewanger used SR-4 type C-19 resistance
strain gages that have a gage length of 1/16 inch. Although
these gages are short, their high frequency response is limited
0y their length. Even if the recording system had an infinite
frequency response and even if the strain gages had no inertia,
the strain gage must measure average strain over its length.

If it is assumed that a gage of length L' is placed on
= bar in which a harmonic wave of wave length A' is travelling,
the ratio of the measured average strain to the actual strain

2t any point can easily be found to be:
€, /€, = E%—.- sin ﬂ%,— (82)

If a maximum error of 10% is arbitrarily allowed, L'/A'

can be no greater than 1/4. Thus, for a gage length of

The numerical solution is necessarily approximate, and
since it is desired to compare the experimental data and the
numerical solution, there is no need to make the numerical solu-
‘tion significantly more accurate than the experiment. Thus, AT
is set equal to 0.127 cm, Az is set at 0.127 cm, and a time in-
crement of 0.1 psec is used.

Numerical Solution near the Loaded End for
Small Values of Time

It has been previously mentioned that an initial step
change of stress at z = 0 will cause a deformation that is a

function of radial position at z = O. The particles at r = R
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be subjected to the zero radial stress condition. Also,

.t = 0, the radial deformation will be zero throughout the

1l

s, Since e:cprp = U/r, the conditions at r = R, 2z = 0, and

0 are as follows:

0.

Gy = 0y G5 = = P, and s¢¢

using Hooke's Law, equations (6), the axial strain at this
pint is easily obtained:
€2z =‘___:_2§§__
A(l - G5)
Since the effect of the free surface at r = R travels
ward at the dilation velocity, the particles near r = O will
itially deform as though the free surface were not present.
If the numerical procedure for a step in stress at z =
is a correct one, the core of influence must exist. Also,
e radius of the core of influence must decrease with time at
.- 0 as the effect of the free surface at r = R is felt.
hermore, the strain in the core of influence at z = O must
1itially be the one-dimensional value [czz/(h + 2p)] and it
35t increase toward the one~dimensional stress value (GZZ/E)
5 time progresses. Also, the axial strain at z = O, r = R,
B t - 0 must equal - PG/A(L - G°).
For the one-inch aluminum bar, the numerical procedure
'or the step in stress at z = O is tested to determine if it
=tisfies the above conditions. The values of U(r,z,%t),
Kr,z,t), szz(r,z,t), and U(r,z,t)/W(r,z,t) are computed for
< 1.90 psec with Ar = 0.127 cm, Az = 0.127 cm, and At =
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.100 psec. These results are summarized in Figs. 17 and 18.
In Fig. 17 the values of U(r,z,t)/W(r,z,t) are plotted
the r-z plane for different values of t. The curves on the
z plane indicate the locus of constant U/W values at that
e. The dashed vertical lines in the figure indicate the
alue of z corresponding to z = th for that time.
The values of U/W in Fig. 17 do not define a definite
youndary on the core of influence. The numerical procedure
auses a smoothing effect and yields small (nonzero) values in
e region where the U values are expected to be zero. How-
sver, the core of influence can be drawn by arbitrarily choos~-
g a value of U/W = 0.003 to be the boundary of the core.

e core of influence is indicated by the cross-hatched area

The results of the numerical calculations are as would
e expected. Figure 17 indicates that the core of influence
is present and that it behaves as expected. Figure 18 indi-
ates that the strain at z = 0 and r = O is initially equal
to the one-dimensional strain value and as time proceeds the
strain begins to increase toward the one-dimensional stress
alue. Figure 18 also indicates that at z = O, r = R, and

B = 0

R

Comparison between the Numerical Solution and
Experimental Data at the Radial Surface of

the Bar

The numerical solution for a step in pressure at z = O

behaves properly in the core of influence, and it is very



% (if.)

Fig. 17.--The "Core of Influence" as Determined by
the Locus of Constant U(r,z,t)/W(r,z,t) Values.
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Fig. 18.--Growth of Axial Strain from One-Dimensional
Strain to One-Dimensional Stress.
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early correct at points far removed from the end of the bar
for a harmonic disturbance. The remaining test to be applied
is the comparison with experimental data. ‘

The data obtained by Miklowitz and Nisewanger are sum-—
marized in Fig. 19. To compare the numerical solution with
these data it is necessary to plot the experimental data on a
more convenient scale. The time axis for these data must be
related to the time at which the pressure is applied. There
is no reference to the impact time in Fig. 19. This reference
is obtained by finding the time required for the first disturb-
ance to propagate from z = O to that location assuming that it
moves at the dilation velocity.

It is difficult to replot the experimental data on an
accurate time scale. The reference to the impact time is ap-
proximate and the timing markers in Fig. 19 do not allow ac-
curate time determination.

The strain and deformation axes must also be calibrated
because no vertical scale is given in the experimental records.
'This is accomplished by determining the static values of the
axial strain and the radial deformation caused by the pressure
at z = 0. It is assumed that the time records in Fig. 19 are
long enoughlso that the static values can be determined as the
records approach a constant value. The pressure used in the
experiment was "approximately 300 psi," thus the static value
of the axial strain is - P/E = = 0.286 x 10-4 cm/cm and the
static value of the radial deformation at the radial surface

is 0.1136 x 10~ cam.



Racra: Lis
x Station (1!'..'! (Markers are |

NOTE: Higher gain setting tor this

Fig. 19.--Time Records for Radial Displacement and
Axial Strain as Obtained Experimentally by Miklowitz and
Nisewanger [32].
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These scale factors were applied to the records of

Fig. 19 for z = 1 inch and z = 2 inch. The results are plotted
in Figs. 20 and 21, respectively. The results of the numerical
solution for az = 0.127 cm, AT = 0.127 cm, and At = 0.1 psec
are plotted in Figs. 20, 21, and 22.

The agreement between the numerical solution and the
experimental data is very good. Both the data and the numeri-
cal solution exhibit a complicated response to the step of
pressure and.these complications are similar in both sets of
results. The primary areas of agreement and similarities are
as follows:

1. The numerical solution approaches the static values
for the axial strain and the radial deformation as

| time increases. The experimental data are forced
to these values by construction.

2. In Fig. 20, the amplitude and the curve shapes for
' the radial deformation are well correlated.

3, In Fig. 21, the amplitude and the curve shapes for
the axial strain are well correlated and the spike
is evident in both records.

4, In Fig. 21, the shape of the curve for the numeri-

cal values of the radial deformation at two diame-

ters is very similar to the experimental data for

the radial deformation at three diameters as shown

in Fig. 19.

The differences between the numerical solution and the
experimental data are not as impressive as the similarities.
Both sets of results exhibit the same characteristics--the
difference is the time and location at which the characteris-
tics appear. That is, the major features of the results agree
but they occur at different times or in different regions.

These differences are as follows: The numerical results in



84

Oc 9T gL 8
T T T

1 L 1

|
TejusWIIS

s

oT3e3s

TeoTIoum

—L*0=-

g0~

,OT X UTeIsg TeTXY

DUy POPEROT 9Uj WOIT I9GOWETQ dUQ 3B
eleq HMPQOEHH&QHﬂ PUe uoT4NTOS Ted TISWILN Jo ﬂOMHHﬁQEUDII.ON .Mﬁh

(oest) auWTy

(oest) 8mTL

0c 9T 74 0
T T 0
— -4t7°0
18°0
9T3els 421
I!I‘i.- .
— ’ ////w —19°'1
“  Iedtroumy
TeauswtIadxy
1 1 L 1 O . N

(wo) gOT X UOT4BWIOJS( TeTped




85

eaeq TesusutIadxy pue

(oest) swWTIy

Oc 9T <t 8 7

: 013838

TeoTIauny

/

c HmPQmaﬁﬂomNm

1 | 1 1

S

e 0=

7°0-

S*0-

,OT ¥ uTeIss TeDy

(oest) awWIf

212838

Teo TIsum)y

oy

g
o

0
O

qV)
=

O
—

0°*c

spUF POPROT 9Y3 WOIJ SISFOWET( OMT pw
woT4NTOg TedoTIeumy Jo uosTIedwop--°TZ "3Td

(wo) gOI X UOT4RBWIOIST TeTrey



86

-0.4}F
R nui‘l""""""‘"'.“""""u'"-""""'"' sasatinttitte AT R
"'0-2" .
z = d/2
i | | | | =
0
e Spike
S -o0.4fF \
H T T o P T e L o A e
-ﬁ i pos =7
& -0.2
5 ; z = 34/4
om Pl | | | | Ik
0
_ Spike
% }
= =0.41 A
P"a .U|=.-I—— _J..T“.:"_.m.mm e
'E' -O 2 5 - . .._n.-- .
g z = 5d/4
0 0 1 : 1 | 1 __}
Spike
=
g i
—  =0.4F .
N & "‘ 284
5 -0.2f R ]
4[; . 2 = 5d/2
] 0 | | | 1 1
0 4 8 12 16 20

Time (psec)

: Fig. 22.--Development of the "Spike" in the Axial Sur-
face Strain with a Step of Pressure Applied at z = 0.
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gs. 20 and 21 are ahead (in time) of the experimental re-
1ts. The development of the spike in the axial strain

pigs. 20, 21, and especially 22) does not occur as close to

= end in the numerical solution as it does in the experimen-
data. The "jog" in the radial deformation (Fig. 21) de-
:1ops at two diameters in the numerical solution and at three
iameters in the experimental data.

Tn an attempt to show that better agreement is obtained
ith a more accurate numerical solution, other numerical solu-
:ons were obtained in order to determine the effect of Az on
he accuracy of the solutions. Using the same At and Ar as
used for Az = 0.127 cm, other numerical solutions were ob-—
ained for Az = 0.09071 cm and Az = 0.15875 cm. No appreci-
ible difference is observed in the numerical values of either
the radial deformation or the axial strain at one or two di-
meters from the loaded end. However, the numerical solution
becomes unstable very close to the loaded end, if small values
{4z < 0.10) are used in the solution with r = 0.127 cm. This
instability is shown in Fig. 23 at one-fourth of a diameter
from the loaded end. Thus, for Az/Ar less than unity, the
necessary condition for stability is not sufficient.

Smaller values of Ar, At, and more radial increments
st be used to obtain a stable solution for smaller Az. But
he numerical solution is not appreciably affected by changes
in stable values of Az. Thus, a significantly more accurate
solution could be obtained only with very small Az, At, and

Ar with many radial increments. This would require a very
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For the purposes of this work more accurate solutions
ere not obtained because of the cost and because agreement is
vident with the existing solution.

Exact agreement between the numerical solution and the
.xperimental data cannot be expected. Even if the numerical
.olution were exact, the solution and the data would not coin-
vide because of necessary differences in the boundary condi-
dions at z = O (radial constraint imposed by the seal), because
® necessary experimental errors (finite gage length among
thers), and because of the necessary errors induced in re-
Jotting the experimental data to a convenient scale.
Therefore, it is concluded that the experimental data
nd the numerical results are in substantial agreement.
thermore, all of the numerical results (including those for
he P.C.S., the core of influence, and those for experimental
somparison) are considered to be correct and valid, with the

nly limitations on accuracy being those imposed by machine

sapability and computing costs.



CHAPTER VII

NUMERICAL SOLUTION FOR REFLECTIONS IN FINITE
CYLINDRICAL BARS

The numerical procedure developed in the last chapter
a step increase in pressure is applied in this chapter.
e same properties of the bar as well as the same increment
zes are used.

For the finite bar, two different end conditions are
sidered at the z = L end of the bar. The first case is a
ess—-free end (free end) and the second corresponds to a

gid surface at z = L (fixed end).

Boundary Conditions for a Free d
For a stress—-free surface at z = L, the boundary con-
itions are:

6., = 0 and o, = O. (83)

thermore, the boundary condition at r = R is:

Grr = Oo (84‘)

l1so, the conditions for proper behavior must be satisfied at

= (O

U:O,aﬂ:ﬂ and.a_-w_—'Ol (85)

90
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Although the pressure is zero at z = L, equations (83),
84), and (85) are the same conditions as those for a constant
ressure at z = O. The finite difference procedure for these
onditions is also the same except that backward differences
mst be used in the z-direction at z = L. Using this method,
he following system of linear equations (similar to the sys-

0) is obtained:

]

em for a constant pressure at z

U(0,L) = O (86)
W(ar,L) = W(O,L) (86)
W(0,I~Az) = W(0,L) + 2G ﬁ U(ar,L) (86)
for 0 < r < R; W(r,L-az) = W(r,L)
+ G %% U(r+ar,L) + G [%? - %%] U(r,L) (86)

for 0 < r < R; U(r,L-az) = U(r,L) + ﬁ% W(r+ar,L)

- -ﬁ—; W(r,L) (86)

G AL W(R,I-az) = U(R+ar,L) + [ﬁgl"- - ] U(R,I) + %g_r_ W(R,I) . (86)

In the same way as before, the values of U and W for
0<z<Land O<r<R+ AT are obtained and the same method
is used to solve equations (86)--the values of U and W at z =
I are found by inverting the matrix of coefficients at the

start and this inverse is used at each subsequent time step.



92

Boundary Conditions for a Fixed End

For a fixed end at z = L it is assumed that the end of
bar is in contact with a greased rigid surface. For this

e the boundary conditions at z = L are:

W=Oandorz=u[§¥+§—g]=o. (87)

These conditions are easily written in finite differ-

ses as follows:

for 0<r <R+ ar; W(r,L) =0 (88)

for 0 < r < R; U(r,L) = U(r,L-az). (88)

Since the values of U and W for O < z < L and 0 L r <
+ AT are obtained in the same way as before, all the values
U and W are known except U(R+ar,L). This value is easily
ained by using o =0 atr=Rand z = L. This results in

following difference equation:

U(R+AT,L) = [ - %%] U(R,L) - %‘Z‘t—l—‘ [w(R,L) - W(R,L—Az:l. (89)

Summary of Numerical Results

Numerical results are obtained for two different bar
engths. Values for a bar length of two diameters are sum-
ized in Figs. 24, 25, and 28. For a length of one diameter,
tiple reflections are observed and these results are sum-
ized in Figs. 26 and 27.

The numerical results are compared with the elementary

e-dimensional stress approximation which is indicated by the
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dashed lines in Figs. 24, 26, 27, and 28. In these figures,
the values of the ordinate corresponding to the dilation front
are indicated by double vertical lines. These values are ob-
tained by using cq = 0.60965 as determined by the material
properties. The direction in which the dilation front is
propagating is also indicated by an arrow. The discontinuities
predicted by the elementary solution are smoothed by the dila-
tion wave in the numerical solution. This smoothing is evident
before and after reflection in Figs. 24, 26, and 28.

The results shown in Fig. 24 should be expected. The
oscillation at 14.7 psec for the free end can be attributed to
higher order modes of the P.C.S. [1,8,10,25]. The existence
of these higher modes is verified by Fig. 25, For the free
end at 14.7 psec, between z = O and z = 1 d, Fig. 24 does not
exhibit oscillations and Fig. 25 is well behaved. However,
between z = 1 d and z = 1.5 d (where the oscillation is largest
in Fig. 24) the radial distribution of the radial deformation
changes rapidly as shown in Fig. 25. Also, between z = 1.5 d
and z = 2 d, changes in the radial distribution become gradual
again and the oscillations shown in Fig. 24 become smaller.

In Fig. 25 for z = 1.2 4 and 2z = 1.4 4, it is evident
that a second mode is present because of the added radial node
(see Fig. 6 for typical first mode distributions). There are
probably higher modes but the second order mode is conspicuous
in Fig. 25.

In Figs. 26 and 27, the numerical values for the axial

strain at the radial surface are plotted as functions of axial
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osition for six different values of time. These figures show
ow multiple reflections affect the numerical solution. The
ave front is reflected from the z = L surface (both cases--
ixed and free) and then reflected from the z = O surface.

In Fig. 28, the numerical values for the surface strain
{are plotted as functions of time for three axial positions.
}These results appear reasonable, and if experimental data were
available, the numerical results could be easily compared with
them.

It should be noted that all of the numerical values

presented in this chapter are approximate, and although these
results are reasonable, experimental data and more accurate

numerical solutions will certainly be welcomed.



CHAPTER VIII
CONCLUSIONS AND RECOMMENDATIONS

Conclusions

Stable and accurate numerical solutions for longitudi-
nal elastic wave propagation have been obtained. By formulat-
ing the difference equations in terms of deformations and
without using the artificial viscosity approximation [37],
solutions have been obtained for continuous and discontinuous
loadings at the end of the bar.

For the plane deformation u, = sin ot at z = O, the
numerical solution converges to the Pochhammer-Chree solution
for the infinite bar. If w is chosen So that 4/A' = 0.3, the
convergence is nearly complete at distances of more than
4 dismeters from the end of the bar for a time greater than
(z + 6 d)/co.

With the application of a step change of stress at
z = 0, the numerical results exhibit a time dependent region
. that corresponds to the one-dimensional strain solution. For
" a given value of z, the radius of this region decreases with
+time. The numerical solution approaches the one-dimensional

stress solution for large values of time.

! The numerical solution and experimental data near z =
0 are in reasonable agreement. The important features of the

experimental data are evident in the numerical solution.

100
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The numerical solution for reflections in bars of finite

ength yields complicated results. The important features of

seflection, indicated by the one-dimensional stress solution,

re still evident despite these complexities.

Recommendations
Numerous extensions for the study of two~dimensional
slastic wave propagation are possible. Many of these can be
nvestigated with the existing program or with minor changes
o this program.
With no appreciable changes of the existing program,
he following problems can be approached:

1. Study transmission and reflection of waves by using
different (partial impedance match) end conditions
atZ=L-

2. Study the effects of different frequencies for the
plane harmonic disturbance at z = O on the region
of agreement between the numerical solution and

the P.C.S.

3, Study the effects of different radial distributions
of axi-symmetric harmonic loadings at z = O on the
region of agreement between the numerical solution
and the P.C.S.

4, Study the effects of different radial distributions
of axi-symmetric step increases in pressure at z =
0. This would result in a study of the Dynamic St.
Venant Principle for a two-dimensional bar.

5, Study the validity of existing and new approximate
theories.

With minor changes in the existing program the follow-
ing problems could be studied:

1. Study two-~dimensional wave propagation in the fol-
lowing geometries: plates, tubes, cones, and bars
with changes in cross—sections such as notches or

swells.
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2. Study torsional wave propagation in a two-dimen-—
sional bar,

In the future (with the advent of larger and faster
omputing machines) it will be feasible to obtain accurate
erical solutions to the general elastic wave propagation
oblem. Then, a program can be developed to simultaneously
clude bending, torsion, and longitudinal waves.

Besides the application of the computer there is an
obvious need for experimental data. Very few data are avail-
able for the neighborhood of the loaded end of long bars and

no data could be found for reflections in very short bars.
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Q B =

Q

= A/(N + 2p)

NOMENCLATURE

constant in P.C.S.

surface area

constant in P.C.S.

phase velocity

phase velocity of a dilation wave
phase velocity for the elementary bar
phase velocity of a shear wave
outside bar diameter

Youngs modulus

strain tensor

constant in P.C.S.
constant in P.C.S.

unit or identity matrix

constant in P.C.S.

constant in P.C.S.

finite bar length

pressure applied at z = 0O

frequency of a harmonic wave in P.C.S.
outside radius of cylindrical bar
radial cylindrical polar coordinate

stress tensor

109



ek e € =

time

finite difference notation for u,
radial distribution of u, in P.C.S.
deformation vector

velocity vector

finite difference notation for u,
radial distribution of u, in P.C.8S.

axial cylindrical polar coordinate

wave number of the harmonic wave used in P.C.S.
Kronecker delta

component of strain

function used in the stability discussion

function used in the stability discussion

dilation

wave number

Lamés constant

wave length of a harmonic wave
Lamé&s constant

Poisson ratio

mass density

component of stress

volume

angular cylindrical polar coordinate
function used in stability discussion
angular velocity

rotation vector
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'Ar radial increment
AL time increment

AZ axial increment
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JUSTIFICATION OF THE ACCELERATION

APPROXTMATION

The acceleration approximation (DV/Dt = BEH/atg) must
be justified for both the harmonic and step inputs at z = O.
For the harmonic end condition, the numerical solution is
tested to determine if it converges to the P.C.S. Since the
above linearization is used for the P.C.S., the approximation
is justified for the numerical procedure. Besides, the de-
formations can be made as small as desired and the second order
terms can certainly be neglected.

However, for the step end condition, the numerical
solution is tested to determine if it agrees with experimental
data. Thus, this approximation must be more carefully justi-
fied for the step change in stress at z = O.

For the conditions of the experiment for a step input
of pressure the reader is referred to Chapter VI. The pressure
is described as "approximately 300 psi" or 2.065 x lO_5 Mbar,
also E = 0.72395 Mbar, therefore, €, ~ 3 X lO_5 cm/cm and
since €., ~ = VE,,, B~ = 1 X 107°.

For the axi-symmetric case without torsion, the compo-

nents of velocity are obtained as follows:

el
A

7o du

= ok ¥ (Ve9) ©

ot
ct

thus,
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X _ e i
2t 7 vr(l or vz ?Z
| J3u au au
—Z _ Y e —2Z
at -~ vz(l 3z Vr or

where the spatial derivatives have the following orders of

magnitude:
.g..‘zi& =€, = &(1077)
-:lrl; = Epr ¥ T VEpg =607
Z% = 284, ~ :_I;g - 6107
;;'Z' = 28n, T ;Zil-‘ B 3(10—5)'

Employing these orders of magnitude:

au

—r - 1072 - 0
£ ~ 7,1 - 1077) - 7, x 10
au _ .
52~ V,(1 = 10 %) = T m 2077,

Since the components of velocity are the same order of

magnitude, the following can be written with reasonable accuracy:



& _13%
c ¢ ot
%y 1 AV,
¢ ¢ at

But, from the

+E_§_(3_“_z.)+fa_a_(auz
c ot c

elementary bar solution, VZ

N = & 2C° Therefore:

v
3

v
Z e, -0(107°) and - - ©(1072).

Substituting the magnitude orders:

But,

au ou v
-5 L =0 R
ED 3T + 10 32 + c.]

du il
[10“5—-E+1o o G

o
H

| o/
)
ol=
g_l.IE.J

= ge¢/E or



C(e

I

o) -6 -0l

o) -0(2) -o(5) - o

So, the following can be written and the acceleration

ZZ

and,

approximation is justified for an accuracy of about five sig-

nificant figures:

aVZ Bzuz
a = = = —"5
Z 9t at2
2
a =—'avr=aur
r at at2
and
- 2_.
z . X_21
i 2°
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COMPUTER PROGRAI

Block Diagram

D

Read input data
Calculate frequently used constants
Output formats
Set initial conditions
L
DO 50
ILL = L,LIMITT
|
Time base
Pressure condition

|
<L DO 14
J = 2,LdJ
DO 15
g = 2, L

[Equations of motion]

Stop axial increment progression
if wave has not arrived

[Boundary conditions|
|
[Reset initiﬁl conditions|
[output statements]

)
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Card Numbers

2DBAR0O3

2DBAROO4

2DBARO3%7

 2DBARO38

2DBARO41

2DBARO42

ODBARO43
2DBARO6G7

2DBARO68

2DBAR0O72
2DBARO74
2DBAR178
2DBAR185
2DBAR199
2DBAR201

2DBARO36

2DBAR0O40O

2DBARO66

2DBARO71

2DBAR177
2DBAR184
2DBAR198
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2005 CONTINUF

7R

2]
20

Ca._cg.on_- = Dl

Wl19193) = W(2s5192)

ROUNDARY CONDITIONS FOR A PRFSSIRE APPLIFN AT 7=0
ROUNDARY CONDITIONS FNAR RANTAL SURFArCFE

NO 7R J= 2+JJ

1F (J «FQ. LIMITZ)Y 0O TO B4/7

ULIMITTeJde?) = HH(TT «Ja)= CHU(TTaJde2)Y/FLOAT(TT
A= GE¥(NR/NDZI¥(W(TT4J+7+2) =W(TT,Js2))
WILTMITTeJde?) = WITT sJe2) - NR/NZH(INTT 4 J+1 42

867 COMTINUF

ROUNNARY CONDITIONS FOR RANTAL SURFACE

IF {IBCD JNF. 1) UCLIMITIsLJe2) = U(T1 » LJs3) = G
6/FLOATI(TTT)Y - GENR/NZH#{W(TTsLJs2) =W (TTsLJJs2))
THIS 1S THE FNN OF THFE ROI'NDARY CONDTTTICMS
THIS IS THE FND OF THF BOUNDARY COMDITIONMS
NO 20 T= 71+LTMITI

no 20 K= 1sJJ

UlTeaks1) = UlTaKe2)

WiTaKs1) = WlTsKe2)

UlTeXs2) = J(Ts¥s2)

WlTeKe2) = W(TeKs?)

CONT INUF

IF (NeGTe LIMITT = 4) INC = 3

IF AN <LTe 15 <ANMNG TBCN FBe 1Y INC = 7

MUM = MNs (K M)

TFIN «NE, MMM ) G TN. 41

TIMF =DT* FM

NO 40 K= 1+JJsJ7ZWRT

NO &40 T= TNCs LIMITIs INC

45
4n
41
50
60

2=nZ*FLOATI(K=-1)
R=NR* FLOAT(T-1)
FPS = (W(TsK+1s 21 = W(TsKs2)) /N2

WRITE (/s45)
1Xs2(F7.3)

FORMAT (
CONT INUF
CONT INUF
CONT INUF
CONT INUE
GO TO 2
RE TURN

TIMFs RPe 7o UlTsKe?2) 5 W{TlsKs?2)
22 (F20.RYs 20X)

+FPS

1)

=T Teds2Y)

*1{1TsLJs2)

PRANARIG?
INNARTAR
2NNARTAL
2PNRARTAS
2NAARTAL
ARPARTAT
oMNARTAR
shPARTAR
2APARYT 7N
annaRT T
2RPARY TS
2NRARTITA
2NNARITL
2nnART TR
2NRARTTE
PNRARPITYT
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2NEAR]RL
PRRART AR
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2NRARIRR
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FNM 2NRAR2NA
C SURROUTINFS SSLOVF AND SOLVF ARF PLACFD HFRF
$DATA
1 12124 21 R 1.0000206520.100 0127 0,127 0.3125 0.7220952,712%
- END OF FILFE
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DISPLACEMENTS, U(R) AND U(Z) IN CENTIMETERS.

TIME IN MICROSECONDS.

R AND Z IN CENTIMETERS.
POISSON'S RATIO IS 0.312.
YOUNGS MODULUS IS 0.724 (MBARS),
DENSITY IS 2.713(GM/CC).

TIME R Z U(R)

0. 1.270 O, 0.10108650E-05
0. 1.270 .0.127 0.

0. 1.270 0.254 0.

0. 1.270 0.381 0.

0. 1.270 0.508 0.

0. 1.270 0.635 0.

0. 1.270 0.762 0.

s 1.270 0.889 0.

0. 1.270 1.016 0.

0. 1.270 1.143 0s

0.100 1.270 O. 0.10624410E-05
0.100 1.270 0.127 0.37883148E-08
OIHOO Homﬂo O-mmh_- lO.

0.100 1.270 0.381 -0.

0.100 1.270 0.508 =0.

0.100 1.270 0.635 -0.

0.100 1.270 0.762 =0

0.100 1.270 0.889 =0

0.100 1.270 1.016 =Q.

u(z)

0.33003810E-05
O.
o.
0.
O .
0.
0.
O L]
O.
O L
0.39699524E-05
0.66795969E-06
lo L]
IO L
lo.
lo.
IO.
lO.
lo.

STRATN

—-0.25987252E-04

o.

O'

O'

o.

0.

O.

O.

OI

OI
=0.25999943E-04
=0.52595251E-05
=0.

A
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