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ANALYSIS OF COMPOSITE ACTION IN LUMBER DIAPHRAGMS

ABSTRACT

by Girish S. Hiremath, M.S.
Washington State University, 1979

Chairman: R. Y. Itani

Analysis of composite action in Tumber diaphragms is presented herein.
The diaphragms are analyzed as a multilayer system bonded with elastomeric
adhesives. A computer program employing finite difference methods to solve
the governing set of differential equations is developed and includes the
ability to compute strains and deflections of the system.

It is concluded that in a diaphragm all the adjacent layers need not

be bonded with shear connectors.
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CHAPTER 1

INTRODUCTION

Diaphragms are common and economical structural systems often used to
resist lateral forces acting on a structure. These forces may be due to wind
loads, earthquake and blasts.

A diaphragm is a large flat structure acting in the response to lateral
loads. Structural components act as diaphragms when they resist Toads in their
own plane. Common examples of diaphragms are roof decks or floor system, re-
sisting loads in their own planes or folded plate roofs when they resist
lateral loads.

In practice, a diaphragm is designed as a composite structure con-
sisting of several courses. The number of courses acting together which form
a diaphragm are connected by means of a 'shear connector system.' The shear
connector system may be of any kind, such as nails or adhesives, in case of
wood diaphragms; or the different metallic shear connectors which are used in
pre-cast construction. Under the action of load, the shear connector system
often fails toimpart a rigid bond to the adjacent courses so that the dia-
phragm does not act as a 'monolithic' system. The shear connector system
undergoes deformation resulting in 'Interlayer Slip' between the adjacent
courses.

Any structural analysis of a diaphragm must account for the deforma-
tion in the shear connector system. As a result, the structural analysis of a

diaphragm,which is a highly indeterminate system,poses a complex problem.



Consequently, design guideline diaphragms are mainly based on experience and

testings.

The aim of this study is to analyze the behavior of diaphragms with
varying parameters, such as the total number of courses and the stiffness of
the shear connector system. Though the analysis is restricted to wooden
diaphragms with elastomeric adhesives as the shear connector system, it can be
extended to diaphragms of any material having parallel courses bonded by any
kind of shear connector system. This study does not account for openings in
the diaphragms.

The development of the governing set of differential equations is the
soul of the study. The basis of the above development is the pioneering work
by Newmark, Seiss and Viest [17] and the subsequent study by Hoyle and McGee
[10] on a two-Tayer beam bonded with a continuous glueline. A brief review
of the major earlier work is given in Chapter 2, proceeded by a discussion of
the original formulation of the governing differential equation for a two-
layer system in Chapter 3. The development of the governing set of differen-
tial equations for a multi-layer diaphragm is presented in Chapter 4.

Finite difference technique is employed to solve the above mentioned
governing set of differential equations and is discussed in Chapter 5. A
computer program DAD--Difference Analysis of Diaphragms written in FORTRAN is
developed to solve the governing set of differential equations and for related
studies. Appendix A presents the DAD user's guide with examples in Appendix B.

The results of the theoretical analysis of diaphragms are compared
with the results of the experimental work done by Johnson [14] and discussed
in Chapter 6. Further discussions of results of the present study followed by

conclusions and remarks are presented in Chapter 7.



CHAPTER 2

LITERATURE REVIEW

A brief review of the major previous development leading to the study
of diaphragms is presented in this chapter. The study of diaphragms with
layers can be broadly classified in the area of partial composite action or
incomplete interaction between structural components. The literature review
is related to this area too.

Although substantial work has been done in the area of partial com-
posite action, an organized bibliography was published only recently by
Carney [2] on wood and plywood diaphragms. This bibliography shows the
dominance of experimental analyses in the study of diaphragms. In this con-
nection, the work by Johnson [13, 14] is worth mentioning.

The basis of the theoretical study of diaphragms could be traced back
to the pioneering work of Newmark et al. [17] in 1951, who studied the incom-
plete interaction of a composite T beam having a concrete deck connected to a
steel I-beam by shear connectors. They formulated a second order differential
equation to express the relationship between the interlayer slip and the
Tongitudinal force in each element of the T-beam. A few years later, Clark [3]
reported the study on laminated beams where he employed moment-area method to
compute the deflection of a beam with two or more laminations. Goodman [6]
studied extensively the interlayer slip problem involving layered systems.

Hoyle and McGee [10] developed a closed-form solution of the second-

order differential equation relating the interlayer slip and the longitudinal



force in each layer of a two-layer beam bonded with a continuous glueline.

They considered the case of a lateral concentrated load acting on a simply
supported beam. Similar solutions were also reported by Venderbilt [18].
Extension of the above approach to a three-Tlayer system subjected to a uni-
formly distributed load was done by Anderson [1]. Itani and Brito [12]
developed a closed form solution for a two-layer system with gaps. The inter-
layer slip in the above study is applicable to both adhesive bonds and mechan-
ical connector links. The only difference is that in the case of adhesives,
the width of the glueline must be accounted for. Otherwise, the concept of
'slip-modulus,' which is the force per unit slip, was important. Some of the
assumptions made in the above studies are common, which are as follows:

1. Deflections are small.

2. Separation between the adjacent layers does not occur.

3. Friction between the adjacent layers is negligible.

Strain distribution is linear over the depth of the layer.

o B~

S1lip is directly proportional to the load transmitted to the con-
nectors.

6. The connectors holding together any two layers along the length of the
beam have same capacity.

7. S1ip modulus is constant at all points between neighboring layers.
8. The layers have constant properties all over the length.

9. Shear connection between the layers is assumed to be continuous along
the length of the beam.

10. The layers have an equal curvature before the loading.
Besides closed form solutions mentioned above, numerical methods em-
ploying techniques such as finite difference and finite elements have been used.
Ko [15] applied finite difference technique to solve the governing equations

for partial composite beams having single axis symmetry and arbitrary number



5
of layers fastened together with mechanical connectors. In the same study, he

analyzed two and three layer systems in detail for the effect of interlayer
connections on deflections. Foschi [5] developed a computer program to

analyze the diaphragms based on finite element techniques. His study accounted
for the orthotropic plate action and nonlinear connection behavidr. The
analysis gives good estimates for deformation of diaphragms and ultimate load
related to connection yielding.

Along with the studies mentioned above, there has been considerable
progress in the research on the shear connector system. Although the use of
adhesive as a shear connector system has been known since 1940, it is being
used extensively recently. This is because adhesives impart a bond several
times more rigid than that imparted by nails. So researchers now focus their
attention on the properties and structural behavior of not only nails, but
also adhesives, particularly elastomeric adhesives. An important aspect is
the study of interlayer slip wherein relationships between the loads and the
resulting deformations of the shear connector system are established. The
works of several investigators in this area are worth mentioning. Foschi [4]
studied the deformation and the load relationship to be nonlinear in the light
of nail penetration and load direction. Hoyle et al. have studied the proper-
ties and the behavior of elastomeric adhesives extensively. Hoyle and Dong
[8] studied the utility of the different glues regarding the shear modulus,
shear strength and recovery characteristics at 70°F temperature. The study
indicated that static tests for shear modulus and shear strength are not suf-
ficient. Hoyle and Hsu [9] concluded that the cyclic loading decreases the
shear strength and shear modulus, but most of the losses in the shear strength
take place in the first ten loadings, which amount to about seven percent,

while shear modulus reduces to between ten and fifteen percent during the first
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seven cycles of stress. This is an important conclusion in the light of uti-

Tity of elastomeric adhesives in wood structures. Kuenzi and Wilkinson [16]
suggested practical ways of measuring the shear modulus. Hsu and Hoyle [11]
studied the factors affecting the measurement of shear modulus of an elasto-
meric adhesive. They suggested that the design value of shear modulus of a
glue could be determined by some cyclic loading. Hoyle [7] in his discussion
on the design of wood structures bonded with elastomeric adhesives recommended

shear strength of 50 psi to 200 psi for home building application.



CHAPTER 3

DEVELOPMENT OF THE GOVERNING EQUATION FOR A TWO-LAYER MODEL

The development of the governing equation for a two-layer model
(Fig. 3.1) discussed herein, is for any general type of lateral in-plane
lToading condition. The two Tayers are glued together by an adhesive of finite
rigidity. Though the discussion and the equation developed pertain to a glue
bonded system, the same can be applied to a mechanical shear connector bonded
system. The equivalence between the stiffness of a glue and the capacity of
a mechanical connector system is briefed at the later part of the chapter.
3.1. Assumptions Made for the

Analysis of a Two-Layer
Model

The analysis is based upon the following assumptions:

1. The bond between the layers is continuous and uniform along the
length of the beam.

2. The amount of slip in the adhesive is directly proportional to the
load transmitted.

3. The strain distribution is linear across the depth of the layer.
4. Each layer is continuous throughout the length of the system.

5. The Tlayers have equal curvature before the loading and after the
loading.

6. Stress-Strain relationship is linear.

3.2. Analysis of the Two-Layer Model

If the two layers in the system are unbonded, each layer will behave

independently. The stress in the extreme fiber of each of the layers will be
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equal in magnitude and opposite in nature (Fig. 3.2). The stress distribu-
tion is linear across the depth of each Tlayer. In.this case, there is no
interaction between the layers. Should the Tayers be held together by a rigid
bond, the two layers would act as a single unit. In that case, strain distri-
bution would be linear about the neutral axis of the 'single unit,' (Fig. 3.3).
Thus, in this case, the interaction between the layers is said to be complete.

However, the adhesive bond which holds the layers together does not
impart perfect rigidity. Due to the load acting on the beam, the shear con-
nector system undergoes deformation. As a result, an intermediate case of
partial interaction becomes the characteristic of this two-layer model (Fig.
3.4).

Thus, in an adhesive bonded system, the adhesives do not impart a
rigid bond, but at the same time, there is some degree of interaction at the
interface. At the interface at each of the layers, shear forces are developed.
Referring to Figure 3.4, these forces act at the bottom surface of the i layer
and at the top surface of the j layer. The combined effect of the shear
forces at the section is to produce compression in the top layer and tension
in the bottom layer. The forces also result in moments about the centroid of
the section. A1l these elemental forces are shown by dF in Figure 3.4. The
net result can be obtained by summing up all these elemental forces to obtain
total force on the section at any point. Thus, the elemental forces can be
summed up along the length of the beam to represent a total force. The effect
of this force is to produce bending strain as well as axial strain on each
layer. So, this force can be represented by a couple acting at the centroid
of each layer (Fig. 3.6), Then, net moment at any section along the length of

the beam is given by,
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Mi + Mj = Mx - Fij(ci + Cj) (3.1)

re, Mx is the moment at that section caused by the external load; Ci and

are the respective distances of the extreme fibers from centroidal axis of

J

i and j layers.
The resultant strain distribution across the depth of the beam is
shown in Figure 3.7.

Thus, if the strain due to axial force were large enough to reduce the
difference between the resultant strains at the level of interface of the two
layers to zero, the bond would be classified as 'rigid bond,' (Fig. 3.5).

Figure 3.5 summarizes the effect of bond rigidity of different degrees
on the strain pattern across the depth of the system.

The difference in the strains at the interface level 1is caused by the
deformation of the glueline. Figure 3.8 shows an infinitesimal length of the
glueline dx, which is subjected to deformation through angle i3 Thus, the
shear strain is equal to Yig’ For small values of Y

J‘l

'Y..=,t

A e
A (3.2)
iJ i3

Tas
| Pt - (3.3)
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T3 is the shear stress in the glueline.

Gij is the shear modulus of the glue.

Thus, from Equation (3.2) and Equation (3.3)

T - R
ij tij Gij

Rearranging,
Y

But, the shear stress Tij can be related to the shear flow q1j and the width

of the glueline bij as

Qs
T =B1—‘J— (3.5)

Substituting, i3 from Equation (3.5) into Equation (3.4)

Q:s Lo
Bis = Ell.. ﬁll (3.6)
043 M

The shear flow q.. is the rate of change of the force F.. along the length of
1] 1]

the beam, i.e.,

45 = o (Fyg) (3.7)

Hence, Equation (3.6) reduces as

Ayo = — (F,.) » D (3.8)
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The term [—9—l| is the stiffness of the glueline and henceforth is repre-

t..
1]
sented by Sij' Thus, Equation (3.8) is rewritten as

by = ;%; . & e ) (3.9)

The stress-strain relationship is assumed to be linear, therefore,

Stress
Modulus of Elasticity

Strain =

Here the stress is a combination of the bending and axial stresses. The rate
of change of slip along the length of the beam can be obtained by differentia-

ting Aij in the Equation (3.9) with respect to x

da: o d%F. .
sedibim sl wselid (3.10)
dx S 2 3
ij dx

But, the rate of change of slip is the residual strain at the level of the

interface. Mathematically,
da. .
_1J"=E- - £,
dx Jy iy

e. 1s the strain in the top fibers of the layer j

e. 1s the strain in the bottom fibers of the layer i

1 ij
T = g, = g, (3.11)
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“quation (3.11) relates the strains in the extreme fibers of the two layers in

tact and the force that would develop out of inferaction at the interface.
It can be observed that if the strains in two layers at the interface

level were equal in magnitude, the stiffness of the glueline must be infinitely

large. Such a case is hypothetically possible 1if the glueline has an infi-

nite modulus of rigidity or the thickness of the glueline is zero. This im-

plies that a glueline cannot provide a rigid bond.

Equation (3.11) is identical to that developed by Newmark et al. [17]

in the study of partial interaction between a precast slab and a steel beam.

b The further development is similar to the governing equation developed

Sy Hoyle and McGee [10] for a two-layer adhesive bonded system.

Equation (3.11) can be developed to a convenient form by substituting

the ej and e in terms of stresses.

t b

Faos M.C.
e, =1 _ JJ
Jj E.A.  E.I.
L J 4
e
b T b T

l"e,

Fij s the axial force acting at the centroid of each layer.
Mi’ M‘j are the net moments acting on the layer i and the layer j, respec-
tively.

C;» C; are the centroidal distances from the extreme fibers of the layer i
J and the layer j, respectively.

E;s E. are the modulus of elasticity of the layer i and the layer j,
respectively.

I., I, are the moment of inertia of the cross section of the layer i and
the layer j about their own centroidal axis, respectively.



Substituting in Equation (3.11)

ij  dx . e L Ei L 11J
Rearranging,
2
;J“ii%*’ﬂ“*‘eir;";‘l*?;l oy )
ij  dx L e i R 2 o R

Since, the layers have the same curvature, the following relationship can be

concluded.
M. M.
s } S i (3.13)
it NN

But, Equation (3.1) gives

.+ M,
M IVI‘_.I

i Mx - Fij(ci ® Cj)

Then Equation (3.13) can be extended as

iMoo My - Fyse e Cy)
E.I. E.I. EI Eili + EjIj

where,
M, M, are the net moment and the moment due to the external load at any

section along the length of the system, respectively.

M= Mi + Mj

Mi + IVI‘j = Mx - Fij(ci + Cj)
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=1 is the sum of the products of the moment of inertia and the modulus of

=lasticity of each layer, i.e.,

El = EiIi + EjIj

From the above relationship,

P A - % o 5
MG CJ[MXE IF1J(E1I €3

AIEN L. + L
EJIJ 11 J J

MCy  CiIM, - Fyl(C; + C.)]

= (3.14)
EiIi Eili + EjIj
Substituting Equation (3.14) in Equation (3.12)
2 -
plin BemEne [ 1, 1) G G - Fyg(C + €]
Collecting terms and rearranging,
d2F (C, + C;) (C. +C.)  M(C, +Cy)
VL - T s S I Ml i M '
Sij dx2 it EiAi EjAj EiIi + EjIj EiIi + EjIj
(3.15)

Equation (3.15) is the governing equation for a two-layer system.

Equation (3.15) is a second order linear differential equation which
can be solved for the force Fij’ at a particular section along the length of
the beam from the known value of bending moment at that section. Once, fhe
force F1.j is known, going back to Equations 3.5 to 3.8, the required values
of the stresses, strains, etc. can be calculated. The deflection can be

obtained by the fundamental equation,



oy .

M
s dinrEd

ich yields to when y is the deflection of the section.

2 _ M, = Fij(ci + Ej)
2 E_iI,i * EjIj

(3.16)

The closed form solution for the Equation (3.15) is developed for the
following cases:

1. Simply supported system with a concentrated lateral in-plane load,
Hoyle and McGee [10].

2. Simply supported system with a uniformly distributed lateral in-
plane Toad, Anderson Mark [1].

In Equation (3.15), the term 543 stands for the stiffness of the glue-

1ine. By the definition

where,

Gij is the shear modulus of the glue.

bij and tij’ respectively, are the width and the thickness of the glueline.
If the glue were to be replaced by a mechanical connector system, the

term Sij would be replaced by its equivalent for the mechanical connector

system. The stiffness of the connectors holding together the layer i and the

layer j, say 043 is given by
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kij is the slip modulus of connector.

"ij is the number of connectors per row.

dij is the spacing of connectors.

, for a glued system, the area on which the glue acts is accounted for,

le that is not the case with the connectors. The dimensions of Sij and pij

[F‘L_zTo]. The dimensions of the associated quantities are given in
s 1.
TABLE 3.1.--Dimensions of the quantities asso-

ciated with the stiffness of a
shear connector system.

Quantity Dimensions
64 P Lo
b, Tt 4R
b3 SR
- F L P
di R
nis FOL® 1°

, the second order differential equation developed is applicable to any

o-layer system with a nonrigid bond, irrespective of the type of shear con-

r system.
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CHAPTER 4

DEVELOPMENT OF THE GOVERNING SET OF EQUATIONS
FOR A DIAPHRAGM

The Equation (3.15), which is developed for the two-layer model as
discussed in Chapter 3, can be extended to analyze diaphragms. A diaphragm
is a large, flat structure to resist lateral in-plane loads. The loads may
be due to wind, earthquakes and blasts. The wood diaphragms are popular
because of their excellent recovery properties.

A typical diaphragm consists of several layers of beam elements which
are bonded together by shear connector systems.

4.1. Assumptions Made in the
Analysis of a Diaphragm

In practice, a diaphragm may have openings in it and also the layers
which form a diaphragm may be discontinuous, but the simplified approach, that
is presented here, does not account for it. In addition to those in Chapter 3,
the following assumptions are made:

1. There are no openings in the diaphragm.

2. There are no boundary members.

3. The layers are continuous all over the length of the diaphragm.

4. Effect of joists is neglected.

5. The only Toad acting on the diaphragm is the lateral load in the plane
of a diaphragm.

6. Shrinkage effect, etc. are neglected.
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Thus, these assumptions reduce the diaphragm to a simple multilayer
ystem bonded with shear connector system. In casé of a wood diaphragm, the
ifferent layers are glued together. Thus, a number of two-layer models dis-
ssed in Chapter 3 acting together form a wood diaphragm. As a result, a

set of governing equations is obtained which predicts the behavior of dia-

ragms.

£.2. Analysis of an Equivalent
Ttilayer System

The diaphragm resists a part of the wind, or earthquake, or forces out
of blasts. Figure 4.1 {s a simplified model of a diaphragm. The different
layers g, h, i, j, . . ., m are glued together by adhesives. This sytem can
be looked upon as an assembly where layer i, and layer j of the two-layer
model are sandwiched by a set of layers at the top and a set of layers at the
bottom. Each glueline in this system undergoes deformation as the load acts
on the diaphragm. As a result, at each of the interface, there exists a non-
rigid bond which will impart partial interaction between the two layers in
contact with each other. The shear force, resulting out of the partial inter-
action between any two layers which are in contact with each other, can be
replaced by a couple acting at the centroid of the two layers, as in case of the two-
layer model in Figure 3.6. The effect of the external load and the inter-
layers slip can be replaced by an equivalent system of couples and moments,
which will account for the deformation of the gluelines in the system shown in
Figure 3.2. Thus, the net moment acting at any section along the length of
the diaphragm, is the sum of the moment resisted by each layer. The net

moment can be related to the external moment as follows:
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Mg ¥ Mn * Mi + I'“l:j + Mk + M

1y =

)

- [th(c + Ch) + Fhi(ch + Ci) + Fij(ci - CJ

g

+ ij(cj + ck) + Fkl(ck + C1) + F]m(c1 + cm)]

1.8. 4
J=m
T L+ Cy) (4.1)
T M, =M, - I F,.(C.+C, 4.1
=g ' " q=g W1
j=h
from Equation (3.11)
2 d%E, .
q 4Ry Rk

Sig dx? L B3 dx

e o
]

g’ h! i’js kg]

—hsisjsks]sm

.
|

where Sij is the stiffness of the glueline between the layer i and the layer j

T p
iJ - tij
Thus, extending the above
2
d°F
] gh
. =g - ¢ (4.2.1)
Sgh dx? hy 9y
1 dZF“"=e. - e (4.2.2)
Shi dx® Tty



be simplified as follows:

s1m

Substituting the values of the strains

(referring to Fig. 4.2)

v+ ik
)« rfe
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(4.2.3)

(4.2.4)

(4.2.5)

(4.2.6)

in the above set of Equations

(4.2) in terms of forces and moments and rearranging the R.H.S. in Equations (4.2) can

] (4.3.7)

&
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2
d°F M,C M. C
1 m -1 1 1 171 m’m
— ¢« — L =F [-= | + F + + 0 - ===+ —— (4.3.6)
Sm dxz k][E1A]J 1m[E1A1 EmAmJ {E]I.l EmIm}
where,

Fij is the force between the layer i and the layer j? due to the inter-
action at the interface of the layers.

Ci’ Ai’ Ii’ Ei are, respectively, the centroidal distance from the extreme
fibers, the area of cross section, moment of inertia, and modulus of elasticity
of the layer i.

Mi is the net moment on the layer 1.
There exists a recurrence relation in the set of Equations 4.3.
To simplify further development, only Equation 4.3.3 is discussed in

detail herein. Equation 4.3.3 is as follows:

2
d°F. . M.C. M.C.
= —3 e Ry [ v I el I o R
i dx TiEgny L S LY LY I 1= iti o By

(4.4)

The term representing bending strain in the above Equation (4.4) can be
expressed in terms of the external moment and the shear force. Since the

layers have identical curvature,

M

M -

EI EgIg e E_iI_f S T EmIm




From Equation 4.1, the above relationship yields,

i=1,j=m ( :
M, - I F..(C., + C.
_'hjg_= s o ow =y o _T_i__= e g D= Mm = X i:g,j=h 1J 1 J
o' Eil5 Enlm  Eelg ¥ Eplp * -o- + .o +ET

where Mx is the moment due to the external load at any section along the length

of the diaphragm.

Using the above relationship, Equation (4.4) can be rewritten as

] d2F1 1 ] ! -1
— e — = F S Rt 4 F
ij dx2 hT[EiAiJ 1J[E1A1 EjAjJ Jk[EjAj]
( ) ( ) &5
M (C. + C. C. +C i=1
FET el T T P E T TR h FET .E Fyy(C +C5)
g g hh ...... mm g g h h ...... mm 1.=g J J
J=h
Collecting terms and rearranging,
1 szi. (c, +C.) 4 (c; +C.)
B R, B -l Rt (G * G4) 1= =g
iJ dx 779
C. +C.)
1 1 ( i
+ F + =——+ (C, + C,) » — 1"
13[E1.A1. EA i J
1 (C; +¢C.)
*FRklEant (€5 +C) -« —
i
(:1 +C.) (C1. + Cj) Mx(ci % Gha)
tFq €+ ¢ - T F Bl 26 - BE o 1 ET (4.5)



where EI = EgIg + EhIh Fo ow o oo o Emlm'

Equation (4.5) is one of the governing equations. To express it in
a better form, refer to Figure 4.3. In this case, there are 'n' layers. A
governing equation for the interaction between ith layer and (i + 1)th layer

can be written from Equation (4.5) by merely substituting the following:

g Tyl = 2y o e o s b d e B Flo vt o 1, m=n

therefore,
1 d2F11+1 ( ) (C; + i) ( ) (C; + Ciyq)
= F,(C; +C,) + —=————+ F,,(C, + C,) » ———1T0°
Si4+1 dx2 1271 2 EI 2372 3 EI
(C, + C..4)
i i+]
+ e & a . + = s e @ + . IS . + F_i-z_i_-l (Ci_z + c_i_-l) . _'___E_'I"—_'—_

(C. +C..,)
-1 i i+]
Fi-1i[EiAi G+ Cy) El

1 1

+ F.. +
11+][EiAi E1+]Ai+]

+ (c_.l + C

). (€5 + Ciq)
i+1 3i

Cu ¥ Bots)
| ( i i+l

¥ P qiam—r=—F il 1 ¥, ) v =T L
1+]1+2[E1.+11€\1.+1 i+l i+2 EI ]

(C; + Cipy)

* Fi+21+3(ci+2 + Ci+3) . 1 # oooallss FEle o« oa

(Ci - c.+]) M

R Tl (LN AL S )

AR n<1t Cq 3 El

(C

n-Tn
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where,

EI = E]I] + EZIZ T o Toaw s ¥y wfs s EnIn

Rewriting Equation (4.6)

2

1 G (G Cyyy) {12 oo 08 # Bl
Sii+1 dx2 EI 31 J3+1 73 j+1
C. + C.,)
-1 . ( i i+]
* Fi-]f[EiAi + (G *+ Gy) 3 }
(Cs # £, oni)
1 1 i i+1
% F.. + + (C. +C,,,) » —————
11+1[E1Ai E1.+1A1.+1 i i+] EI
Ci'* C..a)
-1 ( i i+1
* Fsuqu -———-—-—-—-—+(C. +C.)--—-—-————-——
1+11+2[E1.+]A1.+1 i+l i+2 EI J
(C. + C..4) j=n-1 (€: + C,,4)
i it] i i+]
t=—mmes 2 Fapa 7 (€ #C5,4) = M, —men ™l (4.7)
E] j=i+2 Jjt+l J J+1 % EI
where,
n
EI = 121 EiI1

Equation (4.7) is the generalized form of each equation from the governing set
of second order differential equations. Extending the Equation (4.7) to all
the different layers, i.e., writing Equation (4.7) for i =1, 2, . . .- 5 n, the
set of governing second order differential equations can be obtained.

This governing set of second order differential equations can be ex-

pressed in the following matrix form:



. (Ci + Ci+1)

Kij = (C5+C54) Fl

if |i-j| > 1.

The governing set of equations (Eq. 4.8) is a set of second order

linear differential equations.

The coefficient matrix [K] is a symmetric matrix. For a system of n

layers, the [K] matrix will be of order n-1.
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Mx is the external bending moment function. Applying appropriate

oundary conditions, the governing set of Equations (4.8) can be solved to

ind out the shear forces at interfaces of layers in contact.

Thus, a governing set of second order differential equations (Eq. 4.8)
0 analyze a diaphragm which consists of several glued Tayers is developed.
his does not account for the openings in a diaphragm and also, for the dis-
continuity in any of the layers.

The mathematical approach and the computer program developed to solve

the governing set of second order differential equations (Eq. 4.8) is dis-

cussed in the next chapter.

i



CHAPTER 5
APPLICATION OF THE FINITE DIFFERENCE TECHNIQUE

The set of governing second-order Tinear differential equations for a
ulti-layer system was developed in Chapter 4. In order to find the forces
tween the different layers, these equations are to be solved simultaneously

r a known load on the diaphragm and subjected to the known boundary condi-

tions. The mathetical set-up to solve these equations, which is based upon
e finite difference method, is discussed in this chapter.
The set of equations for a n-layer system, developed in Chapter 4 is

recalled below.

/I — sz]Z F c.' ¢
S12 dx2 12 1 2
2
d”F..
1 ii+1 M
= [K] P x [C. + C.
Sii+] dx2 n-1,n-1 (" ii+1 T | i+l
2
d°F
1 n-1n
S 1n dxl Fn-Tn Cp1 * G
S ‘n-1,1 \ ‘n-1,1 n-1,1(4.8)
where
2
"SI RO i1 ¥ Dyl
id EiAi Ei+]Ai+1 EI
o1 G Gy - (€ Gy
ii-1 EiAi EI
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if |i-j| > 1.
Mx = bending moment due to the load on the diaphragm. Thus, the

governing differential equation for the force in ith and (i+1)th layer in an

n layer system can be written as

2

1 - d™F n-1

i+ _

[ B |

M
} s R £ (G * Gy (5.1)
|
| If Mx’ the bending moment due to the external load at any section, is

! zlong the Tength of the diaphragm is known, then Fii+1 at that section can be
calculated.

}, The matrix [K] and [sii+1];:?'], the stiffnesses of the different
gluelines, can be computed if the properties of different layers and the glue-
lines are known. In order to compute the force Fii+1 and the external moment
"x’ the boundary conditions must be known. Thus, the problem is to solve the

second order differential equation with regards to the boundary conditions.

From the finite difference theory,

> (5.2)

{dzy] - (y)m_1 = E(y)m + (y)m+]
i h

where,
2
m is the point where value of [g—%} is to be calculated.
dx

39
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m-1, m+1 are the two points Tocated on the boundary of h neighborhood of

(Fig. 5.1).

h is known as finite difference interval.

Now, the coordinate system is oriented such that the left boundary of
diaphragm represents the y-axis and the x-axis lies along the length of
diaphragm (Fig. 5.2). Each glueline and its intersection with the left
oundary are treated as the x-axis and its origin, respectively, for the cor-
ponding function of force.

Equation (5.2) can be extended to the L.H.S. of Equation (5.1) as

follows:

d%F

1(5.3)

1 e L1 1 )
s 2 5 7 [Fiia) - 2(Fg00) + (F

1)
i+l dx ii+1 h T
In Equation (5.3), the L.H.S. at a point m along the x-axis is expressed in
terms of finite difference. So the R.H.S. of Equation (5.1) must also be

evaluated at the same point m.

N1 (M)
(R.H.5.) = jzl kij(Fjj+1)m - =1 ¢ (G5 + Chyy) (5.4)

It should be noted thatlwx,the external moment is also a function of x. Thus,

from Equation (5.3) and Equation (5.4)

1
mar A Faien) ) 4 (R

—gr (6 * Ciey) f
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=t 2 1
] (Fii1 )m_] ¥ (;‘2“" Siien " Ki9) (Fyan )m - (F'i1'+1)m+1
i-1 n-1
” o (Faiq) +s.s s
* 511+] -E],k1J (FJJ+])m S11+1 j£i+1 ij ( JJ+1)m
(M)

— * ——-—m . :
=siga 0 TE (G F G) (5.6)

Equation (5.6) is the finite difference form of Equation (5:1)..

tending Equation (5.6) to the (n-1) differential equations in the set of
joverning equations, a set of simultaneous equations is obtained, which is

eterminate. However, this set of equations reduces to a determinate system

n boundary conditions are applied.
The diaphragm is assumed to be simply supported at its ends. So,
ent is zero at both ends. Also, the force Fii+1 is zero at both the ends.

seferring to Figure 5.3, this can be put mathematically as follows:

i=n-1

(F'I'I'H)O i=1 = ¢(0) =0 (MX)O = X(O) =B
i=n-1

(Fiiag) |, =oW) =0 () = x(L) = 0

Thus, for m = 1, Equation (5.1) would reduce as follows:

i-1

2 1 i
(5 ¥ Saspr = R WFasa) - =5 (Bisa) +800 3 Koo (Fausa)
h2 ji+1 A & E 1 h2 ii+1 5 ji+1 3441 13 i+l .
n-1 (MX)T
Fsin T KaFaan) T S TE © ) (5.7)
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e (Feonq) (54 siiq v kes)(Faeiq)
h 1i+1 p-2 he ii+1 i Skl rh p-1
i-1 n-1
£ B 4 & S + 8, z Kook Fas
Sii+1 =1 13( JJ+1)p_1 Sii+] G=i+] 1J( JJ+])m
)
= Srrep TR WG * o) 5280

0, m takes values from 1 to p-1, i.e., m = [1, p-1].

For a systemof nlayers,if the number of points in the interval

{1, p-1] are r, then the total number of simultaneous linear equations to be
solved are r « (n-1). Solutions of these linear equations would give the
values of the {Fii+1}n_]
interval [1, p-1].

forces at r different points, which belong to the

The number of equations can be reduced to about half or one-fourth,
ff the Toading symmetry and/or the structural symmetry exists. The loading
symmetry is one in which load is placed symmetrically over the entire span of
the diaphragm. For example, a uniformly distributed load over the entire span
of the diaphragm, or a concentrated load acting at the midspan of the dia-
phragm, etc.

The structural symmetry in a diaphragm is with respect to the arrange-
ment of the different courses and the different gluelines. If the portion of
a diaphragm below its centroidal axis is a mirror image of the portion of the
diaphragm above the centroidal axis in 1ight of the arrangement of layers and
the gluelines, then the diaphragm is treated as structurally symmetric. In

such cases,
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|F |F

12I n-1nI

[Fosl = [F2,n-1!

, the number of unknowns would reduce to half.
The loading symmetry implies

M) =(m)

X -1

the points in the interval [1, p-1] would reduce to E%l » Since

Fiq=F

i-1 i+1

If h is the interval and L is the span, then

s, it is advantageous to consider the structural symmetry and the loading
etry so that the number of linear equations are reduced.

Thus, the set of governing second order differential equations
guation 4.8) is reduced to a set of linear simultaneous equations by the
inite difference method. Solving these linear equations, the forces can be
2lculated.
Once the forces are known, the shear flow, shear stress in the glue-
ines, etc., the deflection of the diaphragm, the strains and stresses in each
ayer of a diaphragm can be computed. The relations that would enable the

putations are given below.
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(Ra g - {Feq.9)
(@) = T L
2 2h
; (q11+1)m
('r.. = ;
T By

ere, (qii+1) . (Tii+1) are the shear flow and shear stress in the glueline
m m
etween the ith Tayer and the (i+1)th layer, respectively, at the m point

long the length of the diaphragm. bi1+1 is the width of the glueline.

n-1
(Me) =08 ks s HF 3093
[dzy] _ Xmger W,
2 EI
dx m

here, y is the deflection function.

e = m+ m j=1
o. =¢e, =+ E.
'lt 'It 1
o =g, =« E

ere, €. , 0. » €. 5 0. are the maximum strains and the maximum stresses in
W ] TRl (TR
the top and bottom fibers of the ith layer, respectively.

) A computer program DAD--Difference Analysis of Diaphragm--is developed

to compute the above (Appendix A and Appendix B).
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CHAPTER 6

COMPARISON OF THE THEORETICAL ANALYSIS OF
DIAPHRAGMS WITH EXPERIMENTAL RESULTS

To obtain some insight to the usefulness of the mathematical analysis,
= diaphragm 60 ft x 20 ft analyzed experimentally by Johnson [14] was studied
sing the DAD program. The results of this verification are presented herein.

Johnson's test diaphragm was well detailed in most respects, but the

scumentation of the connections between the sheathing planks and the boundary
smbers and joists was absent. It was not possible to Tearn the exact nature

" these connections, except that they were nailed, without any adhesive bond.

"1 size and spacing could not be determined. The adhesive used to make the
wmds between the courses of sheathing plank was a well known brand for which
: have information such as shear modulus and shear strength (Scotch-Grip Wood
esive No. 5230).

The study was compared with a 100% glued diaphragm. Calculations were
iced on sixteen courses of 1.5 inch x 15 inch with sheathing plank having an
erage elastic modulus of 1,200,000 psi (Commercial grade decking panels of
woepole pine). The glueline was assumed to be continuous for the full dia-
agn length of 60 ft, having two probable values of adhesive shear modulus

. psi and 100 psi. The large value corresponds to that obtained by Hoyle and
[9, 11] in two different studies. The deflection was computed for uni-
2rmly distributed loads along the 60 ft length, corresponding to an end shear

" 500 1b/1ineal ft. The thickness and width of the glueline is not mentioned
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1y, but by the inquiry thickness was found tobe about 3/16 inch, while the

was about 1/2 inch to 3/4 inch. The glueline thickness was thought to
rge so that the glue would overflow. As a result, glueline thickness of
Snch to 3/32 inch, which is normally used in practice, was considered.

is, in effect, would change the stiffness of the glueline which is de-

as:

sured deflection was 1.1 inch according to Johnson's [14] report.

The experimental diaphragm received added support from the boundary

and the nail couples acting between sheathing and joints. The exact
of support offered by these parts of the structure is not known, but
not be very large. Also, the experimental diaphragm contained uncon-
end joints at intervals in each course, which would reduce the stiff-
<lightly, but probably not significantly for this type of system. It is,
re, concluded that the computed result shows good agreement with the
Jable test results. It will be useful to conduct a well instrumented
iment to verify the calculated stresses and deformations, using a dia-

constructed specifically for this purpose, but that is beyond the scope

is study.



TABLE 6.1.--Values of maximum deflection of the diaphragm for different
properties of gluelines.

G b t s Deflection
psi inch inch psi inch
75 0.5 0.09375 400.00 1.553
75 0.75 0.09375 600.00 1.09
100 0.75 0. 09375 800.00 0.875
75 0.75 0.1875 300.00 1.977
100 0.75 0.1875 400.00 1.553
100 0.75 0.09375 800. 00 0.875
100 0.5 0.0625 800.00 0.875
75 0.5 0.0625 600. 00 1.09
75 0.75 0.0625 900. 00 0.7744

shear modulus of the glue (psi).

width of the glueline (inch).

thickness of the glueline (inch).

stiffness of the glueline (psi).
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CHAPTER 7

PRESENTATION OF RESULTS, DISCUSSION AND CONCLUSIONS

An elastomeric adhesive bonded diaphragm consists of parallel courses

hich have about the same properties. It is important to take into considera-
3 tion problems associated with shrinkage due to seasoning of these courses 1in
place. In his experimental study of a 60 ft x 20 ft diaphragm using 15-inch
wide, 1.5-inch thick decking, Johnson [14] observed the failure of the glue-
line due to shrinkage. Good commercial decking would be seasoned to 15% max-
imum moisture content prior to installation. Seasoning in place, after
diaphragm construction, would bring the moisture content of the decking down
to about 6%. Shrinkage of the decking would set the glueline in tensjon. The
elastomeric adhesives are capable of only 100% deformation. Thus, though the
curing of the glueline is not affected by moisture content, the glueline may
fail because of too much shrinkage.

Too much shrinkage would demand a thicker glueline that could with-
stand the tension deformation perpgndicu]ar to its own plane. The thicker the
glueline, the lower its stiffness. As a result, the rigidity of the bond

between the parallel courses would decrease. Also, the economic aspect would

challenge the utility of the elastomeric adhesive in diaphragm construction.

The solution to the above problem lies in overcoming the shrinkage

fect. This can be achieved by using seasoned courses or using smaller
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A study of the possible answer to the problems, stated above, and

sociated areas is described in the following pages.

1. Factors Affecting the Behavior
" an Elastomeric Adhesive Diaphragm

The behavior of an elastomeric diaphragm is studied in light of the
aximum deflection and the maximum strains in the diaphragm. The important
ctors affecting the behavior of the diaphragm are as follows:
1. The total number of decking courses.
If the total number of decking courses is doubled without changing the
ze of the diaphragm, each layer is divided into two layers of half the
th. As a result, a rigid bond at the half depth of each layer is replaced
a nonrigid or imperfect bond. This will decrease overall rigidity of the
iaphragm.
2. The stiffness of a glueline.
The stiffness of a glueline between various layers affects the over-
11 rigidity of a diaphragm significantly.
3. The properties of the different layers.
It must be emphasized that not only the properties of different layers
t the arrangement of the layers of different properties is important and
y be worthy of consideration.

7.2. Study of the Factors Affecting
Zhe Behavior of a Diaphragm

The computer program DAD--Difference Analysis of Diaphragms--is used

<o compute the deflection and the strains in an elastomeric adhesive bonded

*
Generally, in a diaphragm, properties of different layers are the

same.
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nragm. A diaphragm 60 ft x 20 ft subjected to an end shear of 600 plf is

lyzed for the following:

1. Varying stiffness of the gluelines, but the total number of courses
remains the same. Total number of courses is selected to be 16.

2. Varying the total number of courses, but the stiffness of the glue-
Tines remains the same.

3. The stiffness of all the gluelines is the same.
The courses are selected to be of lodgepole pine decking with modulus

elasticity of 1,200,000 psi. The thickness of the courses is selected to

1.5 inch. A1l the courses as well as all the gluelines have identical

sective properties. The end shear of 600 p1f is equivalent to a uniformly

siributed load of 24,000 pounds.
Figure 7.1 shows the variation of maximum deflection of the diaphragm

inst the stiffness of the gluelines. s--the stiffness of the gluelines is

en by, s = %?3 where G is the shear modulus of the glue and b, t are the

ith and the thickness of the glueline, respectively. When s = 0, maximum

slection = 14.4 inches.

In this case, each layer behaves as an individual. Therefore,

Load Resisted by Each Layer = 22%%QQ_= 1,500 Pounds

3
5 (mz)_iﬂ,

Smax T 388 EL;

Suny is the maximum deflection of the diaphragm
1 = 720 inch
Ei = 1,200,000 psi
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13}
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10

o

Maximum Deflection (inch)

400 1b per ft

16 layers

e

. 60" ~

s: Stiffness of the gluelines (psi)

- gb
S

where,
G = Shear modulus of the glue (psi)
b

n

Width of the glueline (inch)

Thickness of the glueline (inch)

t

A11 the gluelines in the diaphragm have
the same stiffness - s.

5

4

5 6 7 8 9 10x10

Stiffness of the Gluelines

Fig. 7.1.--Maximum deflection versus stiffness of the gluelines.



f%-- (1.5)(15)3 = 421.875 ind

AMAX = 14.4 inch
If there are n identical layer in the above diaphragm,

24,000
n

Load Resisted by Each = pounds

3
1, (h
L= bi[n}

where, h = total depth of the diaphragm. Therefore,

i 243000 3
‘wax T 384 T T R
12 iln
s .5 . 24,000 2% 2 (7.1}
MAX 388 C T3 E -
T2 ™ %4 1

but, as s — «, the diaphragm, irrespective of the courses, will behave as a

single unit. Then,

3
_ 5 24,000 -« g
bvax < 38F T 3 (7.2)
o i b+ B2 - E
12
from Equation (7.1) and Equation (7.2)
(yay) = (Byay) 17 (7.3)
s=0 §=w
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This is a relationship which will be discussed in detail later.

fgure 7.1 shows that

1. Even a stiffness of gluelines as Tow as 100 psi effectively reduces
= maximum deflection to 4.56 inches.

2. A stiffness of gluelines of 900 psi, which is practical using avail-
ble elastomeric wood adhesives, results in the maximum deflection of 0.77
inch. Study by Hoyle and Hsu [9] reveals that the repeated exposure to service
loads may decrease the shear modulus of an elastomeric adhesive by 10 to 15
sercent. In such a case, from Figure 7.1, the deflection would increase to
about 0.9 inch since the stiffness of the gluelines would be about 765 psi.
3. The slope of the curve sharply drops down froms = 0 to s = 100 psi.
From S = 500 psi onwards the slope of the curve steadily decreases until the
curve becomes asymptotic to the s-axis when maximum deflection is equal to
that given by Eqaution (7.2). In this case, Equation (7.2) yields maximum
deflection of 0.05625 inch.

From Equation (7.2) and Equation (7.3), the following relationship

can be written, when s = 0

2
(a = (Dynv) n
Max? MAXY

s=0

“ As s + =

| (A ) = (AMAX)
| MAXY e

So, it can be concluded that as 's' increases from zero to a higher value

I
g _ by = © ° n® (7.4)
|



5.0

2.5

1.0

0.50

U.25

0.10

s: Stiffness of the gluelines.

A11 the gluelines in a diaphragm
have the same stiffness.

roE

1 1 1 1
5 10 15 30 40

n = Number of Layers

Fig. 7.2.--Maximum deflection versus number of Tayers in a diaphragm.
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ere, o and g are the constants depending upon the stiffness of the glueline

:.' Therefore, as s -+ =, g = 0

(AMAX)S e n’
2.
(AMAX)S Pz = A
hen, s = 0, 8 = 2. Then,
b = %" (7.5)

‘or any intermediate value of 's,' representing a nonrigid bond between the

dijacent layers the value of 8 will be between 0 and 2. From Equation (7.4)
1og]0AMAx =B 1og]0n + 10910“ (7.6)

This is an equation of a straight Tline. The curves in Figure 7.2 show
y as a dependent variable and n as an independeﬁt variable, both plotted on
the log scale with base 10 for different values of glueline stiffness. From
these curves, by measuring the s1ope to find g and the intercept to find
'nglou for the respective curve, a relationship as in Equation (7.4) can be
developed for various glueline stiffnesses.
Table 7.1 presents the values of o and g in the Equation (7.4) for
the different values or stiffnesses of the gluelines. It is worth recalling
at Equation (7.4) is good only if the stiffnesses of all the gluelines in a
diaphragm are equal, at the same time all the Tayers have the same material
z2nd geometric properties. Results for the verification of Equation (7.4)

could be observed in Table 7.2.



TABLE 7.1.--Values of o and B for different stiffnesses of
the gluelines.

S psi o B

0 0.5625 2
300 0.10096 1.07285
400 0.10500 0.97160
800 0.06268 0.94326
900 0.05705 0.94069

o 0.05625 0

B

TABLE 7.2.--Verification of the equation, AMAX =g +«n.

Byax inch
From Computer Absolute Relgtive

s psi n Analysis From Eq. 7.6 Error %
300 24 3.022 3.0543 1.0 %
- 400 24 2.344 2.3025 1.77 %

800 24 1.260 1.2561 0.3 %

900 20 0.9549 0.9553 0.04 %

300 32 1.4930 1.4864 0.40 %

|Error|
inch from Computer Analysis

NOTE: Absolute Relative Error = 5
MAX
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The relationship for a glueline stiffness of 900 psi is checked with

one of the test results from Johnson [13]

Analytical Value of buax = 1.0 inch

Experimental Value = 0.76 inch

The difference between the deflections is explained as the ?nf1uence
of diaphragm boundary members and beams which provide a structural effect not
accounted for by this layered system analysis. These components increase the
stiffness of the system as might be expected and their effect could be intro-
duced.

From the above relationships (7.4), it is possible to select the best
combination of stiffnesé of gluelines and number of layers in a diaphragm
for an allowable value of maximum deflection.

7.3. Effect of Glueline Stiffness
on Strain in Each Layer

The strain variation pertaining to the stiffness of the gluelines is a
complex problem. |

The curves in Figure 7.3 show the maximum strain in the top fiber of
each layer for various stiffnesses of the gluelines. s represents stiffness
of a glueline. When s = 0, i.e., each layer acts as an individual, maximum
strain in each layer would be the same, as shown by the straight-line. When
s is 100 psi, the maximum strain in the top fibers*becomes constant over a

certain depth, after initial variation. This 'constant strain' zone does not

*
The variation in the maximum bottom fiber strain in each layer will

be an inverted mirror image of Figure 7.3.
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ear as stiffness of the gluelines goes on increasing. As the stiffness of

gluelines increases, the axial strain increases (Fig. 3.7), and the com-
ssion in top fibers decreases. It must be realized that in such cases the
sultant moment acting on each layer decreases since there is increase in the
gnitude of shear forces.

The following equation shows that the moment of an individual Tayer

wuld decrease if the force F11+1 increases.
i=n-1
Mmoo Moo I Figa o (G By
1= i=]
E1.I1 n
r E,I
i=1 17

25 a result, bending strain in each layer is reduced.

The particular stiffness of the gluelines, which would result in equal
maximum strain in all the layers is an ideal one. No glue or one causing a
value of stiffness =s = E%E-- of the gluelines as Tow as 100 psi or even less,
would result in equal maximum strains, but this also will increase the deflec-
tions (Fig. 7.1). So for stiffness of the gluelines from 300 psi to 600 psi,
resulting deflections would fall within the range 1.977 inch to 1.098 inch.
But an interesting case would be one with higher stiffness adhesive towards
the outer layers and lower stiffness adhésive or less continuous adhesive or
no adhesive towards the inner layers near the centroid as a possible solution.
This fact is supported by the curves in Figure 7.4. Even with a small stiff-
ness of the gluelines, there is more decrease in the maximum strain in layer 8,
which is the nearest to the centroid of the diaphragm than that in the topmost

layer. So more significance is to be given to the glue Tocated away from the

neutral axis of the diaphragm.
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400 1b per ft

R 3.00: 1_ PR W W T E B R
2.75T 20" === 16 layers
2.50r
- 60' .
2. 251
s: Stiffness of the gluelines (psi)
2.00

G-b

s =22

j® where,
1.50 G = Shear modulus of the glue (psi)
b = Width of _the glueline (inch)
| 1531 t = Thickness of the glueline (inch)
1.00k A11 the gluelines in a diaphragm have the
same stiffness - s.
0.75F
0.50r Topmost Layer
|| : )
i 0.25F Layer No. 8
| 0 . A L . L X 2 \ ’ ,
o 1 2 3 4 5 & 7 8 9 10x10°

s: Stiffness of a Glueline (psi)

Fig. 7.4.--The maximum strain in the top fibers of the topmost layer
and layer No. 8. The stiffness of the gluelines is s.



The constant strain zone when stiffness of glueline is 100 psi may be

ked upon as a zone of no glue. This could lTead to economies in diaphragm

truction.

Effect of the Number of
ers in a Diaphragm

For a diaphragm of a particular total width, the variation in the

ain depends upon the total number of layers in the diaphragm as shown by
curves in Figure 7.5. As the number of layers increases, the maximum

ain in the outermost layer increases. But, the curve gives a zone in

nich strains are equal up to three significant digits, over a considerable
ortion of the width, when the number of layers is large. This means a large
ber of smaller Tayers would be an ideal way to achieve equal strain in each
syer. Smaller layers have advantages in their utility over the deeper layers

the following ways:

—_—
.

Shrinkage is less per layer.
2. Effective seasoning can be done.

3. Shrinkage is reduced, consequently, thinner gluelines are feasible
without excessive shrinkage strain.

4. The thinner the gluelines, the higher is the stiffness of the glue-
line; as a result, higher is the rigidity of the diaphragm.

.5. Diaphragms with Gluelines
ving Different Stiffnesses

The results discussed so far indicate that in order to achieve equal
ximum strains in each layer of a diaphragm, the possible solutions are as

follows:

64
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1. The diaphragm may consist of a large number of smaller layers.
2. The gluelines in a diaphragm, which are located away from the neutral
axis of a diaphragm may have higher stiffness than the stiffness of
gluelines which are located near the neutral axis.

In the first case, the deflection would increase. But, it may be pos-

ible toemploy the above solutions provided the deflection is within the
11owable Timits. In increasing the number of layers, with width of the
iaphragm being constant, more gluelines are introduced which reduce the
igidity of a diaphragm. But, if the number of layers in a diaphragm remains
the same, the second possible solution may yield the same maximum strain in
each layer; resulting in a constant zone over a certain region of a diaphragm.
In order to explore the second possible solution in broad aspect,
‘ four diaphragms (Figs. 7.6.1b to 7.6.3a) are analyzed for maximum strains in

each layer and the deflection of a diaphragm. The results are compared with

‘ the diaphragms analyzed so far. The characteristics of all the diaphragms
analyzed so far are that all the layers in any of these diaphragms have iden-
tical material and geometric properties, and all the gluelines in a diaphragm
have the same stiffness; such diaphragms are referred as standard diaphragms
henceforth. Thus, ]GStdgoorrepresents a standard diaphragm consisting of
sixteen layers bonded with glueline stiffness equal to 900 psi and likewise
(Fig. 7.6.1.a).

The four diaphragms (Fig. 7.6.1b to 7.6.3a) are characterized by dif-
ferent zones--(a), (b) and (c). AIlT the gluelines in a zone have the same
stiffness which is the characteristic of the zone. The total number of layers
in each of the four diaphragms is sixteen. Any layer in any of these four

diaphragms and any standard diaphragm has the following properties:
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Modulus of Elasticity: E = 1.2 * 106 psi

Area of Cross-Section: Area = 22.5 1n2

Moment of Inertia: I, = 421.875 in*
A11 the diaphragms in the discussion are subjected to an end shear of
600 pl1f, which is equivalent to a uniformly distributed load of 400 1b per ft
length. The diaphragms are simply supported at their ends. The results which
are taken into discussion are as follows:
1. Maximum deflection of a diaphragm.
2. Maximum strain* in the outermost layer of a diaphragm.
3. The maximum strain* in the 8th layer of a diaphragm.
The maximum strain in the topmost layer would be compressive, while in the
bottom-most layer it would be tensile.
The discussion is based on the strain in the top fibers of the topmost
layer so the maximum strain would be compressive.
Table 7.3 shows the glueline properties for the different diaphragms,
while Table 7.4 presents the results for the different diaphragms.
The maximum strain profile for 155td900 shows that the maximum strain

profile for’the bottom fibers of each layer is an inverted mirror image of the

*Maximum strain refers to the absolute quantity in the discussion.

*The 8th layer is nearest to the neutral axis of the system. Maximum
strain in this layer would be compressive and would be in the top fibers. The
strain in the 8th zone is taken into consideration because the constant zone

would lie within the vicinity of this layer.
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ABLE 7.4.--The results of the analysis of the different diaphragms.

Maximum Strain Maximum Strain Maximum
in the Topmost Layer in the 8th Layer Deflection

Diaphragm in/in in/in inch

Std 0.294 * 103 0.094 * 1073 0.7744

6> t9900 : : .
Diaphragm I 0.521 * 1073 0.154 * 1073 1.192
Diaphragn 11 0.395 * 1072 0.1165 * 1073 0.9273
Diaphragm I1I 0.408 * 107 0.1353 * 1073 1.0823

-3 <3
165tdgppr* 0.375 * 10 0.14 * 10 1.192
Diaphragn 1V 0.70 * 1073 0.21 * 107 1.59
L Std,. % 0.4 * 1073 0.1875 * 1073 1.59
16°%9390 0. ' '
Diaphragm V 0.558 * 1073 0.1975 * 1073 1.49
sk
Results interpreted from the curves (Fig. 7.3 and Fig. 7.4).



ximum strain profile for the top fibers of each layer (Fig. 7.7.1a). The
ame is observed in case of zone (a) and zone (c) 6f Diaphragm I (Fig. 7.7.1b).
erefore, the profiles for zone (a) and zone (c) each can be looked upon as
the maximum strain profile for 6Std1350, while the profile for zone (b) would
that for 4Stdo. If 4Std0 alone is subjected to a uniformly distributed

load of 100 1b per ft length, the maximum strain would be higher than 0.154 x
-3
0

in/in. This implies that in Diaphragm I, most of the load is carried by
zone (a) and the zone (c). Also, as stated above, the maximum strain profiles
f zone (a) and zone (c) resemble the strain profile for any of the standard
diaphragms.

Thus, zone (b) in Diaphragm I merely transfers the load from zone (a)
%o zone (c). This 'no-glue zone' is merely a Tink between the two glue zones.
The maximum strains and deflection of Diaphragm I are higher than that of
IGStdQOO (Table 7.4). The possible solution to reduce the deflection and the
maximum strains is to glue the zone (b). This is done in Diaphragm II (Table
7.3). The zone (b) in Diaphragm II consists of glueline stiffness which is
one-fourth the stiffness of gluelines for zone (a) or zone (c) (Fig. 7.4).
This resulted in reduced values of strains (Fig. 7.7.2a) and deflections
(Table 7.4). In case of Diaphragm I and Diaphragm II, the average stiffness

of the glueline and the amount of glue is equal to that in case of . _.Std

16777900
(Table 7.3). But, from mechanics point, it can be noted that the location
of a glueline is also significant in determining the effectiveness of the
glueline. The gluelines away from the neutral axis are more effective than
the gluelines near the neutral axis. This fact is verified by the analysis of
Diaphragm III (Fig. 7.6.2b). Diaphragm III has an average glueline stiffness
of 700 psi and less amount of glue (Table 7.3). But, the deflection (Table

7.4) and the strains in Diaphragm III (Fig. 7.7.2b) are less than that in
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Diaphragm I (Fig. 7.7.1b). From Figure 7.7, it can be observed that 165td520
would deflect through 1.192 inch, if it were subjected to a uniformly distri-
buted load of 400 1b per ft length. The maximum strains in Diaphragm III,
which can be read from the curve (Fig. 7.4) are less than that in Diaphragm I
(Table 7.4). So it may not be advantageous to have a no-glue zone.

But in practice, it is not convenient to glue all the layers. It is
more economical and advantageous to have some part of a diaphragm as a no-glue
zone until allowable 1imits for the deflection and maximum strains are not
exceeded. How far should the no glue zone extend is a matter of judgment.
Analysis of Diaphragm IV (Fig. 7.6.3a) shows that the strains and deflection
increase as the zone (b) which is a no-glue zone, extends over a wider region
than in Diaphragm I. The strain profile resembles (Fig. 7.7.3a) that of
Diaphragm I (Fig. 7.7.1b). From the curve in Figure 7.1, it can be observed
that 16Std390 would deflect through the same amount as the Diaphragm IV would
(Table 7.4). The strains interpreted from the curve in Figure 7.4 show that
there is not much difference in the maximum strains in the 8th layer as com-

pared to the difference in the maximum strains in the outermost layer of the

Diaphragm IV and IGStd390' The outermost layers in Diaphragm IV are subjected

to high strains (Fig. 7.7.3a). Therefore, in order to reduce the strains in
the outermost layers, a standard diaphragm is a solution. But, as stated
earlier, it is advantageous to have a no-glue zone in a diaphragm. It is pos-
sible to preserve the no-glue zone in a diaphragm by handling the high de-
flections and strains by some other way. One such way is to use 'heavier'
members for the outer Tlayers. Such a member can either be of higher moment
of inertia and/or of higher modulus of elasticity.

The allowable maximum stress in the outermost Tayers would be high

if the modulus of elasticity of the layer is high. Therefore, it is worthwhile
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100king into one such diaphragm where outer layers have higher modulus of :

zlasticity than that of the remaining layers. Diaphragm V has outermost layers
of modulus of elasticity equal to 1.9 x 10° psi (shaded Tayers in Fig. 7.6.3b)
hile remaining layers of modulus of elasticity equal to 1.1 x 106 psi. The
values of the modulus of elasticity are chosen such that the sum of the pro-
ducts of the modulus of elasticity and the moment of inertia for each layer
would remain the same. The geometric properties of layers and the glueline
properties are the same as for Diaphragm IV (Table 7.3).

The analysis shows that the relative difference in the deflection of
Diaphragm V, as compared to that of Diaphragm IV, is about 6%, while the
relative difference in the strains in the outermost layers is about 20%

(Table 7.4). The strains in the outermost layers and the deflection of
Diaphragm V is less than that of Diaphragm IV (Fig. 7.7.3b). But, the strains

in the 8th Tlayer of Diaphragm V is almost equal to that of Diaphragm IV and

also of ..Std

167 °7390°

Thus, it is possible to have a zone of no-glue in a diaphragm if
heavier members are used for the outermost layers. It can be noted that the
maximum strain in Diaphragm V in the Towermost lTayer of zone (a) or zone (c)
is very nearly equal to the maximum strains in Diaphragm IV at the same level
(Fig. 7.7.3b). This can be reduced by using heavier members at that level.

This observation, together with that of the resemblance in tﬁe strain
profile of zone (a) or zone (c) with a standard diaphragm, leads to an impor-
tant conclusion that the partitioning of the diaphragms into zones of different
stiffnesses of gluelines would divide the diaphragm into an assembly of stan-
dard diaphragms, each of these having different stiffness of gluelines. This

is true only as far as the strain profile is considered, not if the magnitude
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of the strain is considered. The Tload resistingaction is the combined effort
of this assembly of diaphragms. While introducing'a no-glue zone, it is neces-
sary to take care of the boundary members of the glue zones. This could be
done by steadily decreasing the stiffnesses of gluelines towards the mid-
depth. But, to account for the reversal of the load, it is necessary that the
diaphragm be 'structurally symmetric.' It may be recalled that a diaphragm was
said to be symmetric if the arrangement of the layers and the gluelines of
different properties is symmetric about the mid-depth of the diaphragm.

The above discussions lead to certain useful conclusions which are

presented in the next section.

7.6. Conclusions

1. A Targe number of layers can be used in a diaphragm, if the deflections
are taken care of, by providing heavier members away from the mid-depth of the
diaphragm.

2. All the ]ayers‘in a diaphragm need not be glued at the interfaces of
the adjacent layers. A diaphragm can be partitioned in different sets of glue-
lines of different stiffnesses. 1In such cases, a diaphragm can be looked upon
as an assembly of a number of diaphragms with different stiffnesses for the
gluelines. A well glued region of a diaphragm would be located away from the
mid-depth of the diaphragm, while the region in the vicinity of the mid-depth
may not be glued.

3. The high deflections and strain because of the above, can be taken
care by 'reinforcing' the outermost layers. Reinforcing may be in form of
steel plates fastened to the outermost layers or in form of steel members as

the outermost layers, or Tlarger wood members.
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CHAPTER 8

CONTINUING STUDY

1. Experimental Study

The set of governing differential equations developed for an n layer

tem forms the basis for the analysis of composite action in Tumber dia-
ragms in 1ight of the number of courses, the stiffnesses of the gluelines,
their arrangement. Finite difference method, used to solve these equa-
ons, may not be the best mathematical tool.

The theoretical analysis of a diaphragm is compared with the experi-
tal work done by Johnson as discussed in Chapter 6. But, the diaphragm
ich was analyzed experimentally by Johnson [14] has some additional param-
rs which the theoretical analysis does not account for. Therefore, it

1d be useful to conduct some well instrumented experiments to verify

itrains and deflections of a diaphragm.

8.2. Theoretical Study

The analysis of the diaphragms leads to an important fact that there
s a possibility of having a no-glue zone in a diaphragm. The spread of such
: zone remains undecided. At the same time, a no-glue zone is to be asso-
ciated with a zone having heavier members at the boundary. The possible com-
binations of such layers of different materials, if known, would be advan-
tageous.

The relationship between the number of layers in a standard diaphragm

of 60 ft x 20 ft size, and the maximum deflection for a particular stiffness



of the gluelines is developed in Chapter 7. If the relationship cah be ex-

tended to any diaphragm, the maximum deflection can be predicted.

8.3. Application of this Study to
Practical Design

The results so far obtained may contribute a good deal to the design
and the construction of a diaphragm.

Guidelines for the partitioning of a diaphragm would be very valuable
in practice for the design of diaphragms. This study can be a basis to estab-

lish such guidelines.

8.4. Summary

The development of a set of governing differential equations to
account for the composite action in é multilayer diaphragm bonded with elas-
tomeric adhesive, without openings and related study are the features of this
work. Though all the diaphragms analyzed are subjected to a uniformaly
distributed Toad, the computer program--DAD--Different Analysis of Diaphragms
developed in FORTRAN, can handle any general case of loading. The mathemati-
cal formulation is based upon finite difference method. The computer program
is versatile in many respects (Appendix A).

The different curves for strains and deflections are presented. The
possibility of partitioning of a diaphragm and having a no-glue zone in a
diaphragm is concluded from the results. Experimental work with the results

can give a new outlook to the design of diaphragms.
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APPENDIX A

USERS' GUIDE FOR DAD--DIFFERENCE ANALYSIS OF DIAPHRAGMS

A computer program to facilitate the study of diaphragms was developed

n FORTRAN. The User's Guide for this computer program DAD--Difference Analy-
is of Diaphragms is presented in this appendix. Illustrated problems are
sented in Appendix B.

.1. Salient Features of
Computer Program DAD

1. The program is based on the finite difference technique, employed to
:olve the set of governing of differential equations (Ref. Chapter 4).
2. The program computes the strains and deflections at various points along
length of the diaphragm taking into consideration various parameters dis-
ssed in Section A.2.

3. IMSL subroutines LEQT1F and LINV3F have been used in the program to
lve Tinear algebraic equations.

.2. Scope of the Program and
ontrolling Parameters--C.P.

The various control parameters--C.P., which are used in the program
and the computations possible, are discussed in the following paragraphs:

1. Load Symmetry: C.P.: LOD

LOD = 1 if loading is symmetric about the midspan section.

LOD

0 if Toading is not symmetric about the midspan section.
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If LOD is set equal to 1, all further computations are carried out for
e half span of the diaphragm. If LOD is equal to 0, the M points within the

iterval [1, p-1] spaced at finite intervals 'h,' Figure 5.3 would be given

When LOD is equal to 0, LINV3F is the IMSL subroutine used. For LOD
squal to 1, LEQTTF is used.
2. Structural Symmetry: C.P.: ISYM

For the purpose of the present study, a diaphragm is said to be struc-
turally symmetric if the material properties of layers and stiffnesses of the
gluelines are symmetrically placed about the mid-depth of the diaphragm are
identical. For example, if the diaphragm consists of n layers, the material
aroperties of 1st and nth, 2nd and n-1th, 3rd and n-2th . . . . etc., are
identical. The same holds good for gluelines. The controlling parameter ISYM

s used to specify structural symmetry. Thus,

ISYM

1 if structural symmetry exists and is to be considered.

ISYM

n

0 if structural symmetry does not exist, or the structural sym-
metry though exists, is not to be considered in computation.

When ISYM is set equal to 1, computations are reduced because magni-
tudes of the forces are symmetrical about mid-depth. Therefore, computations

need be done only for the top half of the depth of the diaphragm.
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The number of forces having different magnitudes in a diaphragm are

given as follows:

NN =NL -1 if structural symmetry does not exist, i.e., ISYM = 0.
NN = if structural symmetry exists, i.e., ISYM = 1.

where,
NL = the number of layers in a diaphragm.

3. Loading Condition: C.P.: MOM
The type of lateral in-plane load on the diaphragm can be accounted

for by setting the controlling parameter MOM equal to either 1 or 0.

MOM = 0 if the load is uniformly distributed.

MOM

1 if the load is not uniformly distributed.

If MOM is set equal to 1, the values of the bending moment due to the
load at the M points spaced at finite intervals 'h' along the length of the
diaphragm are to be read in as input.

If MOM is equal to 0, such values of the bending moments are generated
by the program.

Only one Toading condition is handled at a time.

4. Assignment of proper layer properties to different layers.

C.P.: IDATA, NSETS, NOSET, NOLAYS

Properties of layers can be assigned in two different forms by setting
IDATA either equal to 1 or 0.

In case of cross-sections where the area and moment of inertia can be

computed by the following relations, IDATA is set equal to O.

Area = (width) * (depth) (A.1)
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Pk 3
deth)12 (depth) (A.2)

Moment of Inertia =

In such cases,the following 'Layer property set' is provided on each

ta card according to Format 200.
1. Width of the cross-section of the layer: B(K).
2. Depth of the cross-section of the layer: D(K)
3. Modulus of elasticity of the layer: E(K).

K would take values from 1 to NSETS, where,

NSETS = the number of data cards to read in layer property sets.

It must to mentioned that a separate data card is required for each
ifferent layer property set. A different layer property set is specified if
e or more values of B(k), D(k), and E(k) are different from the preceeding
t.

When the values of the area and moment of inertial of cross-section

a layer cannot be given by the Equation (A.1) and Equation (A.2), respec-

tively, IDATA is not equal to 1. This would enable the input data consisting
of the layer property sets to be read according to the Format 201. The layer
oroperty set in this case consists of the following:

1. Area of the Cross-Section: AREA(K)

Moment of Inertia of the Cross-Section: B(K)

Depth of the Cross-Section: D(K)

-hw!\:!

Modulus of Elasticity of a Layer: E(K)

K would take values from 1 to NSETS.

NOSET and NOLAYS are the parameters to generate the array NOL (NL)
which would assign a proper layer property set to each layer. The mechanism

to generate NOL(NL) is self-explanatory.
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NOSET = serial number of the layer property set in the input for the
properties of layers.

NOLAYS = the number of layers associated with the NOSET.
5. Assignment of proper glueline properties: C.P.: LAY

The stiffness of a glueline is given as,

jere,
G is the shear modulus of the glue (force/fnz).
b is the width of the glueline (inch).
t is the thickness of the glueline (inch).
G, B and t, as defined above, are the input values read as GG, TT, WB
d then stored in the arrays G(NL-1), T(NL-1), WID(NL-1), respectively, for
ifferent layers. Only one data card specifying a set of values of GG, TT
nd WB is required, if the values are identical fﬁr a number of gluelines.
e number of such gluelines is specified by LAY. The value of LAY is also
2ad along with GG, TT and WB on the same data card.
When stiffness of a glueline is to be zero, GG or WB should be set to
2ero, but TT should not be set to zero.
6. Printout of shear forces and shear flows: C.P. NLA, SLE
Since finite difference method is employed to solve the set of govern-
ing differential equations, the values of a shear force between any two adja-
cent layers are evaluated at the intermediate M points, spaced at the finite
intervals 'h'. The values of a shear force at the two ends are known to be
zero from the boundary conditions. Therefore, the values of a shear force at

the M intermediate points need to be printed.
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The corresponding shear flow is maximum at the end points. So the

ar flow is computed and printed out at all (M+2) points within the inter-

1 [0, p], if ISYM is equal to 0. Otherwise, the shear flow is computed and
inted out at (M+1) points, starting from the left support of the diaphragm.

NLA and SLE controls the printout as follows:

If NLA =0 NN values of shear forces and the corresponding shear flows
! are computed and printed out at sections spec1f1ed by set-
ting an appropriate value of SLE.

the values of the shear force and the shear flow between
the ith and (i+1)th layer at specified sections are com-
puted and printed out.

i
-

If NLA

If NLA = NL neither shear forces nor shear flows are printed out.

If SLE

1}
1
=

Values of the shear force and the corresponding values of
shear force and the corresponding values of shear flows
at all M and M+2/M+1 points, respectively, are printed
out. H is the finite difference interval in inch.

SLE = x where x is the distance in inch from the left support of
the diaphragm. Values of shear forces and shear flows at
the distance x would be computed and printed out.

7. Computations for Deflections: C.P.: Nil

Deflections of the diaphragm at 'M' points, spaced at finite intervals
“h" whould be computed and printed out.

8. Computations for Strains: C.P.: MNO, DS.

The values of maximum strains in the top and bottom fibers of all or
at any specified section along the finite difference mesh of M points can be
computed and printed out.

MNO and DS control the Tayer number and the section, respectively,
desired for the computation and printout. Each of the controlling parameters

works independently.

DS = the distance of a point from the left support (inch) at which compu-
tation of maximum strains need be done.



DS

MNO

n

MNO
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In this case, the values of maximum strains at all the M points
in the finite difference mesh along -a glueline are computed and
printed out.

Maximum strains in the ith layer from the top would be computed
and printed out at the specified DS.

Maximum strains in all the alyers would be computed and printed
out at the specified DS.

Br1ef Exp]anat1on of the Names

EI

GG

ISYM

IDATA

LAY

LOD
M

MOM

Length of the diaphragm in inch.
Distance of the section from the left support of the diaphragm
where values of the maximum strains are required to be com-
puted and printed out (inch).
NL

z  (Modulus of Elasticity) * (Moment of Inertia of a Layer)
i=1
Shear modulus of the glue (force/inz).

Finite difference interval (inch).
Control parameters to specify structural symmetry.

Control parameter to assign an appropriate layer property set
to different layers.

Number of gluelines associated with a particular set of data
GG, TT, and WB.

Control parameter to specify load symmetry.

Number of points in a finite difference mesh along a glueline.

Integer [BHL L 1} if LOD = 0

Integer {&L . JJ if LOD =

£ N

Control parameter to account for loads other than uniformly
distributed loads.

Number of simultaneous linear equations obtained by employing
finite difference technique.

=M * NN



NN

NL
NSETS

NOSET

NOLAYS
NLA

MNO

SLE

T
WB

Number of shear forces to be evaluated
=NL-1 4f ISYM=0

- if ISYM = 1
Number of layers in a diaphragm.

Number of data cards to read in properties of layers, i.e.,
number of layer property sets.

Serial number of the particular layer property set associated
with the Tlayer.

Number of layers associated with NOSET.

Serial number of the shear force and corresponding shear flow
to be printed out.

Layer number in which maximum strains in top and bottom fibers
are to be computed.

Uniformly distributed load per inch.

Distance of a section from the left support of the diaphragm
where values of the shear forces and shear flows are to be
computed and printed out (inch).

Thickness of a glueline (inch).

Width of a glueline (inch).

A.4. Array Names Used in Program

The array names used in the program are explained below.

BM

Coefficient matrix in the system of linear algebraic equations.
Minimum Dimension: N * N.

Values of area of cross-section corresponding to different Tayer
property sets. Minimum Dimension: NSETS

Values of width of a section or moment of inertia of a section
corresponding to different layer property sets. Minimum Dimen-
sion: NSETS

Values of bending moments at different points in the finite
difference mesh. Also, maximum strains in top fibers of dif-
ferent layers at a section. Minimum Dimension: Larger of

M and NL



Values of depths corresponding to different layer property
sets. Minimum Dimension: NSETS

Values of modulus of elasticity corresponding to different
layer property sets. Minimum Dimension: NSETS

The column vector representing the known quantities. Also,
shear forces at different points on the finite difference
mesh along all the gluelines. Minimum Dimension: N

Values of shear modulus of the glue for each of the gluelines.
Minimum Dimension: (NL-1)

Array to assign appropriate properties to each layer. Minimum
Dimension: NL

Stiffnesses of gluelines. Minimum Dimension: NL-1
Thicknesses of gluelines. Minimum Dimension: NL-1
Widths of gluelines. Minimum Dimension: NL-1

Necessary workspace to solve the system of Tinear algebraic
equations used by the IMSL routines. Minimum Dimension: N

dy +diq

2

where d; = depth of the cross-section of the ith layer. Also,
values of maximum strains in the bottom fibers of each layer
at a section. Minimum Dimension: NL

Values of for every i. i=1, 2,3 . . ., (NL-1)
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THE COMPUTER PROGRAM--DAD AND ILLUSTRATIVE PROBLEMS
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