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EXPLICIT BUCKLING ANALYSIS OF FIBER-REINFORCED PLASTIC (FRP) 

COMPOSITE STRUCTURES 

Abstract 
 

by Luyang Shan, Ph.D. 
Washington State University 

May 2007 
 

Chair: Pizhong Qiao 

Explicit analyses of flexural-torsional buckling of open thin-walled FRP beams, 

local buckling of rotationally restrained orthotropic composite plates subjected to biaxial 

linear loading and associated applications of the explicit solution to predict the local 

buckling strength of composite structures (i.e., FRP structural shapes and sandwich 

cores), and delamination buckling of laminated composite beams are presented.  

Based on nonlinear plate theory, of which the shear effect and beam bending-

twisting coupling are included, the buckling equilibrium equations of flexural-torsional 

buckling of pultruded FRP composite I- and channel beams are established using the 

second variational principle of total potential.  The critical buckling loads for different 

span lengths are measured through experiments and compared with analytical solutions 

and numerical finite element results.  A parametric study is conducted to evaluate the 

effects of the load location, fiber orientation, and fiber volume fraction on the buckling 

behavior.   

The first variational formulation of the Ritz method is used to establish an 

eigenvalue problem for local buckling of composite plates elastically restrained along 
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their four edges and subjected to a biaxial linear load, and the explicit solution in term of 

rotational restraint stiffness is presented with a unique harmonic shape function.  A 

parametric study is conducted to evaluate the influences of the biaxial load ratio, 

rotational restraint stiffness, aspect ratio, and flexural-orthotropy parameters on the local 

buckling stress resultants of various rotationally-restrained plates.  The applicability of 

the explicit solutions of restrained composite plates is illustrated in the discrete plate 

analysis of two types of composite structures: FRP structural shapes and sandwich cores.   

The delamination buckling formulas are derived based on the rigid, semi-rigid, and 

flexible joint deformation models according to three corresponding bi-layer beam 

theories (i.e., conventional composite, shear-deformable bi-layer, and interface-

deformable bi-layer, respectively).  Numerical simulation is carried out to validate the 

accuracy of the formulas, and the parametric study of the shear effect is conducted to 

demonstrate the improvement of flexible joint model.  The explicit buckling solutions 

developed facilitate design analysis and optimization of FRP composite structures and 

provide simplified practical design equations and guidelines for buckling analyses. 
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CHAPTER ONE 

INTRODUCTION 

 

1.1 Problem statement and research significance  

1.1.1 Development of FRP composite structures 

Polymeric composites are advanced engineering materials with the combination of 

high-strength, high-stiffness fibers (e.g., E-glass, carbon, and aramid) and low-cost, 

light weight, environmentally resistant matrices (e.g., polyester, vinylester, and epoxy 

resins).  The use of fiber-reinforced polymer or plastic (FRP) composite materials can 

be traced back to the 1940s in the military and defense industry, particularly in 

aerospace and naval applications.  Because of their excellent properties (e.g., 

lightweight, noncorrosive, nonmagnetic, and nonconductive), composites can meet the 

high performance requirements of space exploration and air travel, and for this reason, 

composites were broadly used in the aerospace industry during the 1960s and 1970s 

(Bakis et al. 2002).  From the 1950s, composites have been increasingly used in civil 

engineering for semi-permanent structures and rehabilitation of old buildings.  

Extensive research, development, and application of FRP composites in construction 

began in the 1980s and have lasted until today.  A comprehensive review on FRP 

composites for construction applications in civil engineering is given by Bakis et al. 

(2002).    
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Structures made of FRP composites have been shown to provide efficient and 

economical applications in bridges and piers, retaining walls, airport facilities, storage 

structures exposed to salts and chemicals, and others (Qiao et al. 1999).  In addition to 

lightweight, noncorrosive, nonmagnetic, and nonconductive properties, FRP composites 

exhibit excellent energy absorption characteristics -suitable for seismic response; high 

strength, fatigue life, and durability; competitive costs based on load-capacity per unit 

weight; and ease of handling, transportation, and installation.  FRP materials offer the 

inherent ability to alleviate or eliminate the following four construction related problems 

adversely contributing to transportation deterioration worldwide (Head 1996): corrosion 

of steel, high labor costs, energy consumption and environmental pollution, and 

devastating effects of natural hazards such as earthquakes. A great need exists for new 

materials and methods to repair and/or replace deteriorated structures at reasonable costs.  

 With the increasing demand for infrastructure renewal and the decreasing of cost for 

composite manufacturing, FRP materials began to be extensively used in civil 

infrastructure from the 1980s and continue to expand in recent years.  Composite 

structures using in civil engineering are usually in thin-walled configurations (Fig. 1.1), 

and the fibers (e.g., carbon, glass, and aramid) are used to reinforce the polymer matrix 

(e.g., epoxy, polyester, vinylester, and polyurethane).  Fiber-reinforced polymer (FRP) 

structural shapes in forms of beams, columns and deck panels are typical composite 

structures commonly used in civil infrastructure (Davalos et al. 1996; Qiao et al. 1999 

and 2000).  FRP structural shapes are primarily made of E-glass fiber and either polyester 

or vinylester resins.  Their manufacturing processes include pultrusion, filament winding, 
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vacuum-assisted resin transfer molding (VARTM), and hand lay-up etc; while the 

pultrusion process (Fig. 1.2), a continuous manufacturing process capable of delivering 

one to five feet per minute of prismatic thin-walled members, is the most prevalent one in 

fabricating the FRP structural shapes due to its continuous and massive production 

capabilities. 

 

Fig. 1.1 Common FRP structural shapes in civil engineering 

 

Attention has been focused on FRP shapes as alternative bridge deck materials, 

because of their high specific stiffness and strength, corrosion resistance, lightweight, and 

potential modular fabrication and installation that can lead to decreased field assembly 

time and traffic routing costs.  In 1986, the first highway bridge using composites 
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reinforcing tendons in the world was built in Germany.  The first all-composites 

pedestrian bridge was installed in 1992 in Aberfeldy, Scotland.  The first FRP reinforced 

concrete bridge deck in the U.S. was built in 1996 at McKinleyville, WV, followed by 

the first all-composite vehicular bridge as a sandwich deck built in Russell, Kansas in 

1997.   

To puller

FRP profileResin supply

Stitched fabrics (SF)

Roving
Heated die

Forming guide

Continuous strand mat (CSM) 

 

Fig. 1.2 Schematic diagram of pultrusion process 

Most currently available commercial bridge decks are constructed using assemblies of 

adhesively bonded FRP shapes.  Such shapes can be economically produced in 

continuous lengths by numerous manufacturers using well-established processing 

methods.  Secondary bonding operations of cellular section are best accomplished at the 

manufacturing plant for maximum quality control.  Design flexibility in this type of deck 

is obtained by changing the constituents of the shapes (such as fiber fabrics and fiber 

orientations) and, to a lesser extent, by changing the cross section of the shapes.  Due to 
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the potentially high cost of pultrusion dies, however, variations in the cross section of 

shapes are feasible only if sufficiently high production warrants the tooling investment.  

 

1.1.2 Research significance 

A critical obstacle to the widespread use and applications of FRP structures in civil 

engineering is the lack of simplified and practical design guidelines.  Unlike standard 

materials (e.g., steel and concrete), FRP composites are typically orthotropic or 

anisotropic, and their analyses are much more complex.  For example, while changes in 

the geometry of FRP shapes can be easily related to changes in stiffness, changes in the 

material constituents do not lead to such obvious results.  In addition, shear deformations 

in FRP composite materials are usually significant, and therefore, the modeling of FRP 

structural components should account for shear effects.   

There are no codes and standards in structural design for FRP composites in civil 

structural engineering (Head and Templeman 1990; Chambers 1997; and Composites 

1998).  In addition to the two manuals, Structural Plastic Design Manual (SPDM1984) 

and Eurocomp Design Code and Handbook (EDCH 1996), design information for FRP 

composite structural shapes has been developed mainly by the composites industry (e.g., 

Creative Pultrusions, and Strongwell) in product literature.  However, the technical basis 

for the product information is often proprietary (Turvey 1996) and may not be 

independently verifiable.  Such independent verifiability is essential, as liability concerns 

prevent most structural engineers from utilizing a product if the basis for the technical 

design data is unknown.  For civil engineering applications, composites are then 
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perceived as being less reliable than more conventional construction technologies, such 

as steel, concrete, masonry, and wood, where the design methods, standards, and 

supporting databases already exist.   

Due to geometric (i.e., thin-walled shapes) and material (i.e., relatively low stiffness 

of polymer and high fiber strength) properties, FRP composite structures usually undergo 

large deformation and are vulnerable to global and local buckling before reaching the 

material strength failure under service loads (Qiao et al. 1999).  Due to the presence of 

the delaminated area, which appears in laminated composite materials due to 

manufacturing errors (e.g., imperfect curing process) or in service accidents (e.g., low 

velocity impact), delamination buckling of laminated structures can reduce the designed 

structure strength when it is subjected to compressive loading.  Thus, structural stability 

is one of the most likely modes of failure for thin-walled FRP and laminated composite 

structures.  Since buckling can lead to a catastrophic consequence, it must be taken into 

account in design and analysis of FRP composite structures.    

Because of the complexity of composite structures (e.g., material anisotropy and 

unique geometric shapes), common analytical and design tools developed for members of 

conventional materials cannot always be readily applied to composite structures.  On the 

other hand, numerical methods, such as finite elements, are often difficult to use, which 

require specialized training, and are not always accessible to design engineers.  Therefore, 

to expand the applications of composite structures, an explicit engineering design 

approach for FRP shapes should be developed.  Such a design tool should allow 

designers to perform stability analysis of customized shapes as well as to optimize 
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innovative sections.  To develop such explicit buckling solutions for several typical 

stability analyses (i.e., flexural-torsional (global) buckling, local buckling, and 

delamination buckling) of FRP composite structures is the main goal of this study. 

 

1.2 Objectives and scope 

The goal of this study aims at developing effective and accurate theoretical 

approaches to derive explicit formulas for buckling analysis and design of Fiber-

reinforced Plastic (FRP) composite structures.  The three main objectives of the study are 

elaborated as follows. 

The first objective of the study is to present a combined analytical and experimental 

study for flexural-torsional buckling of pultruded FRP I- and open channel composite 

beams:   

(a) To develop the second variational approach of the Ritz method for lateral 

(flexural-torsional) buckling analysis of FRP structural beams;  

(b) To obtain the explicit flexural-torsional buckling solution of FRP I-beams; 

(c) To obtain the explicit flexural-torsional buckling solution of FRP open channel 

beams; 

(d) To experimentally and numerically verify the analytical approach and solutions. 

 

The second objective of the study is to conduct explicit local buckling analysis of 

orthotropic rectangular plates which are fully elastically restrained along their four edges 

and subjected to general linear biaxial in-plane loading and apply the explicit solution of 
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orthotropic plates to predict the local buckling strength of different FRP composite 

shapes based on discrete plate analysis:   

(a) To develop the first variational approach of the Ritz method for local buckling 

analysis of elastically restrained composite plates;  

(b) To obtain the explicit local buckling solution of rectangular orthotropic composite 

plates with various rotationally restrained edge boundary conditions and loading 

conditions;  

(c) To verify the explicit analytical solutions of restrained orthotropic plates with 

transcendental solutions; 

(d)  To apply the explicit local buckling solutions of restrained orthotropic plates to 

predict the local buckling strength of different FRP structural shapes; 

(e) To compare the local buckling solution of FRP structural shapes with 

experimental data and numerical simulation. 

 

The third objective of the study is to develop the delamination buckling solutions of 

layered composite beams based on the rigid, semi-rigid, and flexible joint deformation 

models:  

(a) To present three joint deformation models (i.e., the rigid, semi-rigid, and flexible 

joint models) based on three corresponding bi-layer beam theories of 

conventional composite beams, shear deformable beams, and interface 

deformable beams;  
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(b) To develop delamination buckling analysis and obtain the solutions based on three 

joint deformation models;  

(c) To verify the solutions with numerical finite element simulations; 

(d) To compare the delamination buckling solutions among three joint deformation 

models. 

 

1.3 Organization 

There are a total of seven chapters in this dissertation.  Chapter One includes problem 

statement, objectives and scope of work, and the organization of the dissertation.   

A literature review on variational principle for stability analysis, flexural-torsional 

buckling of FRP beams, local buckling of orthotropic rectangular plates and FRP 

structural shapes and sandwich cores, and delamination buckling of laminated composite 

structures is presented in Chapter Two. 

In Chapter Three, a combined analytical and experimental study for the flexural-

torsional buckling of pultruded FRP composite I- and open channel beams is presented.  

The total potential energy of the open section beams based on nonlinear plate theory is 

derived, of which shear effect and beam bending-twisting coupling are included.  The 

buckling equilibrium equation is established using the second variational principle of 

total potential energy and then solved by the Rayleigh-Ritz method.  An experimental 

study of three different geometries of respective FRP cantilever I- and open channel 

beams is performed, and the critical buckling loads for different span lengths are 

measured and compared with the analytical solutions and numerical finite element results.  
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A parametric study is conducted to study the effects of the load location, fiber orientation 

and fiber volume fraction on the global buckling behavior.   

In Chapter Four, the first variational formulation of the Ritz method is used to 

establish an eigenvalue problem for the local buckling behavior of composite plates 

rotationally restrained (R) along their four edges (the RRRR plates) and subjected to 

general biaxial linear compression, and the explicit solution in term of the rotational 

restraint stiffness (k) is presented.  Based on the different boundary and loading 

conditions, the explicit local buckling solution for the rotationally restrained plates is 

simplified to several special cases (e.g., the SSSS, SSCC, CCSS, CCCC, SSRR, RRSS, 

CCRR, and RRCC plates) under biaxial compression (and further reduced to uniaxial 

compression) with a combination of simply-supported (S), clamped (C), and/or restrained 

(R) edge conditions.  The deformation shape function is presented by using a unique 

harmonic function in both the axes to account for the effect of elastic rotational restraint 

stiffness (k) along the four edges of the orthotropic plate.  A parametric study is 

conducted to evaluate the influences of the loading ratio (α), the rotational restraint 

stiffness (k), the aspect ratio (γ), and the flexural-orthotropy parameters (αOR and βOR) on 

the local buckling stress resultants of various rotationally-restrained plates, and design 

plots with respect to these parameters are provided. 

In Chapter Five, the approximate expressions of the rotational restraint stiffness (k) 

for various common FRP sections are provided, and the application of local buckling 

solution of rotationally restrained plates (Chapter Four) to local buckling analysis of FRP 

structural shapes is illustrated using discrete plate analysis.  The explicit local buckling 
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formulas of rotationally restrained plates are applied to predict the local buckling of 

various FRP shapes (i.e., thin-walled composite columns and honeycomb sandwich 

cores) based on the discrete plate analysis.  A design guideline for local buckling 

prediction and related performance improvement is provided. 

In Chapter Six, the delamination buckling analysis of laminated composite beams are 

performed using the rigid, semi-rigid, and flexible joint deformation models according to 

three corresponding bi-layer beam theories (i.e., conventional composite beam theory, 

shear deformable bi-layer beam theory, and interface deformable bi-layer beam theory), 

respectively.  Numerical simulation is carried out to validate the accuracy of the solution, 

and the parametric study of shear effect, material mismatch of two sub-layers, and the 

influence of interface compliance on the analytical results is conducted to demonstrate 

the evolution of the accuracy within three joint deformation models. 

In the last chapter, major conclusions are summarized and suggestions for future 

investigations are presented. 
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CHAPTER TWO 

LITERATURE REVIEW 

 

2.1 Introduction 

As stated in Chapter one, the goal of the study is to conduct the stability analysis of 

FRP composite structures.  The stability analyses considered in this study consist of three 

parts: flexural-torsional (global) buckling of FRP I- and C- section beams; local buckling 

of composite rectangular plates and FRP structural shapes; delamination buckling of 

laminated composite beams.  Many researchers have conducted different studies in these 

three areas, and it is necessary to present their work chronically and point out the 

uniqueness of study.  In this vein, Section 2.2 reviews the background of the variational 

principle, which forms the theoretical foundation for obtaining approximate solutions to 

structural stability of FRP shapes.  Section 2.3 reviews the previous work on flexural-

torsional buckling of composite I- and C- section beams.  Section 2.4 presents the work 

on the local buckling analysis of the composite rectangular plates and FRP shapes.  

Section 2.5 summarizes the work in the area of delamination buckling of laminated 

composite structures.  

 

2.2 Variational principle for stability analysis 

Variational principle as a viable method is often used to develop analytical solutions 

for stability of composite structures.  Variational and energy methods are the most 

effective ways to analyze stability of conservative systems.  Accurate yet simple 
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approximation of critical loads can be obtained with the concept of energy approach by 

choosing adaptable buckling deformation shape functions.  The first variation of total 

potential energy equaling zero (the minimum of the potential energy) represents the 

equilibrium condition of structural systems; while the positive definition of the second 

variation of total potential energy demonstrates that the equilibrium is stable.   

The versatile and powerful variational total potential energy method has been used in 

many studies for stability analysis of structural systems made of different materials. Since 

Timoshenko derived the classical energy equation (Timoshenko and Gere 1961) in 1934, 

there are so many researches on stability analysis of isotropic thin-walled structures using 

variational principles.  With energy equations, Roberts (1981) derived the expressions for 

the second order strains in thin walled bars and used them in stability analysis.  Bradford 

and Trahair (1981) developed energy methods by nonlinear elastic theory for lateral 

distortional buckling of I-beams under end moments.  Later, Bradford (1992) analyzed 

the buckling of a cantilever I-beam subjected to a concentrated force.  Ma and Hughes 

(1996) derived the nonlinear total potential energy equations to analyze the lateral 

buckling behavior of monosymmetric I-beams subjected to distributed vertical load and 

point load with full allowance for distortion of the web, respectively.  Smith et al. (2000) 

utilized variational formulation of the Ritz method to determine the plate local buckling 

coefficients.  The aforementioned studies only represent a small portion of research on 

stability analysis using variational principles with respect to traditional structures made of 

isotropic materials (e.g., steel).  
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Due to anisotropy and versatile shapes of FRP composite structures, the analysis of 

structural stability is relatively complex and computationally expensive compared to the 

one used for conventional isotropic structures.  Because of the vulnerability of thin-

walled FRP structures to buckling, stability analysis is even more critical and demanding.  

A need exists to develop explicit analytical solutions for structural stability design of FRP 

composite shapes.  The variational total potential energy principles provide a powerful 

and efficient tool to obtain the analytical solutions for stability of composite structures 

and can be used as a vehicle to develop explicit and simplified design equations for 

buckling of FRP shapes.  In the following, the literatures related to stability analysis of 

composite structures are reviewed. 

 

2.3 Flexural-torsional buckling 

A long slender beam under bending about the strong axis may buckle by a combined 

twisting and lateral (sideways) bending of the cross section.  This phenomenon is known 

as flexural-torsional (lateral) buckling.  For the long span FRP shapes, flexural-torsional 

(lateral) buckling is more likely to occur than local buckling, and the second variational 

total potential energy method is often used to develop the analytical solutions.  

Clark and Hill (1960) performed a summary of the research conducted before the 

computer era in their renowned paper, which was intended as background material for the 

design of beams whose strength is controlled by lateral-torsional buckling.  Hancock 

(1978, 1981), Roberts (1981), Roberts and Jhita (1983), Ma and Hughes (1996) 
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conducted numerous analytical and theoretical investigations for the flexural-torsional 

(lateral) buckling of steel beams, of which the material is homogeneous and isotropic.  In 

the following, several analytical and experimental evaluations of lateral buckling of FRP 

structural shapes, i.e., I- and C-sections, of which the material is homogeneous and 

orthotropic, have been reviewed.  

2.3.1 I-sections 

Mottram (1992) investigated the flexural-torsional buckling behavior of pultruded E-

glass FRP I-beams experimentally, and the observed results are compared well with 

numerical prediction using a finite-difference method.  In his study, he emphasized that 

there is a potential danger in analysis and design of FRP beams without including shear 

deformation.  Barbero and Tomblin (1993) experimentally investigated the Euler 

buckling of FRP composite columns.  Based on the energy consideration and variational 

principle, Barbero and Raftoyiannis (1994) extended the formulation of Roberts and Jhita 

(1983) to study the lateral and distortional buckling of simply-supported composite FRP 

I-beams under central concentrated loads.  With the use of Galerkin method to solve the 

equilibrium differential equation, Pandey et al. (1995) presented a theoretical formulation 

for flexure-torsional buckling of thin-walled composite I-section beams with the purpose 

of optimizing the fiber orientation, and simplified formulas for several different loading 

and boundary conditions were developed.  Brooks and Turvey (1995) and Turvey (1996a; 

b) carried out a series of lateral buckling tests on small-scale pultruded E-glass FRP 

beams; the effects of load position on the lateral buckling response of FRP I-sections 
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were investigated, and the results were correlated with the approximate formula 

developed by Nethercot and Rockey (1971) and finite element eigenvalue analysis.  

Sherbourne and Kabir (1995) studied the shear effect in the lateral stability of thin-

walled fibrous composite beams.  Utilizing the assumed stress functions, Murakami and 

Yamakawa (1996) developed the approximate lateral buckling solutions for anisotropic 

beams.  Using a seven-degree-of-freedom element, Lin et al. (1996) performed a 

parametric study of optimal fiber direction for improving the lateral buckling response of 

pultruded I-beams.  Davalos et al. (1997) presented a comprehensive experimental and 

analytical approach to study flexural-torsional buckling behavior of full-size pultruded 

fiber-reinforced plastic (FRP) I-beams.  The analysis is based on energy principle, and 

the total potential energy equations for the instability of FRP I-beams are derived using 

nonlinear elastic theory.  The equilibrium equation is then solved by the Rayleigh-Ritz 

method, and the simplified engineering equations for predicting the critical flexural-

torsional buckling loads are formulated.  In their study, the stability equilibrium equation 

of the system was established based on vanishing of the second variation of the total 

potential energy; they used plate theory to allow for distortion of cross sections, and the 

beam shear and bending-twisting coupling effects were included in the analysis.  Davalos 

and Qiao (1997) further studied the flexural-torsional and lateral-distortional buckling of 

composite FRP I-beams both experimentally and analytically; but in their studies, only 

simply-supported beams loaded with mid-span concentrated loads were studied.  Kabir 

and Sherbourne (1998) studied the lateral-torsional buckling of I-section composite 

beams, and the transverse shear strain effect on the lateral buckling was investigated.  
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Johnson and Shield (1998) studied the lateral-torsional buckling of the doubly symmetric 

I-section composite beams.  Fraternal and Feo (2000) developed a finite element method 

based on moderate rotation theory for the simulation of thin-walled composite beams.  

Lee and Kim (2001) developed a displacement-based one-dimensional finite element 

model for flexural-torsional buckling of composite I-beams.  The model was capable of 

predicting accurate buckling loads and modes for various configurations.  Kollár (2001a) 

modified the Vlasov's classical theory to include both the transverse (flexural) shear and 

the restrained warping induced shear deformations, from which the stability analysis of 

axially loaded, thin-walled open section, orthotropic composite columns is performed.  

With the similarity between the buckling and vibration problems, Kollár (2001b) studied 

the flexural-torsional vibration of open section composite beams with shear deformation.  

Sapkas and Kollár (2002) presents the stability analysis of simply supported and 

cantilever, thin walled, I- section, orthotropic composite beams subjected to concentrated 

end moments, concentrated forces, or uniformly distributed load.  Qiao and Zou (2002) 

studied the free vibration of the fiber-reinforced plastic composite cantilever I-beams 

using the Vlasov’s thin-walled beam theory.  

Based on the governing energy equations and full section member properties, Roberts 

(2002) performed theoretical studies of the influence of shear deformation on the flexural, 

torsional, and lateral buckling of pultruded fiber reinforced plastic (FRP) I-profiles.  

Based on full section and coupon tests, Roberts and Masri (2003) further experimentally 

determined the flexural and torsional properties of pultruded FRP profiles.  The 

experiment results for a range of I-profiles indicated that the transverse shear moduli, 
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determined from full section three point bending tests, are influenced significantly by 

localized deformation at the supports, and the closed form solutions for the influence of 

shear deformation on global flexural-torsional and lateral buckling of pultruded FRP 

profiles were developed in their study.  With the second variational method, Qiao et al. 

(2003) presented a combined analytical and experimental study of flexural-torsional 

buckling of pultruded FRP cantilever I-beams.  In their study, the shear effect and 

bending-twisting coupling is considered, and three different types of buckling mode 

shape functions of transcendental function, polynomial function, and half simply 

supported beam function are put forward to obtain the eigenvalue solution.  Lee and Lee 

(2004) presented a flexural-torsional analysis of I-section laminated composite beams.  

Based on the classical lamination theory, a general analytical model applicable to thin-

walled I-section composite beams subjected to vertical and torsional load was developed 

in their study, and the model accounts for the coupling of flexural and torsional responses 

for arbitrary laminate stacking sequence configuration.  

Most recently, Sirjani and Razzaq (2005) presented the experimental results and 

theoretical study of I-section fiber-reinforced plastic (FRP) beams subjected to a 

gradually increasing mid-span load which is applied about the beam major axis from the 

compression flange side through a point below the shear center.  Based on a non-linear 

model taking into account flexural-torsional couplings, Mohri and Potier-Ferry (2006) 

derived a closed form analytical solutions for lateral buckling of simply supported 

isotropic I-section beams under some representative load cases, and it accounted for the 

factors of bending distribution, load height application and pre-buckling deflections. 
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2.3.2 Open channel sections 

Even though substantial research on the flexural-torsional buckling of the FRP I-

beams has been reported in the literature, there is no detailed study available on buckling 

of FRP open channel beams. Since some thin-walled shapes are slender with open-

section configuration, the structures only have one or no axis of symmetry and relatively 

low torsional stiffness.  The study for open section beams is relatively complex due to the 

coupling of torsion and bending.   

Rehfield and Atlgan (1989) presented the buckling equations for uniaxially loaded 

composite open-section members, which included shear effects. Based on an 

experimental and theoretical study of the behavior of pultruded FRP channel section 

beams under the influence of gradually increasing static loads, Razzaq et al. (1996) 

presented a load and resistance factor design (LRFD) approach for lateral-torsional 

buckling.  Single-span members with several loading locations and various spans were 

tested, and the relationship between the lateral-torsional buckling load and the minor axis 

slenderness ratio was established.  Using these test results, they proposed an elastic 

buckling load formula for analysis and design of channel FRP beams.  Loughlan and Ata 

(1995, 1997) investigated the torsional response of open section composite beams.  Kabir 

and Sherbourne (1998) proposed an analytical solution for predicting the lateral buckling 

capacity of composite channel-section beams using Vlasov’s thin-walled beam theory.   

Based on the classical lamination theory and Vlasov’s thin-walled beam theory for 

channel bars, Lee and Kim (2002) parametrically studied the lateral buckling analysis of 

a laminated composite beam with channel section under various configurations, and the 
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material coupling for arbitrary laminate stacking sequence configuration and various 

boundary conditions are accounted for in their study; however, the shear strain of the 

middle surface in the laminate elements was not considered.  Machado and Cortínez 

(2005) developed a geometrically non-linear theory for thin-walled composite beams for 

both open and closed cross-sections to numerically investigate the flexural–torsional and 

lateral buckling and post-buckling behavior of simply supported beams, and they pointed 

out the influence of shear–deformation for different laminate stacking sequence and the 

pre-buckling deflections effect on buckling loads.  Shan and Qiao (2005) investigated the 

flexural-torsional buckling of FRP open channel beams using the second variational total 

potential energy method. 

The available analytical solutions for buckling of open channel beams were primarily 

developed from Vlasov’s thin-walled beam theory, and there were not many experimental 

and numerical validations of their approaches.  The analytical solution of the flexural-

torsional buckling of open channel beams are derived in this study, and the results are 

compared with the experimental studies and numerical simulation. 

 

2.4 Local buckling  

For short span FRP composite structures (e.g., plates and beams), local buckling is 

more likely to occur and finally leads to large deformation or material crippling.  A 

number of researchers presented studies on local buckling analysis on composite plates 

and FRP shapes. Turvey and Marshall (1995) presented an extensive review of the 
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research on composite plate buckling behavior.  Qiao et al. (2001) reviewed and studied 

the applications of discrete plate analysis for local buckling of FRP shapes.   

Several analytical efforts were made to develop explicit analyses of local buckling of 

orthotropic composite plates with various boundaries and loading conditions. Libove 

(1983) studied the buckled pattern of simply supported orthotropic rectangular plates 

under biaxial compression.  Brunelle and Oyibo (1983) used the first variational of total 

energy method to develop the generic buckling curves for special orthotropic rectangular 

plates.  Tung and Surdenas (1987) investigated the buckling of rectangular orthotropic 

plates with simply supported boundary condition under biaxial loading.  Durban (1988) 

studied the stability problem of a biaxially loaded rectangular plate within the framework 

of small strain plasticity.  Bank and Yin (1996) presented the solutions and parametric 

studies for the buckling of rectangular plates subjected to uniform uniaxial compression 

with simply supported boundary condition along the loaded edges and one edge being 

free and the other edge being elastically restrained against rotation along the two 

unloaded edges.  Based on the standard linear buckling equations and material behavior 

modeled by the small strain J2 flow and deformation theories of plasticity, Durban and 

Zuckerman (1999) analyzed the elastoplastic buckling of a rectangular plate, with various 

boundary conditions, under uniform compression combined with uniform tension (or 

compression) in the perpendicular direction.  Veres and Kollár (2001) presented the 

approximate closed-form formulas for local buckling of orthotropic plates with clamped 

and/or simply supported edges and subjected to biaxial normal forces.  By modeling the 

flanges and webs individually and considering the flexibility of the flange-web 
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connections, Qiao et al. (2001) obtained the critical buckling stress resultants and critical 

numbers of buckled waves over the plate aspect ratio for two common cases of composite 

plates with different boundary conditions.  By observing the solutions of composite plates 

with either simply supported or fully clamped (built-in) unloaded edges, Kollar (2002a) 

proposed an empirical solution for local buckling of unidirectionally loaded orthotropic 

plates with rotationally restrained unloaded edges.  Later, Kollar (2002b) used a similar 

approach to develop the closed-form solutions for buckling of unidirectionally loaded 

orthotropic plates with either clamped-free (CF) or rotationally restrained-free (RF) 

unloaded edges.  By applying a variational formulation of the Ritz method to establish an 

eigenvalue problem, Qiao and Zou (2002) developed the explicit solution for buckling of 

composite plates with elastic restraints at two unloaded edges (RR) and subjected to 

nonuniformed in-plane axial action.  By considering the combined shape functions of 

simply-supported and clamped unloaded edges, Qiao and Zou (2003) uniquely presented 

the explicit approximate closed-form solution for buckling of composite plates with 

elastically restrained and free unloaded edges (RF).  Wang et al. (2005) presented the 

local buckling solution of simply supported rectangular plates under biaxial loading.  By 

using the higher-order shear deformation theory and a special displacement function, Ni 

et al. (2005) presented a buckling analysis for a rectangular laminated composite plate 

with arbitrary edge supports subjected to biaxial compression loading.  Qiao and Shan 

(2005) formulated the explicit local buckling solutions of composite plates with the 

elastic restraints along the unloaded edges and developed the generic formulas for the 

rotational restraint stiffness (k) of different FRP shapes, which were applied to predict the 
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local buckling load of different FRP shapes.   Qiao and Shan (2007) further expanded the 

local buckling solution of the composite plates with the boundary conditions of fully 

elastically restrained along their four edges and subjected to bi-axial loading.  

Similar to the local buckling problems, the vibration behavior of the restrained 

composite plates was studied in the literature.  Hung et al. (1993a, b) investigated the 

effects of boundary constraints on the vibration characteristics of symmetrically 

laminated rectangular plates.  By using the Ritz method with a variational formulation 

and Mindlin plate theory, Xiang et al. (1997) studied the problem of free vibration of a 

moderately thick rectangular plate with edges elastically restrained against transverse and 

rotational deformation.  The same method was used to analyze the free vibration of 

symmetric cross-ply laminated plates with elastically restrained edges (Liew et al. 1997), 

and the elastic edge flexibilities were considered by simultaneously using both the linear 

elastic rotational and translational supports.  Gorman (2000) employed the superposition 

method to obtain buckling loads and free vibration frequencies for a family of elastically 

supported rectangular plates subjected to unidirectionally uniform in-plane loading and 

tabulated the buckling loads for a fairly broad range of plate geometries and edge support 

stiffness.   

Gibson and Ashby (1988), Papka and Kyriakides (1994), Masters and Evans (1996), 

Zhu and Mills (2000), El-Sayed and Sridharan (2002) studied the local buckling behavior 

of core walls of sandwich structures under the compression between the two facesheets, 

which are equivalent to the case of the orthotropic composite plates under in-plane 

compression with various boundary conditions along the two loaded edges.  By the 
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assumption that the two boundaries along the face sheet-core interfaces as rigidly 

restrained while the other two edges of the core wall perpendicular to the facesheets as 

simply-supported, Zhang and Ashby (1992) predicted the buckling strength of the 

sandwich cores.  Their solution was later applied by Lee et al. (2002) to study the 

behavior of honeycomb composite cores at elevated temperature.  Both of these studies 

assumed a completely rigid connection at the face sheet-core interface, and the 

orthotropic plate was modeled as clamped along the two loaded edges and simply-

supported along the other two unloaded edges, which is seldom the case in practice.  The 

partial restraint offered by the face sheet-core interface has a pronounced effect on the 

local buckling response of composite sandwich panels under out-of-plane compression 

and should be considered in the buckling analysis.   

By using the discrete plate analysis technique, the flat core walls of sandwich 

structures can be modeled as an orthotropic plate (SSRR plate) rotationally restrained 

along the two loaded edges (namely the top and bottom facesheets) and simply-supported 

along the other unloaded edges at the periodic lines of unit cell core.  Using the unique 

out-of-plane deformation shape functions of combined harmonics and polynomials, Shan 

and Qiao (2007) obtained the explicit local buckling equations of rotationally restrained 

orthotropic plates and validated the results with exact transcendental solutions.  The 

solution of a simplified case (SSRR plate) is used to predict the local buckling load of 

sandwich structures under the compression between the two facesheets, and the results 

match well with the numerical simulation and experimental study conducted by Chen 

(2004).    
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In addition to the local buckling analysis of the composite plates, several analytical 

efforts were made to develop explicit solutions of local buckling of FRP columns and 

beams.  Lee (1978) presented an exact analysis and an approximate energy method using 

simplified deflections for the local buckling of orthotropic structural sections, and the 

minimum buckling coefficient was expressed as a function of the flange-web ratio. Later, 

Lee (1979) extended the solution to include the local buckling of orthotropic sections 

with various loaded boundary conditions.  Lee and Hewson (1978) investigated the local 

buckling of orthotropic thin-walled columns made of unidirectional FRP composites. 

Based on energy considerations, Roberts and Jhita (1983) presented a theoretical study of 

the elastic buckling modes of I-section beams under various loading conditions that could 

be used to predict local and global buckling modes.  Barbero and Raftoyiannis (1993) 

used variational principle (Rayleigh-Ritz method) to develop analytical solutions for 

critical buckling load as well as the buckling mode under axial and shear loading of FRP 

I- and box beams.  Kollar (2003) illustrated the local buckling analysis of FRP beams and 

columns using the discrete plate analysis and applying the empirical formulas of buckling 

of orthotropic plates.  Mottram (2004) reviewed and discussed the determination of 

flange critical local buckling load for pultruded FRP I-section columns.   

The explicit local buckling solutions are derived for a general orthotropic composite 

rectangular plate with elastically restrained along its four edges and subjected to bi-axial 

loading in this study.  The general solution is further simplified to several simplified 

cases and applied to predict the local buckling load of FRP shapes, i.e., FRP columns and 
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sandwich cores, with the aid of discrete plate analysis.  Numerical simulation and 

parametric study are conducted to validate the analytical results.    

 

2.5 Delamination buckling 

Delamination appears in laminated composite materials due to manufacturing errors 

(e.g., imperfect curing process) or in-service accident (e.g., low velocity impact).  Due to 

the presence of delaminated area, the designed buckling strength of the laminated 

structures can be reduced when it is subjected to the compressive loading.  Thus, as a 

major failure mode in the laminated composite structures, the delamination buckling has 

been extensively studied in the literature.   

Various researches have been attempted to model and analyze the delamination 

buckling problem of beam- or plate-type composite structures.  Including the bending-

extension coupling, Yin (1958) derived general formulae for thin-film strips and mid-

plane symmetric delaminations in composite laminates and studied the effects of 

laminated structure on delamination buckling and growth.  Chai et al. (1981) conducted 

one-dimensional buckling analysis of single delaminated composite laminate plates.  

Later, Chai (1982) developed one of the first analytical delamination models by 

characterizing the delamination in homogeneous, isotropic plates using a thin-film model, 

and extended this approach to a general bending case which included the bending of a 

thick base laminate.  Bottega and Maewal (1983) developed an analytical model based on 

asymptotic analysis of postbuckling behavior for a symmetric two-layer isotropic circular 

plate.  Simitses et al. (1985) studied the effect of delamination under axial loading for the 
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homogeneous laminated plates.  Chai and Babcock (1985) developed a two dimensional 

model of the compressive failure in delaminated laminates.  Yin et al. (1986) conducted 

the research on the ultimate axial load capacity of a delaminated beam.  Tracy and 

Pardoen (1988) studied the effect of delamination on the flexural stiffness of laminated 

beams; but their analytical solution did not include the influence of bending extension 

coupling on delamination buckling.  They tested specimens manufactured with a 

delamination at the mid-plane and concluded that the delamination did not degrade much 

the stiffness of the laminates, due to the nature of delamination at the neutral axis.  As 

observed in glulam-FRP beam tests conducted by Kim (1995), if the delamination was 

placed near the top surface of a beam, delamination buckling is likely to occur.  

Kardomateas and Shmueser (1987; 1988) used a perturbation technique to analyze the 

buckling and postbuckling responses of a one-dimensional (1D) orthotropic 

homogeneous elastic beam with a through-width delamination.  They considered the 

influence of the transverse shear on the buckling load and the postbuckling response of 

composites by using the classical buckling equations and shear effect correction terms.  

Chen and Li (1990a; b) performed the theoretical and experimental studies on buckling 

characteristics of composite laminates with rectangular, elliptic or belt-shape surface 

delamination, and the stretching-shearing coupling and bending-twisting coupling effects 

were considered in their study.  Based on a variational energy approach, Chen (1991) 

formulated the same problem as Kardomateas and Shmueser (1988).  According to the 

results in Chen (1991), inclusion of the shear deformation effect reduced the 

overestimation of the buckling and ultimate load capacity of delaminated composite 
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plates.  Later, Chen (1993; 1994) used a large deflection and shear deformation theory to 

derive the closed form expressions for the critical buckling load and post-buckling 

deflection of asymmetric laminates with clamped edges. 

Sheinman and Soffer (1991) analyzed the nonlinear post-buckling behavior of a 

composite delaminated beam under axial loading. Peck and Springer (1991) investigated 

the behavior of elliptical sub-laminates created by delaminations in composite plates that 

are subjected to in-plane compressive, shear and thermal loads.  Somer et al. (1991) 

developed a theoretical model based on the earlier work of Chai et al. (1981) to study the 

local buckling of delaminated sandwich beams, and presented a method of continuous 

analysis to predict the local delamination buckling load of the face sheet of sandwich 

beams.  Yin and Jane (1992a; b) conducted the buckling and post-buckling analysis of 

laminates with elliptic anisotropic delamination and pointed out the lowest order in 

Rayleigh-Ritz method to obtain force, moment and energy release rate with adequate 

precision.  Lim and Parsons (1992) used the Rayleigh-Ritz method to analyze the 

buckling behavior of multiple delaminated beams.  Suemasu (1993) investigated the 

compressive buckling of composite panels having through-width, equally spaced multiple 

delaminations.  Shu and Mai (1993) performed the buckling analysis of a delaminated 

beam with the fiber bridging effect.  Reddy et al. (1989) developed a generalized 

laminate plate theory (GLPT) and implemented the theory to account for multiple 

delaminations between layers.  Based on GLPT, Lee et al. (1993) developed a 

displacement-based, one-dimensional finite-element model to predict critical loads and 

corresponding buckling modes for a multiple delaminated composite with arbitrary 
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boundary conditions.  Yeh and Tan (1994) studied the buckling of laminated plates with 

elliptic delamination.  Adan et al. (1994) developed an analytical model for buckling of 

multiple delaminated composite under cylindrical bending and studied their interactive 

effects.  Kyoung and Kim (1995) used the variational principle to calculate the buckling 

load and delamination growth of an axially loaded beam-plate with an asymmetric 

delamination (with respect to the center-span of the beam-plate). They evaluated the 

effects of the shear deformation and other geometric parameters on the buckling strength 

and delamination growth of composite plates.  Kutlu and Chang (1995a; b) investigated 

the compression response of laminated composite panels containing multiple through-

the-width delaminations by both nonlinear finite element method and experiments.  Lee 

et al. (1996) presented a one-dimensional finite element buckling and post-buckling 

analysis of cylindrically orthotropic circular plates containing single and multiple 

delaminations.  Kim et al. (1997) developed an analytical solution for predicting 

delamination buckling and growth of a thin fiber-reinforced plastic (FRP) layer in 

laminated wood beams under bending.  Cheng et al. (1997) presented a method of 

continuous analysis for predicting the local delamination buckling load of the face sheet 

of sandwich beams.  The effect of transverse normal and shear resistance from the core is 

accounted for, and the analytical procedure allowed direct determination of the buckling 

load by considering the entire region without separating it into regions with and without 

delaminations.   

Moradi and Taheri (1997) applied the differential quadrature technique to the 

delamination buckling of the laminated plate using the classical plate theory. The 
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accuracy and efficiency of the differential quadrature method (DQM) in calculating the 

buckling loads was reconfirmed by their results.  Later, Moradi and Taheri (1999) 

extended Chen (1991)’s work and applied the differential quadrature method (DQM) for 

the buckling analysis of one-dimensional (1D) general orthotropic composite laminated 

rectangular beam-plates which have a interlaminar delamination positioned in an 

arbitrary plane through its thickness and length.  The transverse shear deformation, the 

bending-extension coupling, the type of composites and fiber orientation, the length, the 

transverse and longitudinal position of the delamination area were considered in their 

investigation.  Shu (1998) identified free mode’ and constrained mode’ of buckling for a 

beam with multiple delaminations by an exact solution. Kyoung et al. (1998) studied the 

buckling and post-buckling analysis of single and multiple delaminated orthotropic 

beams by nonlinear finite element analysis.  Haiying and Kardomateas (1998) used a 

non-linear beam theory to study the multiple delaminations of orthotropic beams.  Zhang 

and Yu (1999) analyzed delamination growth driven by the local buckling of laminate 

plates.  Li and Zhou (2000) presented the buckling analysis of delaminated beams based 

on the high-order shear deformation theory.  Sekine et al. (2000) investigated the 

buckling analysis of elliptically delaminated composite laminates by taking into account 

of partial closure of delamination.  Yu and Hutchinson (2002) analyzed a straight-sided 

delamination buckling with a focus on the effects of substrate compliance.  Shu and 

Parlapalli (2004) developed a one-dimensional mathematical model using Bernoulli–

Euler beam theory to analyze the buckling behavior of a two-layered beam with single 

asymmetric delamination for simple supported and clamped boundary conditions.  Li et 
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al. (2005) developed the strip transfer function method based on Mindlin’s first-order 

shear deformation theory to investigate the buckling of a delaminated plate, and the 

influence of length, depth and position of the delamination, the boundary condition, and 

the ply angle of the material on the buckling load is analyzed.  Parlapalli et al. (2006) 

introduced nondimensionalized parameters named nondimensionalized axial and bending 

stiffnesses to study the buckling behavior of bi-layer beams with separated delaminations. 

Though significant studies were conducted in the delamination buckling of laminated 

composite structures, the effect of the delamination tip deformation is usually not 

included.  In this study, delamination buckling formulas of laminated composite beams 

are derived based on the three joint models (i.e., the rigid, semi-rigid, and flexible joint 

models, respectively).  The three joint deformation models are established on three 

corresponding bi-layer beam theories (i.e., conventional composite beam theory, shear-

deformable beam theory, and interface-deformable beam theory, respectively) presented 

by Qiao and Wang (2005).  Numerical simulation is carried out to validate the accuracy 

of the formulas, and a parametric study of the shear effect and material mismatch of two 

sub-layers in the bi-layer composite beam is conducted to compare the buckling analysis 

results from three different joint deformation models. 
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CHAPTER THREE 

FLEXURAL-TORSIONAL BUCKLING OF FRP I- AND CHANNEL SECTION 

COMPOSITE BEAMS 

 

3.1 Introduction 

In this chapter, the flexural-torsional buckling of pultruded FRP composite I- and 

channel section cantilever beams which are subjected to a tip load at the end of the beams 

is analyzed using the second variational total potential energy principle and Rayleigh-

Ritz method (Qiao et al. 2003; Shan and Qiao 2005).  The total potential energy of FRP 

shapes based on nonlinear plate theory is derived, which includes shear effect and 

bending-twisting coupling.  An experimental study of three different geometries of FRP 

cantilever I- and channel section beams is performed, and the critical buckling load for 

different span lengths are measured and compared with the analytical solutions and 

numerical finite element results.  A parametric study is conducted to evaluate the effects 

of the load location, fiber orientation and fiber volume fraction on the buckling behavior.   

 

3.2 Theoretical background: variational principles 

Variational and energy methods are the most effective ways to analyze stability of 

conservative systems.  Accurate yet simple approximation of critical loads can be 

obtained with the concept of energy approach by choosing adaptable buckling 

deformation shape functions.  The first variation of total potential energy equaling zero 

(the minimum of the potential energy) represents the equilibrium condition of structural 
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systems; while the positive definition of the second variation of total potential energy 

demonstrates that the equilibrium is stable.   

The total potential energy ( Π ) of a system is the sum of the strain energy (U ) and 

the work (W ) done by the external loads, and it is expressed as 

WU +=Π                                                            (3.1) 

where ii qPW ∑−= , and )( ijUU ε= .  Thus, the total potential energy is expressed as 

)( ijii UqP ε+−=Π ∑                                               (3.2) 

For linear elastic problems, the strain energy is given as ∫=
V

ijij dVU εσ
2
1 . 

For a structure in an equilibrium state, the total potential energy attains a stationary 

value when the first variation of the total potential energy ( Πδ ) is zero. Then, the 

condition for the state of equilibrium is expressed as 

0=+−=Π ∫∑
V

ijijii dVqP δεσδδ                                   (3.3) 

The structure is in a stable equilibrium state if, and only if, the value of the potential 

energy is a relative minimum. It is possible to infer whether a stationary value of a 

functional Π  is a maximum or a minimum by observing the sign of Π2δ . If Π2δ is 

positive definite, Π  is a minimum. Thus, the condition for the state of stability is 

characterized by the inequality 

0)( 222 >++−=Π ∫∑
V

ijijijijii dVqP δεδσεδσδδ                (3.4) 
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Eq. (3.4) is based on the second Gâteaux variation (Sagan 1969) which states that the 

second variation of I[y] at y = y0 is expressed as  

 [ ] 002

2
2 ][ =+= tthyI

dt
dhIδ                                        (3.5) 

Because iq  is usually being expressed as linear functions of displacement variables, 

δ2
iq  in Eq. (3.4) vanishes. Therefore, the critical condition for stability analysis becomes  

0)( 222 =+==Π ∫
V

ijijijij dVU δεδσεδσδδ                        (3.6) 

In this study, the first variation of total potential energy (Eq. (3.3)) corresponding to 

the equilibrium state of the structure is employed to establish the eigenvalue problem for 

local buckling of discrete laminated plates in FRP structures (see Chapter Four); while 

the second variation of total potential energy (Eq. (3.6)) representing the stability state of 

the system is applied to derive the eigenvalue solution for flexural-torsional (global) 

buckling of FRP beams. 

The second variational total potential energy method is hereby applied to analyze the 

global buckling of FRP composite structures. Based on the Rayleigh-Ritz method, the 

eigenvalue equation of global buckling is solved. In this section, the flexural-torsional 

(global) buckling of pultruded FRP composite I- and channel section beams (Fig. 3.1) is 

analyzed.  The total potential energy of FRP shapes based on nonlinear plate theory is 

derived, of which the shear effect and beam bending-twisting coupling are included.   
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Fig. 3.1 I- and Channel section composite beams 

 

3.3 Formulation of the second variational problem for flexural-torsional buckling of 

thin-walled FRP beams 

For a thin-wall panel in the xy-plane, the in-plane finite strains of the mid-surface 

considering the nonlinear terms are given by Malvern (1969) as 

y
w

x
w

y
v

x
v

y
u

x
u

x
v

y
u

y
w

y
v

y
u

y
v

x
w

x
v

x
u

x
u

xy

y

x

∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

+
∂
∂

=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂
∂

=

γ

ε

ε

222

222

2
1

2
1

                               (3.7) 

The curvatures of the mid-plane are defined as  
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For a laminate in the xy-plane, the mid-surface in-plane strains and curvatures are 

expressed in terms of the compliance coefficients and panel resultant forces as (Jones 

1999) 
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or the panel resultant forces are expressed in term of the stiffness coefficients and mid-

plane strains and curvatures as 
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Most pultruded FRP sections consist of symmetric laminated panels (e.g., web and 

flange) leading to no stretching-bending coupling ( ijβ  = 0). Also, the off-axis plies of the 

pultruded panels are usually balanced symmetric (no extension-shear and bending-

twisting coupling, 16α  = 26α  = 16δ  = 26δ  = 0). The material of laminated panels in 

pultruded sections is thus orthotropic, and their mechanical properties can be obtained 



 37

either from experimental coupon tests or theoretical prediction using 

micro/macromechanics models (Davalos et al. 1996). 

The second variation of the total potential energy of the flanges is derived in two 

parts. The first part, tf
bU2δ , which is due to the axial displacement and bending about the 

major axis, is derived using the simple beam theory; while the second part, tf
pU2δ , which 

is due to the twisting and bending about the minor axis, is derived using the nonlinear 

plate theory.  In this study, the flange panels (either top or bottom) are modeled as a beam 

bending around its strong axis and at the same time as a plate bending and twisting 

around its minor axis.    
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Fig. 3.2 Coordinate system in individual panels of thin-walled beams 
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 First, considering the top flange of either I- or C-section shown in Fig 3.2(a) as a 

beam under the pure bending about its strong axis ( b
zN = tf

xzN  = b
zM = b

xzM = 0) and using 

the beam theory, the axial and bending (about the major axis) stress resultants of the 

flange are denoted by tf
xN  and b

xM  (Fig. 3.3), respectively.   

p b
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Fig. 3.3 Moments on the top flange 

 

Then, the second variation of the total potential energy due to the top flange bending 

laterally as a beam can be written as  
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Considering Eq. (3.10) and neglecting the third-order terms, the second variation of 

the total strain energy of the top flange is simplified as 
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Here the simplified forms of the stress resultants are expressed as 
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where ffx
b
x btEA =  ; 

12

3
ffxb

x

btE
D =  ; and xE  is the Young’s modulus of the top flange 

plane in x-axis. 

 

Now using the plate theory, considering the twisting and bending of the flange, and 

without considering the distortion ( p
zN = p

zM = 0), the second variation of the total 

potential energy of the top flange behaving as a plate can be written as  
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The non-linear strains and curvatures are given as 
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Considering Eqs. (3.14) and (3.15) and neglecting the third-order terms, the total 

strain energy of the top flange is simplified as 
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Therefore, the second variation of the total strain energy of the top flange can be 

obtained     
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The second variation of the total strain energy of the bottom flange bfU2δ  can be 

obtained in a similar way. 

 

Considering the web shown in Fig. 3.2(b) as a plate in the xy-plane and using the 

plate theory, the second variation of the total strain energy of the web can be expressed as  

(
)dxdyMMMMM

MNNNNNNU
w
xy

w
xy

w
xy

w
xy

w
y

w
y

w
y

w
y

w
x

w
x

w
x

w
x

w
xy

w
xy

w
xy

w
xy

w
y

w
y

w
y

w
y

w
x

w
x

w
x

w
x

w

δκδκδδκδκδδκδ

κδδγδγδδεδεδδεδεδδ

++++

+++++++=∫∫
22

22222

  (3.18) 

The strains and curvatures of the web are given as 
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Neglecting the third-order terms and considering the constitutive relation in Eq. 

(3.9b) and compability condition in Eq. (3.19), the total strain energy of the web in Eq. 

(3.18) is simplified as 
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   (3.20) 

The second variation of the total strain energy of the whole beam can be obtained by 

summing the web, top and bottom flanges as     

wbftf UUUU 2222 δδδδ ++=                                     (3.21) 

and the critical condition (instability) is defined as 
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022 ==Π Uδδ                                                (3.22) 

which can be solved by employing the Rayleigh-Ritz method. 

 

The total potential or strain energy in Eq. (3.21) can be further simplified by omitting 

all the terms which are positive definite (Roberts and Jhita 1983), i.e., the term 
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in Eq. (3.12) and the terms involving the extensional stiffness coefficients ijA  in Eq. 

(3.20).  Finally, the critical instability condition for the FRP beam in Fig. 3.2 becomes 
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3.4 Stress resultants  

3.4.1 I-section composite beams 

For a cantilever beam subjected to a tip concentrated vertical load, the simplified 

stress resultant distributions on the corresponding panels are obtained from beam theory, 

and the location or height of the applied load is accounted for in the analysis (Qiao 1997).  

For FRP I-beams, the resultant forces (Qiao et al. 2003) are expressed in terms of the tip 

applied concentrated load P.  The expressions for the flanges are 
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Similarly for the web 
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3.4.2 Channel composite beams 

The subject of concern in this study is a cantilever open channel beam under a tip 

concentrated vertical load passing through the shear center. Due to unsymmetrical nature 

of the channel cross-section, the shear center of the beam (Fig. 3.4) is determined as 
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where 
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E
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n
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=  and fxE )( and wxE )( are the effective longitudinal Young’s moduli of 

the flange and web panels, respectively. For a channel section with uniform panels (i.e., 

wf tt =  and wxfx EE )()( = ), the shear center is simplified as  

fw

f

bb
b

e
6

3 2

+
=                                               (3.35b) 

shear
 center

shear
 center

z

bf

tw
P

=

tf

P

shear
 center

+ Pz

P

x 

L

y  x 

z

z' 

bw

 

Fig. 3.4 Cantilever open channel beam under a tip concentrated vertical load  
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When a tip vertical load acts through the shear center, only the bending of the beam 

occurs; whereas for the tip load acting away from the shear center, both the torsion and 

bending of the beam are developed.  For a generic case, of which the tip load acts at a 

distance z from the shear center (see Fig. 3.4), the stress resultants on the channel cross 

section can be obtained by the equivalent method of the vertical load to the shear center. 

Then the stress resultants consist of two parts: one is related to the bending effect of P 

acting at the shear center, and the other is the torsional effect caused by the torque of Pz 

on the cross-section (see Fig. 3.4). In this study, the origin of the coordinate system is 

located at the shear center, and the location (i.e., the height y and horizontal off-shear 

center distance z) of the applied load is considered in analysis of panel stress resultants. 

For the flange panels, the torque Pz does not cause stress resultants in the x-direction; 

thus the longitudinal normal stress resultants due to P acting at the shear center are  

z
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x I
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−=
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=                  (3.36) 

The in-plane shear stress resultant tf
xzN  consists of two parts. The first part comes 

from the bending caused by P acting through the shear center, which is denoted as tfb
xzN  

and written as  

f
z

fwtfb
xz bz

I
tzPb

N ≤≤−= '0
2

'
                        (3.37a) 

where 'z  is the local coordinate on the top flange (see Fig. 3.4(b)).  

The second part comes from the torque Pz, which is denoted as tft
xzN , and it is derived 

as (see details in Appendix A) 
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then the total in-plane shear stress resultant of the top flange caused by P at a generic 

point z is  
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The shear stress resultant for the bottom flange is expressed as  

tf
xz

bf
xz NN −=                                                  (3.37d) 

and there are no transverse normal stress resultants on the flanges, 

0== tf
z

bf
z NN                                               (3.37e) 

 

Similarly for the web panel, w
xN  only comes from the bending effect caused by P 

through the shear center, and it is expressed as 

z
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ytxLP
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=                                          (3.38a) 

To consider the location of applied load along the height of one beam and denote py  

as the distance of the applied load to the centroidal axis (z-axis in this study), the 

transverse normal stress resultant w
yN , for the case of 2/wp by ≠ , is  

p
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and for the case of  2/wp by −=  or 2/wb , 
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The in-plane shear stress resultant w
xyN  consists of two parts: the first part is the result 

of the bending effect caused by P through the shear center denoted as wb
xyN   
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and the second part is due to the torque, Pz, which is denoted as wt
xyN  (see Appendix A) 
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and then the total shear stress resultant of the web panel caused by P is 
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where 23

2
1

12
1

wffwwz btbbtI += . 

The detailed derivation of the in-plane shear stress resultant distribution in the flange 

and web panels under a constant torque, Pz, is given in Appendix A. 
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3.5 Displacement fields 

3.5.1 I-section composite beams 

Assuming that the top and bottom flanges do not distort (i.e., the displacements are 

linear in the z-direction) and considering the compatibility conditions at the flange-web 

intersections, the buckled displacement fields for the web, top and bottom flange panels 

of the I-section are derived.   

For the web (in the xy-plane) 

),(,0,0 yxwwvu www ===                                   (3.39a) 

For the top flange (in the xz-plane) 

)(,),(,),( xwwzzxvv
dx

dwzzxuu tftftftftf
tf

tftf =−==−== θ           (3.39b) 

For the bottom flange (in the xz-plane) 

)(,),(,),( xwwzzxvv
dx

dwzzxuu bfbfbfbfbf
bf

bfbf =−==−== θ          (3.39c) 

 

3.5.2 Channel composite beams 

For the flexural-torsional buckling of open channel beams, the flange and web panels 

still remain straight, and the distortion of the panels is not considered in this study. The 

sideways displacement ( w ) due to lateral bending and rotation (θ ) due to torsion of the 

cross section about the centroid are coupled (see Fig. 3.5).  Considering the compatibility 

conditions of the deformation of the flange and web panels, the displacement fields for 

the top, bottom and web panels are derived.  
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Fig. 3.5 Displacement fields of channel section due to sideways displacement and 

rotation  

For the top flange panel (xz-plane), the displacements are linear in the z-direction 

dx
dwzzxuu

tf
tftf −== ),(                                            (3.40a) 

tftftftf zzzxvv θθ −≅−== tan),(                                    (3.40b) 

)(xww tftf =                                                    (3.40c) 

For the bottom panel (xz-plane), the displacements are also linear in the z-direction 

 
dx

dwzzxuu
bf

bfbf −== ),(                                        (3.41a) 

bfbfbfbf zzzxvv θθ −≅−== tan),(                               (3.41b) 
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 )(xww bfbf =                                                  (3.41c) 

For the web (xy-plane), the displacements are defined as  

dx
dwzuw

0=                                                   (3.42a) 

0=wv                                                        (3.42b) 

( )yxwww ,=                                                  (3.42c) 

Considering the relationship of the rotations and displacements of the panels and the 

rotation (θ ) and displacement ( w ) of the cross section, the displacement fields become 

θθθ == bftf  ; θywww += ; θ
2
wtf b

ww += ; θ
2
wbf b

ww −=           (3.43) 

 

3.6 Explicit solutions  

For the global (flexural-torsional) buckling of I- or channel section beams, the cross-

section of the beam is considered as undistorted.  As the web panel is not allowed to 

distort and remains straight in flexural-torsional buckling, the sideways deflection and 

rotation of the web are coupled.  The shape functions of buckling deformation for both 

the sideways deflection and rotation of the web, which satisfy the cantilever beam 

boundary conditions, can be selected as exact transcendental function as (Qiao et al. 

2003)  
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where 
)cosh()cos(
)sin()sinh(

mm

mm
m λλ

λλ
β

+
+

= , and mλ  satisfies the following transcendental equation 
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01)cosh()cos( =−mm λλ                                         (3.45) 

with 854757.7,694091.4,875104.1 321 === λλλ . 

The displacements and rotations (referring to Eq. (3.39)) of panels in the I-section 

beam then become 

θθθθθθ ==−=+=+= bftfwbfwtfw b
ww

b
wwyww ,

2
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2
,     (3.46) 

By applying the Rayleigh-Ritz method and solving for the eigenvalues of the 

potential energy equilibrium equation (Eq. (3.22)), the flexural-torsional buckling load, 

crP , for a free-end point load applied at the centroid of the cross-section is obtained as 

(Qiao et al. 2003) 
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and the following material parameters are defined as:  
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6666111166661111 /1,/1,/1,/1 δδαα ==== ddaa                   (3.48) 

 

3.7 Experimental evaluations of buckling of thin-walled FRP cantilever beams 

3.7.1 I-section composite beams 

In this study, four geometries of FRP I-beams, which were manufactured by the 

pultrusion process and provided by Creative Pultrusions, Inc., Alum Bank, PA, were 

tested to evaluate their flexural-torsional buckling responses (Qiao et al. 2003).  The four 

I-sections (Fig. 3.6) consisting of (1) I4×8×3/8 in. (I4x8); (2) I3×6×3/8 in. (I3x6); (3) 

WF4×4×1/4 in. (WF4x4); and (4) WF6×6×3/8 in. (WF6x6) were made of E-glass fibers 

and polyester resins. Based on the lay-up information provided by the manufacturer and a 

micro/macromechanics approach (Davalos et al. 1996), the panel material properties of 

the FRP I-beams are obtained and given in Table 3.1.  The clamped-end of the beams was 

achieved using two steel angles attached to a vertical steel column (Fig. 3.7).   Using a 

loading platform (Fig. 3.8), the loads were initially applied by sequentially adding steel 

angle plates of 111.2 N (25.0 lbs), and as the critical loads were being reached, 

incremental weights of 22.2 N (5.0 lbs) were added until the beam buckled.  The tip load 

was applied through a chain attached at the centroid of the cross section (Fig. 3.8).  Two 

LVDTs and one level were used to monitor the rotation of the cross section, and the 

sudden sideways movement of the beam was directly observed in the experiment. The 

buckled shapes of four geometries at a span length of 365.8 cm (12.0 ft.) are shown in 

Figs. 3.9 to 3.12, and their corresponding critical loads were obtained by summing the 

weights added during the experiments.  Varying span lengths from 182.9 cm (6.0 ft.) to 
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396.2 cm  (13.0 ft.) for each geometry were tested; two beam samples per geometry were 

evaluated, and an averaged value for each pair of beam samples was considered as the 

experimental critical load.  The measured critical buckling loads and comparisons with 

analytical solutions and numerical modeling results are given in Table 3.3. 

WF 4x4x1/4" 
(WF4x4) 

WF 6x6x3/8" 
(WF6x6) 

I 3x6x3/8" 
(I3x6) 

I 4x8x3/8" 
(I4x8) 

 
 

Fig. 3.6 Four representative FRP I-section composite beams 
 

 

Table 3.1 Panel stiffness coefficients for I- section composite beams 
 
Section 

 
11D  

(N-cm) 
12D  

(N-cm) 
22D  

(N-cm) 
66D  

(N-cm) 
11a  

(N/cm) 
66a  

(N/cm) 
11d  

(N-cm) 
66d  

(N-cm) 

I4×8 150,200 28,905 69,100 33,082 3,378,000 521,500 208,900 40,195 

I3×6 146,800 28,792 68,648 32,969 3,465,000 539,000 210,000 40,873 

WF4×4 45,728 10,749 23,824 12,194 1,995,000 308,000 50,018 12,646 

WF6×6 145,700 28,679 68,422 32,856 3,115,000 476,000 196,500 38,502 

Note: 6666111166661111 /1,/1,/1,/1 δδαα ==== ddaa  
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Fig. 3.7 Cantilever configuration of FRP I-section composite beams 
 
 

 
 

Fig. 3.8 Load applications at the cantilever beam tip 
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Fig. 3.9 Buckled I4x8 beam 
 
 

 
 

Fig. 3.10 Buckled I3x6 beam 
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Fig. 3.11 Buckled WF4x4 beam 
 

 
 

Fig. 3.12 Buckled WF6x6 beam 
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3.7.2 Channel composite beams 

Three geometries of FRP channel beams, which were manufactured by the pultrusion 

process and provided by Creative Pultrusions, Inc., Alum Bank, PA, were tested to 

evaluate their flexural-torsional buckling responses (Shan and Qiao 2005).  The three 

channel sections consisting of (1) Channel 4"x1-1/8"x1/4" (C4x1); (2) Channel 6"x1-

5/8"x1/4" (C6x2-A); and (3) Channel 6"x1-11/16"x3/8" (C6x2-B) were all made of E-

glass fiber and polyester resins.  Based on the lay-up information provided by the 

manufacturer and a micro/macromechanics approach (Davalos et al. 1996), the panel 

material properties are computed and given in Table 3.2.  

Table 3.2 Panel stiffness coefficients for open channel composite beams 

Section 
D11 

(N-cm) 

D12 

(N-cm) 

D22 

(N-cm)

D66 

(N-cm)

a11 

(N/cm) 

a66 

(N/cm) 

d11 

(N-cm) 

d66 

(N-cm)

C4x1 42,706 11,095 28,810 8,993 1,250,900 248,759 38,436 8,971 

C6x2-A 51,745 11,524 30,618 9,795 1,636,692 285,222 47,474 9,829 

C6x2-B 164,951 34,459 92,757 29,827 2,162,049 374,200 152,478 29,815 

 

The channel beams were tested in cantilever configuration.  The clamped-end of the 

beams was achieved using wood clamp and inserted case pressured by the Baldwin 

machine (Fig. 3.13).  A piece of aluminum angle with notched groove was rigidly 

attached to the channel beam tip, and the location of loading could be adjusted so that the 

load was applied through the shear center (Fig. 3.14).  Using a loading platform (Fig. 
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3.14), the loads were initially applied by sequentially adding steel plates, and as the 

critical loads were being reached, incremental weights of steel plates were added until the 

beam buckled.  The tip load was applied through a chain attached at the shear center of 

the cross section (Fig. 3.14).   One level was used to monitor the rotation of the cross 

section, and the sudden sideways movement of the beam was directly observed in the 

experiment.  The representative buckled shapes of three channel geometries at a span 

length of 335.28 cm (11.0 ft.) are shown in Figs. 3.15 to 3.17, and their corresponding 

critical loads were obtained by summing the weights added during the experiments.  

Varying span lengths for each geometry were tested; two beam samples per geometry 

were evaluated, and an averaged value for each pair of beam samples was considered as 

the experimental critical load.  The measured critical buckling loads and comparisons 

with analytical solutions and numerical modeling results are presented in Section 3.8.2. 

 

Fig. 3.13 Cantilever configuration of FRP channel beam 
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Fig. 3.14 Load application at the cantilever tip through the shear center 

 

Fig. 3.15 Buckled channel C4x1 beam (L = 335.28 cm (11.0 ft.))  
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Fig. 3.16 Buckled channel C6x2-A beam (L = 335.28 cm (11.0 ft.))  

 

Fig. 3.17 Buckled channel C6x2-B beam (L = 335.28 cm (11.0 ft))  
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3.8 Results and discussion 

3.8.1 I-section composite beams 

By solving for the eigenvalues of the energy equation (Eq. (3.22)), the critical 

buckling load, crP , can be explicitly obtained as given in Eq. (3.47) based on the exact 

transcendental shape functions (Qiao et al. 2003).  To verify the accuracy of the proposed 

analytical approach, the four experimentally tested FRP I-beam sections are considered 

(i.e., I4×8, I3×6, WF4×4 and WF6×6).  The analytical solutions and experimental results 

are also compared with classical approach based on Vlasov theory (Pandey et al. 1995) 

and finite element method (FEM).  The commercial finite element program ANSYS is 

employed for modeling of the FRP beams using Mindlin eight-node isoparametric 

layered shell elements (SHELL99) (Fig. 3.18). 

 

              (a) L = 182.9 cm (6.0 ft.)                   (b) L = 304.8 cm (10.0 ft.) 

Fig. 3.18 Finite element simulation of buckled I4x8 beam 

The comparisons of critical buckling loads among analytical solution using the exact 

transcendental shape function, the classical Vlasov theory (Pandey et al. 1995), 

experimental data and finite element results are given in Table 3.3 for span lengths of L = 
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304.8 cm (10.0 ft.) and L = 365.8 cm (12.0 ft.), and the present analytical solution shows 

a good agreement with FEM results and experimental data. 

Table 3.3 Comparisons for flexural-torsional buckling loads of I-section composite 
beams 

 
 

Length L 
(cm) 

 
Section  

Analytical 
solution 

Pcr (N) 

Classical 
solution 

Pcr (N) 

Finite 
element 
Pcr (N) 

Experimental 
data 

Pcr (N) 
 

8I4×  
 

4,765 
 

5,201 
 

4,503 
 

4,010 
 

6I3×  
 

2,338 
 

2,360 
 

2,174 
 

2,058 
 

4WF4×  
 

1,498 
 

1,783 
 

1,436 
 

1,476 

304.8 
(10 ft) 

 
6WF6×  

 
8,526 

 
10,860 

 
8,624 

 
⎯ 

 
8I4×  

 
3,192 

 
3,321 

 
2,956 

 
2,943 

 
6I3×  

 
1,494 

 
1,547 

 
1,365 

 
1,356 

 
4WF4×  

 
1,014 

 
1,151 

 
933 

 
920 

365.8 
(12 ft) 

 
6WF6×  

 
5,614 

 
6,428 

 
5,774 

 
5,476 

 

3.8.2 Channel composite beams 

By solving the eigenvalues of the energy equation (Eq. (3.22)), the critical buckling 

loads crP of open channel beams (C4x1, C6x2-A and C6x2-B) are obtained (Shan and 

Qiao 2005). The analytical solutions and experimental results (C4x1, C6x2-A and C6x2-

B) are also compared with the finite element results, which are obtained using the 

commercial finite element modeling (FEM) program ANSYS.  The panels of FRP 

channel beams were modeled using Mindlin eight-node isoparametric layered shell 

elements (SHELL 99) (Figs. 3.19 to 3.21). 
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              (a) L = 60.96 cm (2.0 ft.)                   (b) L = 487.68 cm (16.0 ft.) 

Fig. 3.19 Finite element simulation of buckled C4x1 beam 

   

           (a) L = 182.88 cm (6.0 ft.)                (b) L = 487.68 cm (16.0 ft.) 

Fig. 3.20 Finite element simulation of buckled C6x2-A beam 

   

           (a) L = 182.88 cm (6.0 ft.)    (b) L = 487.68 cm (16.0 ft.) 

Fig. 3.21 Finite element simulation of buckled C6x2-B beam 
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The critical buckling loads ( crP ) versus the span lengths (L) for the three geometries 

of C4x1, C6x2-A and C6x2-B are shown in Figs. 3.22 to 3.24, respectively.  As 

expected, the critical load decreases as the span increases, and with the span increasing, 

the flexural-torsional buckling is more prominent.  And these figures indicate that the 

present analytical predictions match well with the FEM and experimental results for 

relatively long span lengths; while for shorter span lengths, the buckling load is more 

prone to warping and lateral distortional instability which is not considered in this study. 

This phenomenon can also be observed in Figs. 3.19 to 3.21, where the critical buckling 

mode shapes are shown for the buckled channel beams with the respective short and long 

span lengths using finite element modeling by ANSYS. 
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Fig. 3.22 Flexural-torsional buckling load of C4x1 beam 
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Fig. 3.23 Flexural-torsional buckling load of C6x2-A beam 

Length L (cm)

50 100 150 200 250 300 350

Fl
ex

ur
al

-T
or

si
on

al
 B

uc
kl

in
g 

lo
ad

 P
cr

  (
kN

)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

Experiment
FEM
Present

 

Fig. 3.24 Flexural-torsional buckling load of C6x2-B beam 
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3.9 Parametric study of channel beams 

3.9.1 Effect of load locations 

To study the effect of the load position on critical buckling loads, the location of 

applied load along the vertical line passing through the shear center of the channel tip 

cross section is included in the analytical formulation (see Eqs. (3.38b), (3.38c), and 

(3.38d)). The comparisons of critical buckling loads among three locations (shear center, 

top and bottom) are shown in Figs. 3.25 to 3.27 for the given three FRP sections, and 

they indicate that as the load height increases, the critical buckling load becomes smaller, 

and the buckling of beam is more pronounced. As shown in Figs. 3.25 to 3.27, the effect 

of load location along the vertical line through the shear center is negligible for long 

spans; whereas for intermediate spans, the load position is more significant.  
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Fig. 3.25 Flexural-torsional buckling load for C4x1 beam at different applied load 

positions 



 67

Length L (cm)

200 250 300 350 400 450 500

Fl
ex

ur
al

-T
or

si
on

al
 B

uc
kl

in
g 

lo
ad

 P
cr

  (
kN

)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

P Applied at Top Flange
P Applied at Shear Center
P Applied at Bottom Flange

 

Fig. 3.26 Flexural-torsional buckling load for C6x2-A beam at different applied 

load positions 
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Fig. 3.27 Flexural-torsional buckling load for C6x2-B beam at different applied 

load positions 
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3.9.2 Effect of fiber orientation and fiber volume fraction  

 To study the influence of fiber architecture (i.e., fiber angle orientation and fiber 

volume fraction) on flexural-torsional buckling of channel composite beams, a parametric 

study of channel section 6”x1-5/8”x1/4” made of E-glass fiber and polyester resins is 

performed.   

To investigate the effect of fiber angle orientation, the laminated panel with lay-up of 

[0o/ ± θ]s in the panels of channel section is considered (θ as a design variable), and each 

layer has equal thickness and a fiber volume fraction of 40%. The micromechanics with 

periodic microstructure (Luciano and Barbero 1994) is used to compute the individual 

layer properties, and the classical lamination plate theory (Jones 1999; Davalos et al. 

1996) is applied to obtain the panel properties.  

The critical buckling load with respect to ply angle (θ) at the fiber volume fraction of 

40% is shown in Fig. 3.28, where a maximum critical buckling load for all the spans can 

be observed at θ = 0º.  This phenomenon of maximum buckling resistance with 

unidirectional composites can be explained by the displacement fields under combined 

sideways flexure of the channel about its centroid (i.e., the weak axis) and rotation of the 

cross section shown in Fig. 3.5.  Unlike the web deformation in the flexural-torsional 

buckling behavior of I-beams (Qiao et al. 2003), the web of the channel beams undergoes 

both axial displacement due to bending about the weak axis (sideways flexure) and 

rotation (torsion).  In this study, the sideways flexure of the channel cross-section is more 

dominant and thus leads to the optimum angle of θ = 0º.  However, as the width of the 

flange reduces (as the weak axis of the channel and the weak axis of the web are more 
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close to each other), in which the magnitude of the web axial displacement due to 

sideways flexure becomes smaller and the web thus primarily undergoes rotation, the 

fiber orientation varying away from θ = 0º begins to take place (see Fig. 3.29).  At the 

width bf = 0 cm corresponding to a rectangular cross section beam, as expected, the beam 

with fiber orientation around θ = 45º exhibits the best shear/torsional resistance.  With the 

increasing beam span length (see Fig. 3.28), the influence of ply angle begins to reduce 

(for the short span of 121.92 cm (4.0 ft.), the rate of the change in critical buckling load 

from 0º to 90º is 41.7%; while for the long span of 365.76 cm (12.0 ft.) is 31.8%); but the 

ply angle orientation still plays an important role due to the dominance of the sideways 

flexural behavior of the channel section.   
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Fig. 3.28 Influence of fiber orientation (θ) on flexural-torsional buckling load of 

channel beams 
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Fig. 3.29 Influence of fiber orientation and flange width on flexural-torsional 

buckling load of channel beams 

 

Similarly, the effect of fiber volume fraction (Vf) on flexural-torsional buckling 

behavior is studied (Vf as a design variable) with a given lay-up of [0o/ ± 45o]s.  The 

analysis of five span lengths (L = 121.92 cm, 182.88 cm, 243.84 cm, 304.8 cm and 

365.76 cm) is included to represent the short to long channel spans. The critical buckling 

load with respect to different fiber volume fraction is shown in Fig. 3.30. As expected, 

the fiber volume fraction is significantly important for improving the buckling resistance. 
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Fig. 3.30 Influence of fiber volume fraction on flexural-torsional buckling load of 

channel beams 

 

3.10 Concluding remarks 

In this chapter, a combined analytical and experimental study of the flexural-torsional 

buckling of pultruded FRP composite cantilever I- and open channel section beams is 

presented.  The second variational problem and total potential energy of the beams based 

on nonlinear plate theory is derived, and the shear effects and beam bending-twisting 

coupling are considered in the analysis.  The stress resultants and displacement fields of 

flexural-torsional buckling for I- and open channel section beams considering combined 

bending and torsion effect are provided in the study.  The analytical eigenvalue solutions 

for the cantilever I- and open channel section beams are obtained using the exact 
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transcendental function.  An experimental study of four different geometries of FRP 

cantilever I- section and three open channel beams is performed, and the critical buckling 

load for different span lengths are obtained.  The analytical solutions, experimental tests 

and FEM results match reasonably well in this study.  A parametric study on the effects 

of load location through the shear center across the height of the cross-section, fiber 

orientation, and fiber volume fraction on buckling behavior of channel beams is also 

presented.  The analytical formulation and related parametric study presented shed light 

on the flexural-torsional buckling behavior of cantilever I- and open channel sections and 

can be employed in optimal design of FRP composite beams. 
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CHAPTER FOUR 

EXPLICIT LOCAL BUCKLING OF RESTRAINED ORTHOTROPIC 

COMPOSITE PLATES 

 

4.1 Introduction 

The general case of composite plates in common composite structures (e.g., stiffened 

plates, panel walls in thin-walled FRP shapes, and honeycomb cores in sandwiches) can 

be modeled as an orthotropic plate rotationally restrained along the four edges where the 

conjunctions of plates meet and are subjected to a biaxial non-uniform linear load (Fig. 

4.1).  The rotational restraint stiffness (k) is used to consider the flexibility of the plate 

conjunctions.  Due to different rotational restraint effects and loading conditions, some 

boundaries of the rotationally restrained plates can be simplified as simply-supported or 

clamped cases, and the loading case can be reduced to uniform or uniaxial compression 

(Fig. 4.2).  Thus, the rotationally restrained orthotropic plates can be considered as the 

basic elements of different composite structures in broad structural applications.  The 

explicit local buckling analysis of the composite plates elastically restrained along the 

four edges is conducted in this chapter, and the solution will be applied to the local 

buckling analysis of FRP shapes in the following chapter (Chapter Five). 
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Fig. 4.1 Geometry of the rotationally restrained plate under biaxial non-uniform 

linear load 

 

4.2 Analytical formulation 

4.2.1 Variational formulation of energy method 

The first variational principle of total potential energy is used to analyze the local 

buckling of elastically restrained orthotropic plates under biaxial non-uniform in-plane 

loading.  The total potential energy (Π) of a plate system is the summation of the strain 

energy (U) stored in the plate and elastic restraint edges and the work (V) done by the 

external loads, and it is expressed as  

 VU +=∏                                                          (4.1) 

where ii qNV ∑−= , and )( ijUU ε= .  Thus, 
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 )( ijii UqN ε+−=Π ∑                                           (4.2) 

For linear elastic problems, the strain energy is given as  

 ∫=
V

ijij dVU εσ
2
1

                                                 (4.3) 

For a plate in an equilibrium state, the total potential energy attains a stationary value 

when the first variation of the total potential energy ( Πδ ) is zero.  Then, the condition for 

the state of equilibrium is expressed as 

 0=+−=Π ∫∑
V

ijijii dVqN δεσδδ                                  (4.4) 

A variational formulation of the Ritz method is then applied to solve the elastic 

buckling problem of the elastically restrained orthotropic plates subjected to non-uniform 

in-plane biaxial load (i.e., Nx and Ny).  The plate is elastically restrained along four edges 

with the elastic rotational restraint stiffness coefficients kx at X = 0 and a, and ky at Y = 0 

and b (see Fig. 4.1).  In the variational form of the Ritz method, the first variations of the 

elastic strain energy stored in the plate ( eUδ ), the strain energy stored in the elastic 

restraints along the rotationally restrained boundaries of the plate ( ΓUδ ), and the work 

done by the in-plane biaxial force ( Vδ ) are computed by properly choosing out-of-plane 

buckling displacement functions (w).  

The elastic strain energy in an orthotropic plate (Ue) is given as  

{ }dxdywDwwDwDwDU xyyyxxyyxxe
2
,66,,12

2
,22

2
,11 42

2
1

+++= ∫∫
Ω

               (4.5) 



 76

where Dij (i, j = 1, 2, 6) are the plate bending stiffness coefficients (Jones 1999) and Ω is 

the area of the plate.  Therefore, the first variational form of elastic strain energy stored in 

the plate ( eUδ ) becomes 

 ( ){ }dxdywwDwwwwDwwDwwDU xyxyyyxxyyxxyyyyxxxxe ,,66,,,,12,,22,,11 4 δδδδδδ ++++= ∫∫
Ω

(4.6) 

For the plate with rotational restraints distributed along the four edges, the strain 

energy ( ΓU ) stored in the equivalent elastic rotational springs is given as 

dy
x
wkdy

x
wk

dx
y
wkdx

y
wkU

ax
y

xx
y

x

by
x

yy
x

y

22
0

22
0

)|(
2
1)|(

2
1

)|(
2
1)|(

2
1

=
Γ

=
Γ

=
Γ

=
Γ

Γ

∫∫

∫∫

∂
∂

+
∂
∂

+

∂
∂

+
∂
∂

=

                          (4.7) 

where xk  in Eq. (4.7) is the elastic rotational restraint stiffness at the edges of x = 0 and a 

(Fig. 4.1) and Γy is along the width of the plate (Γy = 0 to b); while yk  is the elastic 

rotational restraint stiffness at the edges of y = 0 and b (Fig. 4.1) and Γx is along the 

length of the plate (Γx = 0 to a).  Then, the corresponding first variation of strain energy 

stored in the elastic restraints along the rotationally restrained boundary of the plate 

( ΓUδ ) is, 
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The work (V) done by the in-plane non-uniformly distributed biaxial compressive 

force ( xLN , xUN , yLN  and yRN , see Fig. 4.1) can be written as  
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where xLN , xUN , yLN  and yRN  are defined as the uniform compressive force per unit 

length at the boundaries of x = 0, a and y = 0, b (Fig. 4.1),  

( ) xUxLxUx NNN /−=η                                            (4.9b) 

( ) yLyRyLy NNN /−=η                                             (4.9c) 

Thus, the first variation of work done by the in-plane biaxial force becomes 
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Using the equilibrium condition of the first variational principle of the total potential 

energy (see Eq. (4.4)) 

 0=−+=Π Γ VUU e δδδδ                                        (4.11) 

and substituting the proper out-of-plane displacement function (w) into Eq. (4.11), the 

standard buckling eigenvalue problem can be solved by the Ritz method. 

 



 78

4.2.2 Out-of-plane displacement function 

To solve the eigenvalue problem, it is very important to choose the proper out-of-

plane buckling displacement function (w).  In this study, a unique out-of-plane buckling 

displacement field expressed as weighted functions is applied to obtain the explicit 

analytical solution for local buckling of the orthotropic plate subjected to in-plane biaxial 

non-uniform compression along the X and Y axis, as shown in Fig. 4.1. 

A particular case of the first buckling mode, which develops only one half-wave, 

respectively, along both the directions of the plate, is considered in this study to obtain 

the explicit local buckling solution of the relatively short plates (i.e., with the plate aspect 

ratio γ = a/b being close to 1.0).  The combined sinusoidal functions along the respective 

X and Y directions are chosen as the buckling displacement function (Qiao and Shan 

2007): 
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where, the unique combination of weighted sine and cosine functions is conformable to 

the local buckling shape function of the plate rotationally restrained along the four edges.  

By properly choosing the weight constants 1ω  and 2ω , the novel displacement function in 

Eq. (4.12) provides a unique approach to account for the elastic restraining effect along 

the edges.  When 0)( 21 =ωω , it equals to the shape function of the plate with simply-

supported boundaries (Fig. 4.2(a)); while 1)( 21 =ωω  corresponds to the deformation of 

plate with clamped boundaries (Fig. 4.2(b)).  
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                           (a) 0=ω                                                      (b) 1=ω  

Fig. 4.2 Illustration of harmonic functions 

As shown in Fig. 4.1, the boundary conditions along the four rotationally restrained 

and loaded edges can be written as 

 0),0( =yw                                                      (4.13a) 
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By considering Eqs. (4.13) and (4.14), the weight constants 1ω  and 2ω are obtained in 

terms of the elastic rotational restraint stiffness (kx and ky) as 
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                             (4.15) 

Note that the elastic rotational restraint stiffness xk  and yk  in Eq. (4.15) are all 

positive definite values.  xk  or 0=yk  corresponds to the simply-supported boundary 

condition at the rotationally restrained edges; while, xk  or ∞=yk  stands for the clamped 

(built-in) boundary condition at the rotationally restrained edges.  Any values of xk  or 

yk between these two extreme conditions represent the elastically restrained boundary 

conditions. 

 

4.2.3 Explicit solution 

By substituting Eq. (4.12) into Eqs. (4.6), (4.8), (4.10) and summing them according 

to Eq. (4.11), the solution of an eigenvalue problem for the local buckling of the 

elastically restrained plate subjected to the biaxial non-uniform in-plane compression 

load is obtained.  After some symbolic computation, the local buckling coefficient for the 

elastically restrained plate (see Fig. 4.1) can be explicitly expressed in terms of the elastic 

rotational restraint stiffness as 



 81

( )( )
( ) ( )( )

( )( )
( ) ( )( )

( )
( ) ( )( )61

2
5222

656612

61
2

5222
2

2
2

13211

61
2

5222

1
2

2
2

4122
2

22
24

22
1122

22
1122

ηηηαγηηη
ηη

ηηηαγηηηπγ
ηωηηπ

ηηηαγηηηπ
ηωγηηπγ

β

yx

yx

x

yx

y

D
DD

D
akD

D
bkD

−+−
+

+

−+−
+−−

+
−+−

+−−
=

 (4.16) 

where γ = a/b is the aspect ratio of the plate, α = NyR/NxL is the ratio of biaxial stress 

resultants, and 
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The local buckling representative stress resultant (NxL and NyR, see Fig. 4.1) (force per 

unit length) of the elastically restrained plate can be written in term of the local buckling 

coefficient as 

 2
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22

2
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b

DN
b

DN yRxL
αβπβπ

==
                                (4.18) 

To describe the linearly distributed loads along two axes, the load distribution factors, 

ηx and ηy in Eqs. (4.9b) and (4.9c), are used.  The bounds for ηx and ηy are given as 0≤ ηx 

≤ 2 and 0≤ ηy ≤ 2, with ηx (ηy) = 0 corresponding to the case under uniform compression 

and ηx (ηy) = 2 related to NxL = -NxU (NyL = -NyR).  In this study, only the solution of the 

plate local buckling under uniform biaxial loading (i.e., ηx = ηy = 0) is presented.   
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When ηx = ηy = 0 (NxU = NxL = Nx and NyL = NyR = Ny), the restrained rectangular plate 

is under biaxial uniform compression Nx and Ny (Fig. 4.3), and the local buckling 

coefficient becomes  
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Fig. 4.3 Geometry of the rotationally restrained plate under uniform biaxial load 

Further, when α = 0 (Ny = 0), the restrained rectangular plate is under uniaxial 

compression Nx (Fig. 4.4), and the local buckling coefficient becomes:  
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 83

a

b

Y

k

X

k NxxN

k

y

x

xk

y

 

Fig. 4.4 Geometry of the rotationally restrained plate under uniaxial load 

By minimizing Eq. (4.16) with respect to the aspect ratio (γ = a/b) (i.e., 0/ =γβ dd ), 

the respective critical aspect ratio ( crγ ) and critical local buckling coefficient ( crβ ) for 

the elastically restrained orthotropic plate subjected to biaxial in-plane load can be 

derived as 
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For the restrained rectangular plate under biaxial uniform compression Nx and Ny at 

the condition of ηx = ηy = 0 (NxU = NxL = Nx and NyL = NyR = Ny), the respective critical 

aspect ratio ( crγ ) and critical local buckling coefficient ( crβ ) become 
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Since only the out-of-plane displacement function for the first mode of buckling (see 

Eq. (4.12)) in both the in-plane directions is considered, Eqs. (4.21) and (4.22) are the 

solution for a particular plate with minimum buckling resistance, and they could be used 

to determine the critical aspect ratio and its corresponding critical buckling coefficient 

when the plate only undergoes the one half-wave in both the X and Y axes. 

For any specific α = NyL/NxU, the critical local stress resultant crN  of the fully 

restrained rectangular plate is defined as: 

( ) 2
22
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crxUcr

πβ
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4.2.4 Special cases 

In this section, the explicit formulas for several special cases which are commonly 

used in the practical plate design and analysis are obtained using Eq. (4.16).  As noticed 

in this study, an orthotropic plate with double-symmetric boundary conditions is 
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considered, and the notation of RRRR plate is used to represent the elastic restraining 

effect along the four edges.  The first two Rs stand for the boundary condition for the 

edges along X axis; while the last two Rs correspond to the ones for the edges along Y 

axis, with R → S when kx (or ky) = 0 and R → C when kx (or ky) = ∞.  It is noted that the 

explicit solutions for some simplified cases are available in the literature (Qiao et al.; 

2001Wang et al. 2005; Shan and Qiao 2007), which could indirectly verify the accuracy 

of the present solution. 

(a) 0== yx kk  (SSSS) and 0== yx ηη (Uniform load) 

a

b

Y

X

NxxN

yN

yN

 

Fig. 4.5 Plate simply-supported (with the rotational restraint stiffness 0== yx kk ) at 

the four edges (SSSS) 

When 0== yx kk  and 0== yx ηη , which means that all the four edges are simply-

supported and the plate is subjected to uniformly distributed biaxial loads in the X-
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direction at x = 0 and a as well as in the Y-direction at y = 0 and b (Fig. 4.5), the explicit 

local buckling coefficient in Eq. (4.16) can be thus simplified as 
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and if the considered material is isotropic, Eq. (4.26) is further reduced to  
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For the simple case of α = 1 (i.e., Nx = Ny), the local buckling coefficient is simply 

expressed as  
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If α = 0 (Ny = 0) (i.e., the uniaxial compression case), Eq. (4.26) is reduced to  
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and if the considered material is isotropic, Eq. (4.28) becomes  
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Eqs. (4.27a), (4.27b) and (4.29) are identical to the solution given by Wang et al. 

(2005) for the SSSS plate (simply-supported at the four edges) subjected to biaxial, 
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equally biaxial, and uniaxial compression, respectively, and it indirectly verifies the 

accuracy of Eq. (4.16) for this special case. 

When α is a negative value (α < 0), the plate is subjected to a biaxial compression-

tension loading.  To determine the low bound on the loading ratio α = Ny/Nx, e.g., for the 

case of the simply-supported (SSSS) plate, the local buckling load in Eq. (4.26) must be 

positive definite, leading to  

                                 2

1
γ

α −>SSSS                                                (4.30) 

For example, for the orthotropic plate with the aspect ratio of γ = 1 (i.e., a square 

plate), the minimum loading ratio α must be larger than -1 to enable the plate to buckle.  

When α = -1, e.g., the square plate subjected to equal biaxial compression and tension 

loads, the plate never buckles as the buckling load in Eq. (4.26) approaches infinite.  

For the case of the orthotropic plate with the critical aspect ratio SSSS
crγ (simplified 

from Eq. (4.21)), the explicit critical local buckling coefficient in Eq. (4.22) with 

0== yx kk  can be simplified as 
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For the case of uniaxial compression, i.e., α = 0 (Ny = 0), Eq. (4.22) is further 

simplified to  
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Eq. (4.32) is identical to the one reported by Qiao et al. (2001) with m = 1 (where m is 

the number of the buckled half-waves along the longitudinal direction). 

 (b) 0=yk  and ∞=xk  (SSCC) and 0== yx ηη (Uniform load) 

b

Y

X

NxxN

a

N

N

y

y  

Fig. 4.6 Plate with the rotational restraint stiffness 0=yk  and ∞=xk  (SSCC) 

For the case of 0=yk , ∞=xk  and 0== yx ηη , which represents a plate with the 

two simply-supported edges of y = 0 and b and the two clamped edges at x = 0 and a (Fig. 

4.6), the explicit local buckling coefficient for SSCCγ  and SSCC
crγ  can be, respectively, 

simplified as 
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For the plate subjected to a biaxial compression-tension loading (α < 0), the positive 

definition of the local buckling coefficient leads to the low bound on the loading ratio as 
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For the case of uniaxial compression, i.e., α = 0 (Ny = 0), Eqs. (4.16) and (4.22) are 

further simplified to  
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and if the considered material is isotropic, Eq. (4.36) is simplified to  
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Eqs. (4.36) to (4.38) are the same as those reported by Shan and Qiao (2007), and it 

indirectly verifies the accuracy of Eqs. (4.16) and (4.22) for this special case. 

 (c) ∞=yk  and 0=xk  (CCSS) and 0== yx ηη (Uniform load) 
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Fig. 4.7 Plate with the rotational restraint stiffness ∞=yk  and 0=xk  (CCSS) 

For the case of ∞=yk , 0=xk , and 0== yx ηη , which corresponds to a plate with 

the two clamped edges at x = 0 and a and the two simply-supported edges of y = 0 and b 

(Fig. 4.7), the explicit local buckling coefficient for γ  and CCSS
crγ  can be, respectively, 

simplified as 
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For the plate subjected to a biaxial compression-tension loading (α < 0), the positive 

definition of the local buckling coefficient leads to the low bound on the loading ratio as 
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For the case of uniaxial compression, i.e., α = 0 (Ny = 0), Eqs. (4.16) and (4.22) are 

simplified to  
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 (d) ∞== xy kk  (CCCC) and 0== yx ηη (Uniform load) 

a

b

Y

X

NxxN

yN

yN
 

Fig. 4.8 Plate with the rotational restraint stiffness ∞== xy kk  (CCCC) 

For the case of ∞== xy kk  and 0== yx ηη , which corresponds to a plate with the 

four clamped edges at x = 0 and a and y = 0 and b (Fig. 4.8), the explicit local buckling 

coefficient for γ  and CCCC
crγ  can be, respectively, simplified as 
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For the plate subjected to a biaxial compression-tension loading (α < 0), the positive 

definition of the local buckling coefficient leads to the low bound on the loading ratio as 
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For the case of uniaxial compression, i.e., α = 0 (Ny = 0), Eqs. (4.16) and (4.22) are 

simplified to  
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Fig. 4.9 Plate with the rotational restraint stiffness 0=yk  and kkx =  (SSRR) 
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For the plate subjected to the biaxial uniform in-plane load ( 0== yx ηη ) along two 

rotationally restrained edges at X = 0 and a ( kkx = ) and simply-supported along the 

other two edges at Y = 0 and b ( 0=yk ) (Fig. 4.9), the explicit local buckling coefficient 

for γ  and SSRR
crγ  can be as  
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For the case of uniaxial compression, i.e., α = 0 (Ny = 0), Eqs. (4.49) and (4.50a) are 

reduced to  
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(f) kk y =  and 0=xk  (RRSS) and 0== yx ηη (Uniform load) 
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Fig. 4.10 Plate with the rotational restraint stiffness kk y =  and 0=xk  (RRSS) 

For the plate subjected to the biaxial uniform in-plane load ( 0== yx ηη ) along two 

simply-supported edges at X = 0 and a ( 0=yk ) and rotationally restrained along the 

other two edges at Y = 0 and b ( kkx = ) (Fig. 4.10), the explicit local buckling coefficient 

for γ  and RRSS
crγ  can be, respectively, written as  
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For the case of uniaxial compression, i.e., α = 0 (Ny = 0), Eqs. (4.53) and (4.54a) are 

further reduced to  
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 (g) ∞=yk  and kkx =  (CCRR) and 0== yx ηη (Uniform load) 
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Fig. 4.11 Plate with the rotational restraint stiffness ∞=yk  and kkx =  (CCRR) 

For the plate subjected to the biaxial uniform in-plane load ( 0== yx ηη ) along two 

rotationally restrained edges at X = 0 and a ( kkx = ) and clamped along the other two 
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edges at Y = 0 and b ( ∞=yk ) (Fig. 4.10), the explicit local buckling coefficient for γ  

and CCRR
crγ  can be, respectively, written as  
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For the case of uniaxial compression, i.e., α = 0 (Ny = 0), Eqs. (4.57) and (4.558a) are 

simplified to  
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 (h) kk y =  and ∞=xk  (RRCC) and 0== yx ηη (Uniform load) 
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Fig. 4.12 Plate with the rotational restraint stiffness kk y =  and ∞=xk  (RRCC) 

For the plate subjected to the biaxial uniform in-plane load ( 0== yx ηη ) along the 

two clamped edges at X = 0 and a ( ∞=xk ) and rotationally restrained along the other 

two edges at Y = 0 and b ( kk y = ) (Fig. 4.12), the explicit local buckling coefficient for 

γ  and RRCC
crγ  can be written as  
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For the case of uniaxial compression, i.e., α = 0 (Ny = 0), Eqs. (4.61) and (4.62a) are 

simplified to  
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4.2.5 Summary of special cases 

The local buckling stress resultant expressed with the one along X axis (Nx and (Nx)cr 

for the case of γ  and crγ , respectively) of the orthotropic plate subjected to the biaxial 

uniform loading under different boundary conditions are summarized in Table 4.1. 
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Table 4.1 Local buckling stress resultant along X axis under different boundary conditions 
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4.3 Validity of explicit solution 

To validate the accuracy of the explicit local buckling solution obtained from the 

energy method given above, the exact transcendental solutions (Qiao et al. 2001) of two 

special cases: (1) an anisotropic plate with the SSRR edge conditions, and (2) the other 

one with the RRSS edge conditions, are presented.  Both the cases are subjected to 

longitudinal compression along the X-axis. 

The governing differential equation for buckling of a symmetric anisotropic plate 

under in-plane axial loading is expressed as (Whitney 1987) 
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  (4.65) 

For most of composite plates, the off-axis layers are usually balanced symmetric and 

no bending-twisting coupling exists (D16 = D26 = 0), which correspond to special 

orthotropic plates, and Eq. (4.65) can be further simplified as  
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In the following, the exact transcendental solutions for the SSRR and RRSS plates are 

presented, and they serve as a validation tool to the explicit solution. 
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4.3.1 Transcendental solution for the SSRR plate under uniaxial load 
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Fig. 4.13 Coordinate of the SSRR plate (kL along loaded edges) in the transcendental 

solution 

Considering the boundary condition and coordinate system given in Fig. 4.13, the 

buckling shape function for the first mode of SSRR plate can be assumed as  
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the general solution of Eq. (4.66), which is similar to the formula given by Bleich (1952), 

can be obtained as  
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where k1 and k2 are defined as  

 3
2

1 kk +−= αμ ; 3
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2 kk −−= αμ ; ( ) βαμ −−=
22

3k          (4.70) 

As shown in Fig. 4.13, the origin O of the coordinates X and Y is located at the mid-

point of the unloaded edge (y = 0).  Assuming the equal elastic restraint stiffness (kL) 

along the edges x = ±a/2, the deformation shape function (Eq. (4.69)) is a symmetric 

function of x when the load reaches to the critical value.  Therefore, Eq. (4.69) is reduced 

to  
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By substituting Eq. (4.71) into the boundary conditions,  
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two homogeneous linear equations in terms of C1 and C2 are obtained.  When the 

determinant of the coefficient matrix vanishes, the buckling criterion for the plate with 

equal rotational restraint stiffness along two loaded edge and simply-supported along the 

other two unloaded edges (SSRR) (see Fig. 4.13) is established as 
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 (4.73) 

The local buckling stress resultants obtained from the explicit equation (Eq. (4.51)) 

and the transcendental solution (Eq. (4.73)) solved numerically are compared for an 

orthotropic SSRR plate with the thickness of 0.64 cm (0.25 in).  The material properties of 

the example plate are given as follows: D11 = 44,403 N-cm, D12 = 10,350 N-cm, D22 = 

46,098 N-cm, and D66 = 10,688 N-cm.  To eliminate the influence introduced by the 

geometry of different plates, both the explicit and transcendental solutions are normalized 

as 

  
22

2

D
bN

N x
x =∗                                                      (4.74) 

As shown in Fig. 4.14, the normalized predictions obtained from the explicit local 

buckling formula (Eq. (4.51)) are in an excellent agreement with the numerical 

transcendental solutions (Eq. (4.73)), and the maximum difference is below 0.4%, thus 

indicating the validity of the present explicit formula in Eq. (4.51) for the SSRR plate. 
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Fig. 4.14 Local buckling stress resultant vs. the aspect ratio of SSRR plate 

 

4.3.2 Transcendental solution for the RRSS plate 
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Fig. 4.15 Coordinate of the RRSS plate (kU along unloaded edges) in the 

transcendental solution  

D11= 44,403 N-cm  
D22= 46,098 N-cm 
D12= 10,350 N-cm 
D66= 10,688 N-cm 
kL = 4482 N-cm/ cm 
t = 0.64 cm
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A similar approach is applied to obtain the exact transcendental solution for the RRSS 

plate (see Fig. 4.15) with the boundary condition and coordinate system shown in Fig. 

4.15.  The buckling shape function for the first mode of RRSS plate can be defined as  

 )(sin),( yf
a
xyxw π

=                                               (4.75) 

By introducing the following coefficients 
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the general solution of Eq. (4.66) for the RRSS plate (Fig. 4.15) is given as  
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where p1 and p2 are defined as  

 31 ' pp += α ; 32 ' pp +−= α ; 22
3 '' χβα +−=p              (4.78) 

As indicated in Fig. 4.15, the origin O of the coordinates X and Y is located at the 

mid-point of the left loaded edge (x = 0).  Assuming the equal elastic restraint stiffness 

(kU) along the edges (y = ±b/2), the deformation shape function (Eq. (4.77)) is a 

symmetric function of y when the load reaches the critical buckling value.  Therefore, Eq. 

(4.77) is simplified as  
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By substituting Eq. (4.79) into the following boundary conditions, 
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two homogeneous linear equations in terms of C1 and C2 are obtained.  When the 

determinant of the coefficient matrix vanishes, the buckling criterion for the plate with 

equal rotational restraint stiffness along two unloaded edges and simply-supported along 

the other two loaded edges (RRSS) is established as 
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(4.81) 

Similarly, an orthotropic RRSS plate with the same dimensions and material 

properties as the example in the SSRR plate presented before it is analyzed using the 

explicit equation (Eq. (4.53)) and the numerical transcendental solution (Eq. (4.81)), and 

the respective local buckling stress resultants are obtained.  As shown in Fig. 4.16, an 

excellent match between the explicit solution (Eq. (4.53)) and numerical transcendental 

solution (Eq. (4.81)) of the orthotropic RRSS plate is obtained, and the maximum 

difference between the two solutions is within 0.2%. 
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Fig. 4.16 Local buckling stress resultant of RRSS plate 

 

Due to the excellent agreements of the explicit and numerical transcendental 

solutions, the presented explicit formulas can be used with confidence in predicting the 

local buckling load of rotationally restrained plates.  

 

4.4 Parametric study 

As expressed in Eq. (4.16), the explicit local buckling formulas for the relatively short 

plate (i.e., with one half-wave of buckled shape along both the directions) are a function 

of the load ratio (α), the rotational restraint stiffness (k) and the aspect ratio (γ).  A 

parametric study is conducted to evaluate the influence of these three parameters on the 

D11= 44,403 N-cm  
D22= 46,098 N-cm 
D12= 10,350 N-cm 
D66= 10,688 N-cm 
kU = 4482 N-cm/ cm 
t = 0.64 cm
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local buckling stress resultants of various rotationally-restrained plates.  The effect of 

material orthotropy on the local buckling stress resultants is also investigated. 

 

4.4.1 Biaxial load ratio α 

The biaxial load ratio (α) has an influence on the local buckling stress resultant of the 

fully restrained rectangular plate subjected to biaxial compression.  When α = 0, the plate 

is subjected to a simplified uniaxial compression along X axis; while α = ∞ corresponds 

to the plate subjected to the simplified uniaxial compression along Y axis.  To show the 

effect of the biaxial load ratio on the local buckling stress resultant, a specific square 

plate (γ = 1.0) with the four different boundary conditions (SSSS, SSCC, CCSS, and 

CCCC) are analyzed, and the relationship between the normalized local buckling stress 

resultant and the biaxial load ratio of the biaxial compression-compression case (i.e., α > 

0) is plotted in Fig. 4.17.  For a fixed aspect ratio γ = 1.0, as expected, the CCCC plate 

has the strongest local buckling resistance; while the SSSS one is the weakest one.  The 

minimum value of the local buckling stress resultant of the plate with different boundary 

conditions appeared when the biaxial load ratio α = 1.  This indicates that the square plate 

is much easier to buckle when it is subjected equal biaxial compression.  As shown in Fig. 

4.17, it is found that the local buckling stress resultant of the SSCC plate only subjected 

to uniaxial compression along X axis (α = 0) is the same as that of CCSS plate only 

subjected to uniaxial compression along Y axis (α = ∞); while the local buckling stress 

resultant of the SSCC plate subjected to uniaxial compression only along Y axis (α = ∞) 

is the same as that of CCSS plate subjected to uniaxial compression only along X axis (α 
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= 0).  This indirectly validates the accuracy of the present local buckling solution of the 

fully restrained plate subjected biaxial compression. 
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Fig. 4.17 Local buckling stress resultant vs. biaxial load ratio α 

When α is negative, the plate is under biaxial tension-compression.  To study the 

effect of α on the local buckling stress resultant, the representative composite plates with 

the simply-supported boundary along its four edges and different aspect ratios (γ = 

0.6955, 1, and 1.4377) are analyzed, and the results are shown in Fig. 4.18.  It indicates 

that the local buckling resistance increases with the growth of tension subjected to the 

two edges of the plate, and when the loading ratio α approaches the low bound as defined 

in Eq. (4.30) (e.g., the low bound of α = -2, -1, and -0.5 with respect to γ = 0.6955, 1, and 

1.4377), the buckling load will asymptotically go infinite and the plate will never buckle 

(see Fig. 4.18). 
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Fig. 4.18 Local buckling stress resultant vs. biaxial load ratio α of SSSS plate under 

biaxial tension-compression 

The boundary conditions have the influence to the local buckling resistance of the 

composite plate subjected to biaxial tension-compression, and it can be shown in the 

relationship between the local buckling stress resultant and loading ratio (see Fig. 4.19).  

The aspect ratio γ = 0.6955 is chosen rather than the square plate (γ = 1) because it avoids 

the singularity of the solution caused by the combination of boundary condition and 

aspect ratio.  Similarly, when the loading ratio α approach to the low bound, the plate 

will never buckle.  The low bound of the loading ratio depends on the boundary 

conditions, as demonstrated in Eqs. (4.26), (4.33), (4.39), and (4.44) for the SSSS, SSCC, 

CCSS, and CCCC plates, respectively.   
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Fig. 4.19 Local buckling stress resultant vs. biaxial load ratio α of different 

boundary plates under biaxial tension-compression (γ = 0.6955) 

 

4.4.2 Rotational restraint stiffness k 

The local buckling stress resultant of the fully rotationally restrained plate is a 

function of the rotational restraint stiffness (kx and ky).  kx (or ky) = 0 and kx (or ky) = ∞ 

correspond to the two extreme boundary conditions which are simply-supported and 

clamped, respectively.  For a fully restrained plate (RRRR) of equal elastic restraint (kx = 

ky = k) with the fixed aspect ratios γ = 1.0 and γ = 0.6955, the relationship between the 

normalized local buckling stress resultant and the rotational restraint stiffness k under 

different loading ratio α is plotted in Figs. 4.20 and 4.21, respectively.  As expected, the 
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local buckling stress resultant increases with the growth of the rotational stiffness, and the 

CCCC plate (k = ∞) has the strongest local buckling resistance; while the SSSS one (k = 0) 

is the weakest one.   
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Fig. 4.20 Local buckling stress resultant vs. rotational restraint stiffness k (RRRR 

plate) under uniaxial compression and biaxial compression-compression (γ = 1) 
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Rotational stiffness k (kx = ky)

0 5e+4 1e+5 2e+5 2e+5

N
cr

 b
2 /D

22

50

100

150

200

α  = -1 
α  = -0.5 
α  = 0 

 

Fig. 4.21 Local buckling stress resultant vs. rotational restraint stiffness k (RRRR 

plate) under uniaxial compression and biaxial tension-compression (γ = 0.6955) 

 

4.4.3 Aspect ratio γ 

The relationship between the local buckling stress resultant of the plate with different 

boundary conditions (SSSS, SSCC, CCSS, and CCCC) with different loading ratios (α = 0, 

0.5, and 1) with respect to the aspect ratio is given in Figs. 4.22 to 4.25.  The plates (SSSS, 

SSCC, CCSS, and CCCC) under uniaxial compression (α = 0) are more sensitive to the 

change of the aspect ratio, especial for the CCSS and CCCC plates, and it indicates that 

the boundary conditions along the X axis (ky) contribute more to the local buckling stress 

resultants of the fully rotationally restrained plate (Shan and Qiao 2007).   
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Fig. 4.22 Local buckling stress resultant vs. aspect ratio γ (SSSS plate) 
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Fig. 4.23 Local buckling stress resultant vs. aspect ratio γ (SSCC plate) 
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Fig. 4.24 Local buckling stress resultant vs. aspect ratio γ (CCSS plate) 
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Fig. 4.25 Local buckling stress resultant vs. aspect ratio γ (CCCC plate) 
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4.4.4 Orthotropy parameters αOR and βOR 

To investigate the influence of material orthotropy on the local buckling stress 

resultant, two flexural-orthotropy parameters (Brunelle and Oyibo 1983) are considered 

4

11

22

D
D

OR =α       (4.82a) 

2211

6612 2
DD

DD
OR

+
=β                 (4.82b) 

The nondimensional parameters in Eq. (4.82) represent the bending stiffness ratios.  

For an isotropic material, the flexural-orthotropy parameters αOR and βOR take on values 

of unity; while for a material with high orthotropy, αOR and βOR approach values of zero.  

The effect of material orthotropy for the SSSS, RRRR, and CCCC plates is shown in Fig. 

4.26.  As expected, the high material orthotropy (e.g., αOR and βOR  0) reduces the 

buckling resistance considerably; while the plate with the low material orthotropy (e.g., 

αOR and βOR  1 for an isotropic material) has the highest buckling resistance.  The 

restraining boundary condition also has some influence on the buckling resistance, i.e., 

there is a large gradient change of buckling load for the lesser restraining condition (e.g., 

the SSSS plate) as the flexural-orthotropy parameters change. 
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(a) Effect of flexural-orthotropy parameter αOR 
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(b) Effect of flexural-orthotropy parameter βOR 

Fig. 4.26 Normalized local buckling stress resultant vs. flexural-orthotropy 

parameters 



 121

4.5. Generic solutions of RRSS and RFSS plates under uniform longitudinal 

compression 

 

4.5.1 Introduction 

The aforementioned sections mainly focus on developing the explicit local buckling 

solution of the relatively short plates (i.e., with the plate aspect ratio γ = a/b being close 

to 1.0), and only consider a particular case of the first buckling mode, which develops 

only one half-wave, respectively, along both the directions of the plates.  For a generic 

plate (with a wide range of γ), which is typically the component of thin-walled columns 

and beams, the explicit local buckling solution of the RRSS and RFSS (F represents the 

free boundary condition) plates using the new shape functions, which uniquely combines 

the polynomial and harmonic functions, for different boundary cases, is developed in this 

section. 
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Fig. 4.27 RRSS and RFSS plates under uniaxial compression 
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4.5.2 Shape functions 

To solve the eigenvalue problem, it is very important to choose the proper out-of-

plane buckling displacement function (w).  In this section, to explicitly obtain the 

analytical solutions for local buckling of two representative long plates (i.e., the RRSS 

and RFSS plates) as shown in Fig. 4.27, the unique buckling displacement fields are 

proposed, respectively.   

For the RRSS plate in Fig. 4.27(a), the displacement function chosen by combining 

harmonic and polynomial buckling deformation functions is stated as (Qiao and Zou 

2002) 

∑
∞

=⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+=

1

4

3

3

2

2

1 sin),(
m

m a
xm

b
y

b
y

b
y

b
yyxw παψψψ            (4.83) 

where 1ψ , 2ψ and 3ψ are the unknown constants which satisfy the boundary conditions. 

As shown in Fig. 4.27(a), the boundary conditions along the rotationally restrained 

unloaded edges can be written as 
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Then the assumed displacement function for the RRSS plate shown in Fig. 4.27(a) can 

be obtained as 
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Noting that Lk  and Uk  are all positive values, as given in Eq. (4.85). 0or =RL kk  

corresponds to the simply-supported boundary condition at the rotationally restrained 

edges of y = 0 or y = b; whereas, ∞=RL kk or  represents the clamped (built-in) 

boundary condition at the rotationally restrained edges.  

For the RFSS plate shown in Fig. 4.27(b), the displacement function is chosen by 

linearly combining the simply supported-free (SF) and clamped-free (CF) boundary 

displacements, and it can be uniquely expressed as (Qiao and Zou 2003; Qiao and Shan 

2005) 
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where ω  is the unknown constant which can be obtained by satisfying the boundary 

conditions.  When ω  = 0.0, it corresponds to the displacement function of the SFSS 

plate; whereas ω  = 1.0 relates to that of the CFSS plate.  The boundary conditions along 

the rotationally restrained (y = 0) and free (y = b) unloaded edges are specified as 

0)0,( =xw                                                  (4.87a) 
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Eq. (4.86) does not exactly satisfy the free edge conditions as defined in Eqs. (4.87c) 

and (4.87d).  In this study, in order to derive the explicit formula for the RF plate, the 

unique buckling displacement function in Eq. (4.86) is used to approximate the free edge 

condition, and it satisfies the condition of  02

2

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

= byy
w , which is the dominant term for 

the moment and shear force at the free edge of y = b.  As illustrated in the later section, 

the approximate deformation function (Eq. (4.86)) provides adequate accuracy of local 

buckling prediction for the RFSS plate when compared to the exact transcendental 

solution (Qiao et al. 2001). 

Considering Eq. (4.87b), ω  is obtained in term of the rotational restraint stiffness k.  

Then the displacement function for the RFSS plate shown in Fig. 4.27(b) can be written 

as 
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Similarly, in Eq. (4.88), k = 0 (simply-supported at the rotationally restrained edge) 

corresponds to the plate with the simply supported-free (SF) boundary condition along 

the unloaded edges; whereas, k = ∞  (clamped at the rotationally restrained edge) refers to 
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the one with the clamped-free (CF) boundary condition.  For 0 < k < ∞ , the restrained-

free (RF) condition at unloaded edges is taken into account in the formulation. 

By substituting Eq. (4.85) into Eqs. (4.6), (4.8), (4.10) and summing them according 

to Eq. (4.11), the solution of an eigenvalue problem for the RRSS long plate can be 

obtained.  After some symbolic computation, the local buckling coefficient for the RRSS 

long plate (see Fig. 4.27(a)) can be explicitly expressed in term of rotational restraint 

stiffness as 
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where γ = a/b is the aspect ratio of the plate.  The plate local buckling stress resultant (Nx, 

see Fig. 4.27(a)) (force per unit length) can be written in term of the local buckling 

coefficient as 
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By minimizing Eq. (4.89) with respect to the aspect ratio (γ = a/b) (i.e., 0/ =γβ dd ), 

the respective critical aspect ratio ( RRSS
crγ ) and critical local buckling coefficient ( RRSS

crβ ) 

for the RRSS long plate can be achieved as 
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Noting that Eq. (4.92) is independent of the number of buckling half-wave length (m).  

Finally, the critical local buckling stress resultant, ( )crxN , for orthotropic plates with the 

rotationally restrained-restrained along two unloaded edges and simply-supported along 

the two loaded edges (RRSS) condition (for the plate with the loading and boundary 

conditions shown in Fig. 4.27(a)) can be expressed as 
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In a same fashion, by substituting Eq. (4.88) into Eqs. (4.6), (4.8), (4.10), then 

summing according to Eq. (4.11), and after some numerical symbolic computation, the 
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local buckling coefficient for the RFSS plate with the loading and boundary conditions 

shown in Fig. 4.27(b) can be explicitly expressed as 
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By minimizing Eq. (4.95) with respect to the aspect ratio (γ = a/b) (i.e., 0/ =γβ dd ), 

the critical aspect ratio ( RFSS
crγ ) and critical local buckling coefficient ( RFSS

crβ ) can be 

established for the RFSS long plate, respectively, as 
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Noting that Eq. (4.97) is again independent of the number of buckling half-wavelength 

(m).   

Finally, the critical stress resultant, ( )RFSS
crxN , for orthotropic plates with the RFSS 

long condition (for the plate condition shown in Fig. 4.27(b)) can be expressed as 
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or explicitly in term of  the rotational restraint stiffness (k),  
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4.5.3 Design formulas for special orthotropic plates 
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Fig. 4.28 Common plates with various unloaded edge conditions 

Based on the explicit formulas in Eqs. (4.94) and (4.98), design formulas of critical 

local buckling load ( crN ) for several common orthotropic plate cases of applications 

(SSSS, CCSS, RRSS, SFSS, CFSS, and RFSS plates) (see Fig. 4.28), which have the same 
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simply-supported boundary conditions along the two loaded edges (SS), and their 

corresponding critical aspect ratio ( crγ ) are summarized as follows: 

 

Case 1: Plates with two simply-supported unloaded edges (SSSS) (Fig. 4.28(a)) 

For the case of 0== RL kk  (i.e., the four edges are simply-supported and the plate is 

subjected to an uniformly distributed compression load in x-direction) (Fig. 4.28(a)), the 

explicit critical local buckling load can be simplified as 
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π                         (4.100) 

Eq. (4.100) is identical to Eq. (4.32).  The critical aspect ratio for the SSSS plate obtained 

from Eq. (4.91) is given as  
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Similarly, Eq. (4.100) is the same as Eq. (4.31b) when α = 0 and m =1. 

 

Case 2: Plates with two clamped unloaded edges (CCSS) (Fig. 4.28(b)) 

For the case of ∞== RL kk  (i.e., the two unloaded edges at y = 0 and b are clamped 

and the plate is subjected to uniformly distributed compressive load at simply supported 

edges of x = 0 and a) (Fig. 4.28(b)), the explicit critical buckling load can be simplified as 

)}2(871.1{24
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b
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Similarly, from Eq. (4.91), the critical aspect ratio for the CCSS Plate is expressed as 
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Case 3: Plates with two equal rotational restraints along unloaded edges (RRSS) (Fig. 

4.28(c)) 

For the case of kkk RL ==  (i.e., the two unloaded edges at y = 0 and y = b are 

subjected to the same rotational restraints, and the plate is simply-supported and 

subjected to the uniformly distributed compression load at the edges of x = 0 and x = a) 

(Fig. 4.28(c)), the explicit critical local buckling load is given as 
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where the coefficients of τ1, τ2, and τ3 are functions of the rotational restraint stiffness k 

and defined as 
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and the rotational restraint stiffness k is provided later for the discrete plates in various 

FRP thin-walled structural profiles.  The resulting critical aspect ratio for the RRSS plate 

is thus given as 
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where 
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Case 4: Plates with simply-supported and free unloaded edges (SFSS) (Fig. 4.28(d)) 

For the case of 0=k , the simply-supported boundary at one unloaded edge is 

achieved.  The problem corresponds to the plate under the uniformly distributed 

compression load at the simply-supported loaded edges and subjected to the SFSS 

boundary conditions (Fig.4.28(d)), and the local buckling load can be obtained as 
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If a >> b, Eq. (4.108) can be further simplified to  
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D
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 and Eq. (4.109) is the same as the formula (a >> b) given in Barbero (1999). 

 

Case 5: Plates with clamped and free unloaded edges (CFSS) (Fig. 4.28(e)) 

For the case of ∞=k , the boundary is related to clamped-supported at one unloaded 

edge and free at another unloaded edge (the CF condition) (Fig. 4.28(e)), and the critical 

local buckling load and critical aspect ratio can be obtained, respectively, as 
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Case 6: Plates with elastically retrained and free unloaded edges (RFSS) (Fig. 4.28(f)) 

The formulas for the critical aspect ratio and critical local buckling load of the general 

case of elastically restrained at one unloaded edge and free at the other (RFSS) (Fig. 

4.28(f)) are given in Eqs. (4.96) and (4.98), respectively.   

 

4.5.4 Verification of RRSS and RFSS plates 

The explicit equations (4.90) and (4.98) can be applied for the local buckling 

predictions of the RRSS and RFSS plates, respectively.  Since a numerical approach of the 

Ritz formulation is used to derive the explicit formulas for the RRSS and RFSS plates and 

the approximate displacement shape functions (see Eqs. (4.83) and (4.86)) are employed 

to model the buckled shapes of the discrete plates, it is necessary to validate the accuracy 

of the explicit equations (i.e., Eqs. (4.90) and (4.98)) for the RRSS and RFSS plates, 

respectively) so that they can be used with confidence in design practice.  The numerical 

results based on the exact transcendental solutions for local buckling of orthotropic plates 

(Qiao et al. 2001) are used to compare with the predictions by Eqs. (4.90) and (4.98).  

The geometry of the plate is chosen as 45.72 cm (length) × 15.24 cm (width) × 0.64 cm 

(thickness).  The material properties of both the RRSS and RFSS plates are given as 
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follows: D11 = 7.5112×104 N-cm, D12 = 1.4138×104 N-cm, D22 = 3.5533×104 N-cm, and 

D66 = 1.1234×104 N-cm. 

Table 4.2 Comparisons of critical stress resultants for RRSS and RFSS plates 

 RRSS plate RFSS plate 

k 

(N-cm/cm) 

(Ncr)Present 

(N/cm) 

(Ncr)Exact 

(N/cm) 

Percent 

diff. (%) 

(Ncr)Present 

(N/cm) 

(Ncr)Exact 

(N/cm) 

Percent 

diff. (%) 

1,000 7,858.84 7,857.25 0.02 1,068.13 1,077.7 -0.89 

2,000 8,165.14 8,144.01 0.26 1,248.04 1,257.09 -0.72 

5,000 8,892.74 8,895.76 -0.034 1,548.7 1,548.48 0.014 

10,000 9,727.21 9,726.00 0.013 1,796.44 1,782.74 0.77 

15,000 10,302.7 10,304.18 -0.014 1,931.94 1,911.17 1.09 

 

As shown in Table 4.2, the predictions of the present RRSS and RFSS plate formulas 

for the critical stress resultants are in excellent agreements with the numerical exact 

transcendental solutions with a maximum difference below 1.1%.  The validity of the 

explicit equations is also shown for the whole range of the rotational restraint stiffness 

coefficient (k) from the simply-supported (k = 0) to the clamped condition (k = ∞) (Figs. 

4.29 and 4.30).  As shown in Figs. 4.29 and 4.30, the critical stress resultants approach 

asymptotically to the constants (i.e., the CCSS and CFSS conditions) for both the RRSS 

and RFSS plates, as the rotational restraint stiffnesses increase to infinity large.  The close 

correlation of the explicit equations to the exact transcendental solutions (Qiao et al. 

2001) thus validate the accuracy of the present solutions based on the Ritz formulation, 
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and they can be used with confidence in the discrete plate analysis of FRP shapes as 

shown next. 
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Fig. 4.29 Critical buckling stress resultant Ncr of RRSS plate       
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Fig. 4.30 Critical buckling stress resultant Ncr of RFSS plate       
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4.6 Concluding remarks 

In this chapter, the first variational principle of the Ritz method is used to establish an 

eigenvalue problem for the local buckling behavior of composite plates elastically 

restrained along its four edges (the RRRR plate) and subjected to biaxial non-uniform 

loading, and the explicit solutions in term of the rotational restraint stiffness (kx and ky) 

are presented.  By considering the elastic restraining conditions along the four edges, the 

unique harmonic deformation shape function is first presented and used to obtain the 

explicit solution.  The solution for the plate rotationally restrained along the four edges is 

simplified to seven special cases (i.e., the SSSS, SSCC, CCSS, CCCC, SSRR, RRSS, 

CCRR, and RRCC plates) based on the different edge restraining conditions (e.g., simply-

supported (S), clamped (C), or rotationally restrained (R)).  A parametric study is 

conducted to evaluate the influences of the loading ratio (α), the rotational restraint 

stiffness (k), the aspect ratio (γ), and the flexural-orthotropy parameters (αOR and βOR) on 

the local buckling stress resultants of various rotationally-restrained plates, and they shed 

light on better design for local buckling of composite plates with different restraining 

boundary conditions.  The explicit local buckling solutions of generic orthotropic plates 

with the rotationally restrained and free boundary conditions, respectively, and subjected 

to uniform uniaxial compression are also derived, and they are valid with the exact 

transcendental solution.  The applications of the explicit solutions to local buckling 

prediction of FRP composite structures (e.g., FRP structural shapes and sandwich cores) 

through a discrete plate analysis technique are introduced in the next chapter.  
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CHAPTER FIVE 

LOCAL BUCKLING SOLUTION OF FRP COMPOSITE STRUCTURES 

 

5.1 Introduction 

In this chapter, the explicit solutions for local buckling of FRP plates elastically 

restrained along four edges and plates elastically restrained along two unloaded edges 

with different boundary conditions are applied to predict the local buckling behaviors of 

FRP composite structures (i.e., FRP structural shapes and honeycomb cores in sandwich 

panels) using the technique of discrete plate analysis (Qiao et al. 2001).  For the columns, 

the solution of plates elastically restrained along two unloaded edges with different 

boundary conditions (i.e., the RRSS and RFSS plates in Section 4.5) is applied to six 

commonly used pultruded FRP profiles, namely, I, box, C, T, Z and L sections.  The 

rotational restrained stiffnesses (k) for the aforementioned six profiles are first 

determined and used in the local buckling load prediction.  A design guideline for explicit 

local buckling design of FRP structural shapes is correspondingly developed.  The local 

buckling solution of orthotropic rectangular plates elastically restrained along four edges 

(see Section 4.2) is applied to predict the local buckling load of FRP short box columns 

and sandwich care structures.  The local buckling strength values of plates in short FRP 

box columns and core walls between the top and bottom face sheets of sandwich are 

predicted, and they are in excellent agreement with the numerical finite element solutions 

and experimental results.   
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5.2 FRP structural shapes 
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Fig. 5.1 Plate elements in FRP shapes based on discrete plate analysis 

 

For the box, I, C and Z sections, the web portions can be modeled as an orthotropic 

laminated plate element connected to the top and bottom flanges, and they are equivalent 

to a plate elastically restrained at two simply-supported unloaded edges (RR) and under 

uniformly distributed compression loading at two opposite edges (see Fig.5.1(a)).  

Similarly, the flanges of I, C, Z, T and L sections can be simulated as a plate element 

elastically restrained at one simply-supported unloaded edge and free at the other 

unloaded edge (RF) (see Fig. 5.1(b)).  By considering the effect of elastic restraints at the 

flange-web joint connections of thin-walled sections in term of the rotational restraint 

stiffness (k), the explicit formulas of local buckling of elastically restrained plates (i.e., 
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the RRSS and RFSS plates) given in Section 4.5 are then applied for prediction of local 

buckling strength of FRP structural shapes.  The predictions to local buckling of FRP 

sections are compared with available experimental data and finite element eigenvalue 

analyses. 

 

5.2.1 Determination of rotational restraint stiffness 

As shown in Chapter Four, the critical buckling loads of the RRSS and RFSS plates 

(Eqs. (4.89) and (4.95)) are expressed in terms of the rotational restraint stiffness (k).  To 

compute the local buckling loads for general cases of elastically restrained plates and 

apply them in the discrete plate analysis to evaluate the local buckling of FRP thin-walled 

structures, the rotational restraint stiffness must be determined. 

As shown in Fig. 5.1, the local buckling of different FRP structural shapes (box, I, C, 

T, Z, and L sections) can be simplified into two general cases of orthotropic plates 

subjected to uniform in-plane axial load along the simply supported edges.  One is 

rotationally restrained at two unloaded edges (the RRSS plate, see Plate I in Fig. 5.1(a) or 

Fig. 4.28(c)), and the other is rotationally restrained-free (the RFSS plate, see Plate II in 

Fig. 5.1(b) or Fig.4.27(f)).  The critical buckling stress resultants Ncr for the above two 

types of plates are expressed in terms of the rotational restraint stiffness (k) (see Eqs. 

(4.89) and (4.95) for the RRSS and RFSS plates, respectively).  Based on the derivations 

for the isotropic case (Bleich 1952), the explicit expressions of the rotational restraint 

stiffness (k) for discrete orthotropic plates of different composite structural shapes are 

correspondingly developed.  
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 (a) Box-sections 

When the cross section of a box beam distorts or buckles, each of the restraining 

plates of width c is acted upon by moments My per unit length.  My is proportional 

to )/sin( axnπ , where a is the length of the plate and na /=λ  is the length of a half 

wave. The restraining plate is bulged alternately upward and downward (see Fig. 5.2) 

(each panel with the same deformation direction and half wave length na /=λ  in the 

restraining element can be represented by a plate simply supported on four edges and 

loaded symmetrically on two opposite edges by My).  It is assumed that there are no 

compressive forces acting on the restraining plate along the x-axis.  Then the out-of-plane 

displacement function w of such a restraining plate under the action of My can be written 

in the general form as  

λ
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where C1 to C4 are the unknown constants and can be determined by the boundary 

conditions.  When the four edges of the plate are simply supported, the function becomes 
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Fig. 5.2 Illustration of deformation of the restraining plate in a box section 
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As approximated for the isotropic plates (Bleich 1952), the length λ  of the half wave 

lies between 0.668b for the clamped edges and b for the simply supported edges where b 

is the width of the restrained plate.  For simplification, we assume that b=λ  is 

independent of the degree of fixity at the edges of the web plate.  The error in this 

assumption is small and lies on the safe side (Bleich 1952).  Then we can 

approximate
b
cc

=
λ

, and Eq. (5.3) is thus simplified as 

yM
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In a box section (Fig. 5.3), if the web buckles first, the flange restrains the web and 

the restraining plate refers to the flange of the box-section (see Fig. 5.3(b)).  Then Eq. 

(5.4) becomes 
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where *
22
fD  is the transverse bending stiffness of the flange plate, fb  is denoted as the 

width of the flange, and wb  is the height of the web. 

Because the rotational restraint stiffness k at the web-flange connection is a factor or 

proportionality of the bending moment My and the distortion angleϕ , 

ϕkM y −=                                                           (5.6) 

then combining Eqs. (5.5) and (5.6) gives 
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Fig. 5.3 Geometry of different FRP shapes 
 

So far the effect of the longitudinal compressive stress resultant (Nx) on the 

restraining plate has been neglected.  It is necessary to include this effect, which can be 

done approximately by multiplying Eq. (5.2) by a reduction factor (Bleich 1952; Qiao et 

al. 2001). 
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The web and flange in Eq. (5.8) can be treated as individual plates with four edges 

simply-supported and subjected to a uniform axial force at two opposite edges, and the 

explicit solution for the critical local buckling load is already given in Eq. (4.100) (the SS 

plate).  Hence, the factor for the box section with the web buckling first is modified as 
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where the superscripts f and w represent the properties related to the flange and web 

plates, respectively. 

By multiplying the factor r, Eq. (5.7) is expressed as  
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where Dij (i, j = 1, 2, 6) are the bending stiffness of laminated composite plates (Jones 

1999).  Eq. (5.10) is the rotational restraint stiffness for a restrained discrete web plate in 

the box section and can be used in Eq. (4.90) to predict the local buckling of box sections. 

If the flange buckles first, the restraining plate thus refers to the web of the box-

section (see Fig. 5.3(a)), and the rotational restraint stiffness k thus becomes   
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Again, Eq. (5.11) represents the rotational restraint stiffness for a restrained discrete 

flange element in the box section and can be substituted into Eq. (4.90) to evaluate the 

local buckling strength of box sections. 

 

(b) I-sections 

If the flange buckles first in an I-beam section, the web will be considered as the 

restraining plate (see Fig. 5.3(a)).  The rotational restraint stiffness k is obtained in a 

similar way as in the box-section.  However, the half wavelength of the buckled flange 

now lies between 1.68 fb  and the full length a of the plate (Bleich 1952).  A conservative 

but simple result can be obtained by assuming the wavelength ∞=λ . There is also some 

difference in the reduction factor r because the flange is considered as rotationally 

restrained and free (RF) at unloaded edges.  The formula for the buckling stress resultant 

of the plate with simply-supported and free unloaded edges (the SF plate, Fig. 4.28(e)) is 

given in Eq. (4.108).  Then the rotational restraint stiffness k for the restrained flange of 

I-section becomes   
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        If the web buckles first, the flange will be considered as the restraining plate (see 

Fig.5.3(b)).  Using Eq. (5.1) and with the same procedure as the box-section, the angle of 

rotation of the restraining flange is: 
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Assuming wb=λ as before, then Eq. (5.13) becomes, 
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and the rotational restraint stiffness k for the restrained web of I-section including the 

reduction factor can be obtained as  
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 (c) C- and Z-sections 

 If the flange of C- or Z-section buckles first, similar to the flange of I-section (see 

Fig. 5.3(a)), the rotational restraint stiffness k can be obtained as 
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where fb  refers to the length of flange, and wb  the height of the web as specified in  Fig. 

5.3(b).  If the web buckles first, the rotational restraint stiffness k is half of that given in 

Eq. (5.15). 

 (d) T-sections      

The web of T-section is a plate elastically restrained against rotation along one edge 

(at the web-flange connection) and free on the other one.  If the web height ( wbb = ) is 

larger than the width of flange panel ( fbc = ), the web will buckle first (see Fig. 5.3(b)), 

and the critical buckling stress resultant (Ncr) reaches the largest value when the width of 

the flange (see in Fig. 5.3) is a half of the height of the web.  When the width of flange 

panel is zero or equal to the height of web panel, the local buckling of the web is similar 

to the buckling of a plate with free-free or SF unloaded edges, respectively.  

Because the panels of T-section are all rotationally restrained at one edge and free at 

the other, the distribution of rotational restraint stiffness is approximately proportional to 

the moment of the connection joint when the width of flange panel is a half of the height 

of web panel (bf = bw/2 for T-section in Fig. 5.3).  When the width of flange panel 

increases or decreases from the half of the height of web panel, this approximately 

proportional relation changes since the restraining effect becomes weaker.  Using the 

regression technique, the rotational restraint stiffness k can be given as 
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It can be obviously observed from Fig. 5.4 that the critical buckling stress resultant 

(Ncr) of the RFSS plate (Eq. (4.98)) based on the rotational restraint stiffness k in Eq. 

(5.17) is conservative when compared with the predictions from the finite element (FE) 

eigenvalue analysis of T-sections (with bw = 15.24 cm and t = 0.64 cm; use bf as a 

variable), and the error lies between 0.62% and 3.0%.  As indicated in Fig. 5.4, when bf = 

bw/2 (i.e., bf = 7.62 cm), the maximum local buckling load is reached.  Therefore, Eq. 

(5.17) is applicable for design purpose.  
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Fig. 5.4 Comparison of the RF plate solution with FE results for T-section    

    

If the flange of T-section buckles first (see Fig. 5.3(a)), the rotational restraint 

stiffness k similarly becomes  
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 (e) L-sections   

If both the legs in L-section have equal width, they will buckle simultaneously. 

Neither of the legs will restrain the other one, and the rotational restraint stiffness k is 

therefore zero, which is the case of simply-supported and free (SFSS) plate.  The explicit 

formula of critical local buckling stress resultant is given in Eq. (4.108).  In case of 

unequal angles, a certain restraining effect on the wider leg is exerted by the smaller one.  

The critical local buckling stress resultant depends on the ratio of the width of the two 

legs and the slenderness ratio b/t of the wider leg (Bleich 1952).  As a conservative 

design, Eq. (4.108) which primarily corresponds to the L-section with equal leg width can 

be used.  When the ratio of leg width approaches zero or infinite, a simple Euler buckling 

is assumed as 

 2
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2
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DNcr

π
=                (5.19) 

 

5.2.2 Summary for local buckling design of FRP shapes 

Based on all the case studies presented for the discrete plate analysis (Section 4.5.3) 

and related restraining effect of web-flange connection, the explicit formulas for local 

buckling stress resultants (Ncr) and rotational restraint stiffness (k) are summarized in 

Table 5.1, and they can be used to predict the local buckling of several common FRP 

profiles as shown in Fig. 5.3.  
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Table 5.1 Rotational restraint stiffness (k) and critical local buckling stress resultant ( crN ) of different FRP profiles 
 

FRP section Buckled plate [a] Critical local buckling stress resultant crN  Rotational restraint stiffness k 
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Note:  a. Buckled plate refers to the first buckled discrete element (either flange or web) in the FRP shapes. 

           b. 
( ) ( ) ( )222

22

22
32

22

22

22
22

22

22

22
1 18102,1424,22124

i
i

i
i

i
i

i
i

i
i

i
i

D
bk

D
kb

D
bk

D
kb

D
bk

D
kb

++=++=++= τττ , where i = f or w which refer to flange or web, respectively.            

           c. 

⎪
⎪

⎭

⎪
⎪

⎬

⎫

⎪
⎪

⎩

⎪
⎪

⎨

⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

j

i

j

i

j

i

j

i

b
b

b
b

b
b

b
b

π

π
π

π
ρ

sinh

1
2

tanh
2
1

1

, 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

j

i

j

i

j

i

j

i

j

i

j

i

b
b

b
b

b
b

b
b

b
b

b
b

πππ

ππ

π
ρ

coshsinh3

1cosh3

4
1

2

2

2

, where ib or jb ( i, j =  f or w  ) is the width of  flange or web,  respectively.    

   d.   In the L-section, only the case of equal flange and web legs is herein given. 

          e.  Dij (i, j = 1, 2, 6) are the bending stiffness per unit length and *
22D  is the transverse bending stiffness of a unit length. 
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5.2.3 Numerical verifications 

To validate the methodology of applying the explicit plate formulas for local buckling 

predictions of Box-, I-, C-, Z-, T-, and L-sections, the numerical finite element (FE) 

eigenvalue analyses are conducted.  The same material properties for both the flange and 

web are used and given as follows: D11 = 7.5112×104 N-cm, D12 = 1.4138×104 N-cm, D22 

= 3.5533×104 N-cm and D66 = 1.1234×104 N-cm.  The eigenvalue analyses are conducted 

using the commercial finite-element program ANSYS, and the shell layered element 

(SHELL 99) is used.  The element size is 1.27 cm × 1.27 cm and the local buckling 

deformation contours of Box-, I-, C-, Z-, T-, and L-sections are shown in Fig. 5.5.  For 

the I-section, the analytical and finite element results are also compared with the 

available experimental data (Barbero 1992) which is about 3,925 N/cm in this case, and 

the percent differences of the explicit design and finite element values versus the 

experimental data are about 4.0% and 3.8%, respectively.  As shown in Table 5.2, 

excellent agreement between the proposed explicit analytical design and numerical 

eigenvalue analyses is achieved, with maximum difference of 4.7%.  
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(a) Box section    (b) I-section 

    

(c) C-section       (d) Z-section 

    

(e) T-section     (f) L-section 

Fig. 5.5 Local buckling deformation contours of FRP thin-walled sections 
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Table 5.2 Comparisons of critical stress resultants for different FRP sections 

Sections 

(mm) 

k 

(N-cm/cm) 

γcr 

Flange 

m =1  

( crN )Present 

(N/cm) 

( crN )FEM 

(N/cm) 

Percent 

difference (%) 

(Present 

versus FE) 

Box-I 

(152×102×6.4) 
7,022 1.016 8,587 8,501 1.01 

Box-II 

(152×152×6.4) 
0 1.205 7,506 7,170 4.70 

I- 

(152×152×6.4) 
1,610 3.824 4,083 4,073 0.25 

C- 

(152×76×6.4) 
3,220 3.27 4,747 4,599 3.22 

Z- 

(152×76×6.4) 
3,220 3.27 4,747 4,585 3.53 

T- 

(152×76×6.4) 
1,227 4.075 1,117 1,131 -1.24 

L- 

(152×152×6.4) 
0 - 897 877 2.28 

    Note: γcr = a/b, where b is the width of buckled panel 

 

5.2.4 Design guideline for local buckling of FRP shapes 

Based on the formulas of plate critical buckling stress resultant (Ncr) and rotational 

restraint stiffness (k) presented above, the following step-by-step design procedures and 

commentary are recommended for local buckling analysis and resistance improvement of 

FRP structural shapes: 
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Step 1 Determination of first buckled discrete plate elements in FRP shapes: In the 

analysis and design of local buckling of FRP shapes using discrete plate analysis 

technique, it is important to determine which plate element (either flange or web) will 

buckle first.  Based on Eq. (5.8), the reduction factor r can be computed and used as 

an indicator for determining the first buckled plate element so that the appropriate 

design equations in Table 5.1 can be applied to compute the critical local buckling 

strength of FRP shapes.  If r = 0, it indicates that the web and flange components 

buckle simultaneously; thus, the web-flange connection can be simulated as a simply-

supported condition in the discrete plate analysis.  If r is a negative value, it refers 

that the assumed first buckled plate element is not the restrained element rather than a 

restraining one. 

Step 2 Determination of critical buckling stress resultants of first buckled plate 

element: Once the first buckled plate element is identified in Step 1, the related 

critical buckling stress resultant of the plate element can be calculated using the 

formulas provided in Table 5.1. 

Step 3. Determination of critical buckling load of FRP section: Using the critical 

stress resultant (Ncr) of first buckled (control) plate element identified in Step 1 and 

computed in Step 2, the critical local buckling load (Pcr) of FRP sections can be 

obtained as 

lNP crxaxialcr )()( =      (5.20) 

      where l is the contour perimeter of FRP cross sections (see Fig. 5.3). 
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Step 4 Local buckling resistance improvement of FRP shapes: The explicit formulas 

for the critical aspect ratio (γcr) obtained in this study (see Eqs. (4.96), (4.101), 

(4.103), (4.106), and (4.111) for various shapes) can be used to determine the 

locations of stiffeners or bracings so that the local buckling capacity of FRP shapes is 

improved.   

Step 5 Placement of stiffeners or restraints: Use the critical aspect ratio identified in 

Step 4 to obtain the locations of restraints or lateral bracings so that the local buckling 

resistance of FRP sections can be improved. 

 

5.3 Short FRP columns 

The following section is given to illustrate the applicability of using explicit plate 

solutions of the orthotropic rectangular plates rotationally restrained along four edges 

under uniform compression loading (Eq. (4.16)) to predict the local buckling of the short 

thin-walled FRP columns. 

For the box, I, C and Z sections of FRP shapes subjected to in-plane compression 

along the longitudinal direction, the web panels which are connected to the top and 

bottom flanges, can be modeled as an orthotropic laminated plate with the rotational 

restraint stiffness along the two unloaded edges (provided by the connected flange 

panels) and simply-supported along the other two loaded edges.  Thus, this kind of web 

panels is the RRSS plate in this study, and its local buckling stress resultant can be 

obtained by Eq. (4.55).  For a relatively short FRP compression member, the discrete 

plate usually fits into the criterion of only one generated half-wave along the loading 
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direction.  It is necessary to obtain the local buckling load in this case and compare it 

with the material compression failure strength.  Thus, a transition aspect ratio (γ*), which 

is obtained by equaling the material compression failure strength to the local buckling 

load, can be used to determine the failure mode of the structure.  For a given plate, if the 

aspect ratio (γ) is larger than γ*, the local buckling will take place before the structure 

undergoes the material failure.  

In this study, a box section with dimension of 10.2×15.2×0.64 cm is used as an 

example, and the material properties are given as follows: D11 = 46,860 N-cm, D12 = 

13,370 N-cm, D22 = 35,000 N-cm, and D66 = 10,740 N-cm.  The rotational restraint 

stiffness (k) at the connections of flange and web panels is determined as 6,756 N-cm/cm 

(Qiao and Zou 2002), and the generic definition of the rotational restraint stiffness (k) and 

related formulas for various FRP sections are given in Qiao and Shan (2005).  Three 

aspect ratios (γ = 0.2, 0.5, and 0.9) which are less than the critical value (γcr = 0.91) are 

chosen in the analysis.  The finite element results are obtained by using the commercial 

software ANSYS, and the element SHELL63 is used.  The local buckling stress resultants 

for the composite plates with three different aspect ratios obtained from explicit solution 

(Eq. (4.55)), finite element method, and exact transcendental solution are listed in Table 

5.3.  Due to the sensitivity of local buckling resultants to the rotational restraint stiffness 

(k), the explicit solution is much closer to the results obtained from the results of 

transcendental solution than those from the finite element method, since the first two 

solutions (explicit and numerical transcendental) adopt the same value of k; however, the 

finite element model may more closely simulate the true scenario.  A graphical 
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presentation of the comparisons is also presented in Fig. 5.6.  Based on Table 5.3 and Fig. 

5.6, it indicates that the proposed explicit solution of the rotationally restrained plates is 

effective and accurate in predicting the local buckling strength of short FRP columns. 

Table 5.3 Comparisons of local buckling stress resultants of box sections 

γ 
Explicit 

(N/cm) 

Trans. 

(N/cm) 

FEM 

(N/cm) 

Percent diff. 

to Trans. (%) 

Percent diff. 

to FEM (%) 

0.2 52,899 53,218 50,350 -0.60 5.06 

0.5 11,698 11,763 11,160 0.55 4.82 

0.9 7,805 7,850 7,416 -0.57 5.24 

         Note: Trans. – transcendental solution; FEM – finite element method.  
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Fig. 5.6 Local buckling stress resultant of an FRP box section 
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5.4 Sandwich cores between the top and bottom face sheets 

Due to the advantages of lightweight and structural efficiency, honeycomb sandwich 

structures are commonly used in aerospace engineering.  Recently, sandwich structures 

with different shapes of large cellular core (e.g., sinusoidal, honeycomb and trapezoidal) 

have begun to take a role in civil construction, such as working as bridge deck panels and 

highway protecting barriers.  When this kind of sandwich structures is subjected to an out 

of plane uniform compression on its face sheet, the local buckling of the core walls 

between the top and bottom face sheets becomes one of the easily happened failure 

modes.  By using the discrete plate analysis technique, the flat core walls of sandwich 

structures can be modeled as an orthotropic plate (the SSRR plate) rotationally restrained 

along the two loaded edges (namely the top and bottom facesheets) and simply-supported 

along the other unloaded edges at the periodic lines of unit cell core (Fig. 5.7). 

 

Fig. 5.7 Simulation of the sandwich core flat wall as an SSRR plate 
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Sinusoidal 
core wall

10.16 cm

10.16 cm

Flat core wall
Locations of 
periodic lines

t = 0.23 cm

 

Fig. 5.8 Geometry of honeycomb sinusoidal unit cell 

 

The sandwich core used as an example in this section is a sinusoidal one (Qiao and 

Wang 2005), and the geometry of its unit cell is 10.16×10.16 cm and the thickness of the 

flat wall is 0.23 cm (Fig. 5.8).  The material properties of the core wall are given in Table 

5.4.  Three types of bonding layers B1 (One-layer), B2 (Two-layer) and B3 (Three-layer) 

(Chen 2004) are used to assess the effect of the rotational restraint stiffness (k) (given by 

the facesheets) on the local buckling behavior.  The rotational restraint stiffness (k) 

corresponding to the three different bonding layers (B1, B2 and B3) were obtained from 

the experiment, and the local buckling stress resultants obtained from the finite element 

analysis and experiments for these three types of sandwich core (Table 5.5) were 

available in Chen (2004).  The explicit local buckling solutions calculated from Eq. (4.51) 

are listed in Table 5.5, and they are compared with the numerical and experimental data.  

An excellent agreement of the present explicit local buckling solution of SSRR plate 
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using the discrete plate analysis technique with the finite element and experimental 

results is observed (see Table 5.5 and Fig. 5.9), thus validating the applicability and 

accuracy of the present approach in the sandwich core local buckling analysis.  

 

Table 5.4 Material properties of honeycomb core 

 E1 (N/cm2) E2 (N/cm2) G12 (N/cm2) G23 (N/cm2) ν12 ν23 

Core 1.18×106 1.18×106 4.21×105 2.96×105 0.402 0.38 

 

Table 5.5 Comparison of sandwich core local buckling loads  

Type of 

bonding layer 

k 

(N-cm/cm) 

Explicit 

(N/cm) 

FEM* 

(N/cm) 

Test* 

(N/cm) 

Percent diff. 

to FEM (%) 

Percent diff. 

to Test (%) 

B1 657 1,255 1,219 1,250 2.96 0.43 

B2 1,350 1,530 1,484 1,566 3.08 -2.28 

B3 1,900 1,679 1,623 1,707 3.46 -1.62 

* From Chen (2004) 
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Fig. 5.9 Local buckling stress resultant of flat core wall in the sandwich 

 

5.5 Concluding remarks 
 

As an application, the explicit local buckling solution of rotationally restrained plates 

developed in Chapter Four is adopted in the discrete plate analysis to predict the local 

buckling strength of two typical FRP composite structures, i.e., the thin-walled FRP 

composite shapes and honeycomb cores in sandwiches.  The rotational restrained 

stiffnesses (k) for the six common FRP profiles (i.e., I, box, C, T, Z and L sections) are 

first determined and applied in the local buckling load prediction of FRP structural 

shapes.  A guideline for explicit local buckling design is provided, which can be used to 

predict the local buckling strength and improve the buckling resistance of FRP structural 
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shapes.  In a similar fashion, the explicit  local buckling solution restrained plates is 

applied to predict local buckling strength of short FRP columns and cores between two 

face sheets on sandwiches, and a close agreement among explicit prediction, experiment 

and numerical Finite Element analysis is obtained.  Due to the excellent agreements with 

the numerical modeling and available experimental data, the present explicit formulas of 

rotationally restrained plates can be applied with confidence to predict the local buckling 

strength of different composite structures through the discrete plate analysis technique, 

thus facilitating design analysis, optimization, and application of FRP structural shapes 

and honeycomb sandwich structures. 
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CHAPTER SIX 

DELAMINATION BUCKLING OF LAMINATED COMPOSITE BEAMS 
 
 
6.1 Introduction 

Mechanics of bi-layer beam theories (conventional composite beam theory, shear-

deformable bi-layer beam theory, and interface-deformable bi-layer beam theory) are first 

reviewed systematically to build the theoretical basis for derivation of the formulas for 

local delamination buckling of laminated composite beams in this chapter.  Three joint 

deformation models (i.e., the rigid, semi-rigid, and flexible joint models) based on three 

corresponding bi-layer beam theories (Qiao and Wang 2005) are presented.  The 

delamination buckling formulas are then derived based on the three joint deformation 

models, respectively.  Numerical simulation is carried out to validate the accuracy of the 

formulas.  The parametric study of the delamination ratio, the shear effect, and the 

influence of the interface compliance on the analytical results is conducted to compare 

the delamination buckling predictions based on three different joint deformation models. 

 

6.2 Mechanics of bi-layer beam theories 

In this section, the joint deformation models based on the corresponding bi-layer 

beam theories developed in Qiao and Wang (2005) are reviewed.  The symmetric case of 

bi-layer beams, which is not particularly addressed in Qiao and Wang (2005), is derived.  

The deformation field at crack (delamination) tip is emphasized, and it will be later used 

in deriving the solution for local delamination buckling. 
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Fig. 6.1 A laminated composite beam with delamination area 
 

In a simplified laminated composite beam structure, the structure typically consists of 

different layers with different orientations as illustrated in Fig. 6.1.  The delamination 

area lies in the center of the composite laminated beam.  To simplify the analysis, the 

concept of crack tip element proposed by Davidson et al. (1995) is adopted in the study.  

When a cracked bi-layer beam is subjected to general loading (Fig. 6.2), a pre-existed 

crack of length a is along the straight interface of the top and bottom beams with the 

thickness of h1 and h2, respectively.  The two sub-beams are made of homogenous, 

orthotropic materials, with the orthotropy axes along the coordinate system.  The length 

of the uncracked region L is relatively large compared to the thickness of the whole beam 

H = h1+h2 so that the effect of boundary conditions is negligible.  This configuration 

essentially represents a crack tip element, a small element of a split beam, where the 

cracked and uncracked portions join, on which the generic loads are applied as already 

determined by a global beam analysis.  It is assumed that the lengths of cracked and 
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uncracked portions of the beam are relatively large compared to the bi-layer beam 

thickness; therefore, a beam theory can be used to model the behavior of the top and 

bottom layers. 

Beam 1

Beam 2

N10, Q10 N1, Q1

MT, QT

N20, Q20 N2, Q2

M10

M20

M1

M2 NT

a L

z
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h2

x

  

  

Delamination

 

Fig. 6.2 A crack tip element of bi-layer composite beam 

According to Timoshenko beam theory, the deformation field of the two sub-beams 

(Beam 1 and Beam 2) is: 

( ) ( ) ( )iiiiiiii xzxuzxU φ+=,                                             (6.1) 

( ) ( )iiiii xwzxW =,                                                    (6.2) 

where the subscript i = 1, 2 represents the top and bottom beams (Beam 1 and Beam 2)  

in Fig. 6.2, respectively.  xi and zi are the local coordinates in beam i.  The constitutive 

equations are given as 
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where Ni, Qi, and Mi are, respectively, the resulting axial force, transverse shear force, 

and bending moment per unit width of beam i; Ci, Bi, and Di (i = 1, 2) are the axial, 

transverse shear, and bending stiffness coefficients of layer i, respectively, and they are 

expressed as 

12
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6
5     ,

3
)(

11
)(

13
)(

11
ii

ii
i

ii
i

i
bh

EDbhGBbhEC ===                           (6.4) 

where )(
11

iE and )(
13

iG  (i = 1, 2) are the longitudinal Young’s modulus and transverse shear 

modulus of layer i, respectively. 
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Fig. 6.3 Free body diagram of a bi-layer composite beam system 

The equilibrium conditions can be established by a free body diagram analysis of the 

bi-layer beam system (Fig. 6.3) as 
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The overall equilibrium requires: 

( ) ( ) TNNNxNxN =+=+ 201021 , 

( ) ( ) TQQQxQxQ =+=+ 201021 , 

( ) ( ) ( ) TT MxQhhNMMhhxNxMxM =+
+

++=
+

++
22

21
102010

21
121 .         (6.6) 

where Ni0, Qi0, and Mi0 (i = 1, 2) are the external forces in top and bottom layers, 

respectively; NT, QT, and MT are the resulting forces expressed by the right equality in the 

above equations, and acting at the neutral axis of the bottom beam (Beam 2) (see Fig. 

6.2). 

 

6.2.1 Conventional composite beam theory and rigid joint model 
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Rigid Joint

Crack tip forces
 

Fig. 6.4 Rigid joint model based on conventional beam theory 
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Conventional composite beam theory is used most widely in the literature to analyze 

bi-layer beam (Fig. 6.4), in which the cross-sections of two sub-layers are assumed to 

remain in the same plane after deformation, i.e., 

( ) ( )xx 21 φφ =                                                      (6.7) 

Along the interface of two sub-layers, the displacement continuity is given as 

( ) ( )xwxw 21 =                                                     (6.8) 

( ) ( ) ( ) ( )xhxuxhxu 2
2

21
1

1 22
φφ +=−                                   (6.9) 

Differentiating Eq. (6.9) with respect to x and considering Eqs. (6.3) and (6.6) yield: 
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Differentiating Eq. (6.7) with respect to x gives 

( ) ( )
2

2

1

1

D
xM

D
xM

=                                                  (6.12) 

By substituting Eq. (6.12) into Eq. (6.10) and considering Eq. (6.6), the governing 

equation of the composite beam based on conventional beam theory is obtained as 
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where 

( )
22122

2

21

11
2

11
C
N

DD
M

DD
h

DD
xF T

T ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=

ξ                   (6.14) 

The resultant forces of the beam are thereby obtained as 
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CTC NNN 12 −=                                            (6.15d) 
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The subscript C is used to refer to the conventional composite beam solution.  Since 

the differential displacements and rotation at the crack tip of two sub-layers are not 

allowed in this model, three concentrated forces (N, Q, and M*), which are not physically 

existent, are required at the crack tip (Fig. 6.4) by the equilibrium conditions and given 

by 

( )0110 CNNN −=                                             (6.16a) 

( )0110 CQQQ −=                                              (6.16b) 

NhMM
2

* 1−=                                               (6.16c) 
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where 

( )0110 CMMM −=                                           (6.16d) 

Note that N, M, and Q form a group of self-equilibrium forces, which are used often 

in the following of this study. The deformation at the crack tip therefore can be written as 

( ) ( ) ( )000 21 Cwww == ,                                      (6.17a) 

( ) ( ) ( )000 21 Cφφφ == ,                                       (6.17b) 

( ) ( )00 11 Cuu = , ( ) ( )00 22 Cuu = .                             (6.17c) 

Thus, Eq. (6.17) physically presents a rigid joint deformation model (Fig. 6.4), which 

prohibits relative deformation at the crack (deformation) tip. 

For the symmetric bi-layer beam in which the two sub-beams have the same material 

properties and geometry ( DDD == 21 , CCC == 21 , BBB == 21 , hhh == 21 , and 

0=ξ ), the governing equation (Eq. (6.10)) of the composite beam based on conventional 

beam theory is simplified as 

( )
D

hM
C
NxN TTss

21 +=η                                         (6.18) 

where 

D
h

C
s

2
2 2

+=η                                                 (6.19) 

Thus, the governing equation of symmetric composite beam model is obtained as 

( ) ( )xFxN
D

ss
s

=1
2η                                          (6.20) 

where 
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( ) ⎟
⎠
⎞

⎜
⎝
⎛ += TT

s N
C

M
D
h

D
xF 1

2
2                                     (6.21) 

The resultant forces of the beam are thereby obtained as 

⎟
⎠
⎞

⎜
⎝
⎛ += TTs

s
C N

C
M

D
hN 1

2
1

1 η
                                   (6. 22a) 

T
s
C QQ

2
1

1 =                                               (6.22b) 

TsTs
s
C M

D
hN

C
hM ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+−=

ηη 42
1

2

2

1                             (6.22c) 

s
CT

s
C NNN 12 −=                                            (6.22d) 

s
CT

s
C QQQ 12 −=                                             (6.22e) 

s
C

s
CT

s
C hNMMM 112 −−=                                     (6.22f) 

In Eqs (6.18) to (6.22), the superscript s represents the case of symmetric bi-layer 

beams. 

 

6.2.2 Shear deformable bi-layer beam theory and semi-rigid joint model 

Although the rigid joint model is widely used due to its simplicity, it is fairly 

approximate in nature since it neglects the local deformation at the crack (delamination) 

tip.  To account for this deformation, a shear deformable bi-layer beam theory (Wang and 

Qiao 2004a; 2005a) is employed to build a novel semi-rigid joint model (Fig. 6.5), in 

which the restraint on the rotations of the sub-layers in Eq. (6.7) is released, i.e., each 

sub-layer in the virgin beam portion can rotate separately.  Such a shear deformable bi-
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layer beam theory has been extensively applied to study fracture of bi-material interface 

(Wang and Qiao 2004b; 2006).  

Beam 1

Beam 2
2

N1(0), Q1(0)

N2(0), Q2(0)

M1(0)

M2(0)

N10, Q10

N20, Q20

M10

M20

NC, QC

Semi-Rigid Joint

Crack tip forces
 

Fig. 6.5 Semi-rigid joint model based on shear deformable beam theory 

 

By differentiating Eqs. (6.8) and (6.9), substituting them in Eq. (6.3) and considering 

the equilibrium condition of Eq. (6.5), the governing equation of the bi-layer system 

based on shear deformable beam theory is (Wang and Qiao, 2004a)  

( ) ( ) ( ) ( )xFxN
D

hh
DDdx

xNdh
BB

−=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−⎟

⎠
⎞

⎜
⎝
⎛ +⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ 1

2

21

21
2

1
2

1

21 2
11

2
11 ξη

ξ
η      (6.23) 

where 

2010 NNNT +=                                            (6.24a) 
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2010 QQQT +=                                             (6.24b) 

xQNhhMMM TT +
+

++= 10
21

2010 2
                              (6.24c) 

and N10, N20, Q10, Q20, and M10, M20 are the applied axial forces, transverse shear forces, 

and bending moments, respectively, at the crack tip (Fig. 6.5).  NT, QT, and MT, 

respectively, are the total resultant applied axial force, transverse shear force, and 

bending moment of the bi-layer system about the neural axis of the bottom layer (Beam 

2) (see Fig. 6.2). 

By solving Eq. (6.23), the axial force of the Beam 1 is given as 

( ) C
kxkx NccxN 11 ee ++= −                                            (6.25) 

where k is the decay parameter which is determined by the geometry of the specimen and 

properties of the materials, and given as 

  
( ) ( )( )

( )( )ξη
ξη

12121

21121212

2
2

hBBDD
hhDDDBBk

++
+++

=                                  (6.26) 

Compared to the thickness of the beam, the length of uncracked portion (L) of the bi-

layer beam is relatively large; therefore, the second term in Eq. (6.25) can be neglected 

near the crack tip (x = 0).  Thus, the solutions for the forces of the beams are obtained as  

( ) C
kx NcxN 11 e += −                                              (6.27a) 

( ) C
kx QckhxQ 1

1
1 e

2
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−= −

ξ
η                                  (6.27b) 

( ) C
kx McxM 11 e += −

ξ
η                                         (6.27c) 
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( ) C
kx NcxN 22 e +−= −                                          (6.27d) 

( ) C
kx QckhxQ 2

1
2 e

2
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+= −

ξ
η

                                  (6.27e) 

( ) C
kx MchhxM 2

21
2 e

2
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
+−= −

ξ
η

                             (6.27f) 

where NiC , QiC , and MiC (i = 1; 2) are, respectively, the axial force, transverse shear 

force, and bending moment of layer i by modeling the uncracked portion as a single beam 

element (i.e., using the conventional composite beam theory). 

Hellan (1978) and Chatterjee et al. (1986) showed that there were two concentrated 

forces NC and QC (see Fig. 6.5) at the crack tip if shear deformable beam theory is used 

and the two sub-layer are modeled two separate beams. Considering the equilibrium 

conditions at the crack tip (Fig. 6.5), we have 

( )0110 NNN C +−=                                           (6.28a) 

( )0110 QQQ C +−=                                           (6.28b) 

( )0
2 1
1

10 MNhM C +=                                        (6.28c) 

where NC and QC are, respectively, the concentrated horizontal and vertical forces acting 

at x = 0 (Fig. 6.5).  

By solving Eq. (6.28), the coefficient of the solution (Eq. (6.27a)) and the 

concentrated horizontal and vertical forces are given as 

( )
ηξ

ξ
2

2

1

1

+
+

=
h

NhMc                                                 (6.29) 
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( )
ηξ
ηξ

2
2

1 +
−

=
h

NMNC                                            (6.30a) 

⎟
⎠
⎞

⎜
⎝
⎛ +−−=

2
1NhMkQQC                                      (6.30b) 

where 

0110 =−= xCNNN                                          (6.31a) 

0110 =−= xCQQQ                                           (6.31b) 

0110 =−= xCMMM                                        (6.31c) 

Obviously, M, N and Q can be treated as a self-equilibrated loading system applied at the 

crack (delamination) tip. 

Note that in this case, the restraint on the rotations of the sub-layers at the crack tip is 

released. As a result, the concentrated bending moment at the crack tip is unnecessary, 

and only two concentrated forces (NC and QC) are required by the equilibrium condition 

at the crack tip (see Fig. 6.5). 

By integrating Eq. (6.3), the rotation of the sub-layer is given as  

( ) ( )xLx
D

M
x

D
M

CC

L

x

CL

x

C φφ −== ∫∫ dd
2

2

1

1                              (6.32) 

At the far end of the bi-layer composite beam, the rotations follow the condition of 

( ) ( ) ( )LLL Cφφφ == 21                                           (6.33) 

where Cφ  is the rotation angle of uncracked portion based on the conventional composite 

beam model, i.e., both the top and bottom beams have the same rotation.  The rotations of 
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both beams can be obtained by integrating Eq. (6.3) with respect to x and in consideration 

of Eqs. (6.27c) and (6.27f): 

( ) ( )x
kD

cx C

kx

1
1

1
e φ

ξ
ηφ +−=

−

                                   (6.34a) 
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+=
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                          (6.34b) 

Since L is relatively large, some small terms in ( )xiφ  can be neglected and are not shown 

in Eq. (6.34). 

By the similar way, the deformation field at the crack tip (at x = 0 in the given 

coordinate in Fig. 6.2) is given as  
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φ (6.35) 

The shear deformable bi-layer theory (Wang and Qiao 2004a) is primarily applied in 

this section to distinguish it from the conventional composite beam theory in the previous 

section and the interface deformable bi-layer beam theory introduced in the next section.  

This assumption still deviates from the actual deformation at the crack tip (Fig. 6.5), and 

it tends to underestimate the deformation along the interface (Qiao and Wang 2005).  
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Therefore, the deformation at the crack tip predicted by Eq. (6.35) is an improvement 

compared to the ones in the rigid joint model and thus referred as the semi-rigid joint 

model. 

 

For the symmetric bi-layer beam in which the two sub-beams have the same material 

properties and geometry ( DDD == 21 , CCC == 21 , BBB == 21 , hhh == 21 , and 

0=ξ ), differentiating Eq. (6.9) with respect to x gives: 

dx
dh

dx
du

dx
dh

dx
du ssss

2211

22
φφ

+=−                                        (6.36) 

Substituting Eq. (6.36) with Eq. (6.3) and Eq. (6.6) gives: 

( ) ( )
D

hNMMh
C

NN
D

Mh
C
N

D
Mh

C
N ss

T
s

T
ssss

1112211

222
−−

+
−

=+=−             (6.37) 

Thus, the axial force can be obtained directly from Eq. (6.37) due to the special symmetry 

properties as 

⎟
⎠
⎞

⎜
⎝
⎛ += TT

s M
D
hN

C
N

2
11

1 η
                                        (6.38) 

Note that the axial force of beam 1 in a bi-layer beam with the symmetric geometry and 

material properties is the same as the solution ( s
CN1 ) obtained from the conventional 

composite beam theory. 

Differentiating Eq. (6.8) with respect to x gives: 

dx
dw

dx
dw 21 =                                                     (6.39) 

Substituting Eq. (6.39) with Eq. (6.3) and differentiating it with respect to x gives:  
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( ) ( )
D

M
x

xQ
BD

M
x

xQ
B

ssss
2211

d
d1

d
d1

−=−                                 (6.40) 

Based on the equilibrium conditions of the bi-layer beam system (Eq. (6.5)), the 

relation of the shear force of two sub-layer beams can be expressed as: 

( ) ( )
x

xQ
x

xQ ss

d
d 

d
d 21 −=                                               (6.41) 

Thus Eq. (6.40) can be simplified as: 

( )
D

M
D

M
x

xQ
B

sss
211

d
d2

−=                                           (6.42) 

Differentiating Eq. (6.5) and substituting it with Eq. (6.42) and Eq. (6.6) gives:  
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The solution of Eq. (6.43) is  

s
C

kxs McM 11 e += −                                             (6.44) 

where 
D
Bk =  

The shear force can be obtained by differentiating the third equation of Eq. (6.5) as: 

s
C

kx
ss

s Qkc
dx

dNh
dx

dMQ 1
11

1 e
2

+−=+= −                                (6.45) 

Similarly as non-symmetry case, the rotations of Beam 1 can be obtained by 

integrating Eq. (6.3) with respect to x: 

( ) ( )x
kD

cx s
C

kx
s

11
e φφ +−=

−

                                         (6.46) 
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Since L is relatively large, some small terms in ( )xiφ  can be neglected and are not shown 

in Eq. (6.46). 

Due to the symmetry, the concentrated horizontal forces acting at x = 0 (Eq. (6.28a)) 

turns to be: 

NNNNNN
xC

s
C −=−=−=

= 1001101 )0(                       (6.47) 

Substituting Eq. (6.47) into Eq. (6.28c) gives: 

( ) ( )
01110 2

0
2 =

++−=+−=
x

s
CMcNhMNhM                 (6.48) 

Thus, the coefficient in Eq. (6.48) is obtained as: 

MNhc +=
2

                                             (6.49) 

where MMM
x

s
C =−

=0110 (see Eq. (6.31c)). 

By the similar way, the deformation field of a symmetric laminated bi-layer beam at 

the crack tip (at x = 0 in the given coordinate in Fig. 6.2) is given as  
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where, the superscript s in Eqs. (6.36) to (6.50) again represents the case of symmetric bi-

layer beams. 
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6.2.3 Interface deformable bi-layer beam theory and flexible joint model 

To better describe the non-linear feature of the deformed cross-sections of sub-layers 

(Fig. 6.6), a higher order beam theory is usually needed, and it inevitably complicates the 

solution process significantly.  An improved solution of a bi-layer beam model with crack 

tip deformation is recently presented by Qiao and Wang (2004), and its application to bi-

layer beam fracture is elaborated in Wang and Qiao (2005b).  In this new theory, a novel 

concept of adopting the interface compliances (Suhir 1986), Csi and Cni, which describe 

the deformation in the shear and normal directions along the interface under the shear and 

normal stresses, respectively (Fig. 6.6), is introduced. 

Beam 1

Beam 2

1

N1(0), Q1(0)

N2(0), Q2(0)

M1(0)

M2(0)

N10, Q10

N20, Q20

M10

M20

Flexible Joint

Crack tip forces

u

u2

w2

w1

2

 

Fig. 6.6 Flexible joint model based on interface deformable bi-layer beam theory 

The continuity condition of deformation along the interface is defined as (Qiao and 

Wang 2004) 
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( ) ( ) σσ 2211 nn CxwCxw +=−                                     (6.51a) 

( ) ( ) ( ) ( ) τφτφ 22
2

211
1

1 22 ss CxhxuCxhxu ++=−−                  (6.51b) 

where  
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ni E
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C
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= , ( )i
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si G
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C
1315

= .                                         (6.52) 

Eq. (6.51) implies that the interface between the two sub-layers is deformable under 

the interface stress, and therefore, it represents an improved bi-layer beam theory with 

deformable interface.  

Similarly, by differentiating Eq. (6.51), substituting them in Eq. (6.3) and considering 

the equilibrium condition of Eq. (6.5), the new governing equation of the improved 

interface deformable bi-layer beam theory with deformable interface is thus established 

as (Qiao and Wang 2004) 
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Eq. (6.53) considers the deformation along the interface and therefore gives an 

interface deformable bi-layer beam model.  It can be observed that Eq. (6.53) has three 

new terms compared to the governing equation of shear deformable bi-layer beam theory 

(Eq. (6.23)), and they are resulted from the deformation of the interface under the 

interface normal and shear stresses.  The forces and bending moments of each sub-layer 

can be obtained by using the characteristic equation of Eq. (6.53) with roots as: (a) ±R1, 

±R2, and ±R3, or (b) ±R1 and ±R2 ± iR3.  Here R1, R2, and R3 are three real numbers.   

 

Case (a) ±R1, ±R2, and ±R3 

The solution of Eq. (6.53) is given as 
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where ci (i =1, 2, . . . , 6) are the unknown coefficients to be determined by the boundary 

and continuity conditions.  Compared to the thickness of the beam, the length of 

uncracked portion of the bi-layer system is relatively large. Therefore, the terms with 

positive power in Eq. (6.55) can be neglected.  Thus, Eq. (6.55) can be simplified as 
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Similarly, other force and moment components can be written as: 
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where N1C, M1C, and Q1C are the internal forces of layer 1 based on the conventional 

composite beam theory (Suo and Hutchinson 1990). Eq. (6.54) shows that the resultant 

forces of sub-layers are composed of two parts: (1) the exponential terms, which decay 

very fast, representing the local effect; and (2) the stable-state terms (i.e., N1C, M1C or 

Q1C) from the conventional composite beam solution. 

At the crack tip (x = 0): 

101 NN = , 101 QQ = , 101 MM = .                                          (6.55) 

The coefficients (ci, i = 1, 2, and 3) are obtained as 
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where 323123211312 TSTSTSTSTSTSY −++−−=  

 

Case (b) ±R1 and ±R2 ± iR3 

Similarly as case (a), the resultant forces can be obtained as 

( ) ( )( ) C
xRxR NxRcxRccN 1333211 sincosee 21 +++= −−                       (6.57a) 
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( ) ( )( ) ( ) ( )( )( )
C

xRxR

M
xRSxRScxRSxRScScM

1

3233333322111 sincossincosee 21

+
++−+= −−

 (6.57b) 

( ) ( )( ) ( ) ( )( )( )
C
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Q
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  (6.57c) 

where 
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The coefficients (ci, i = 1, 2, and 3) are obtained as 
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where 32312313 TSTSTSTSY +−+−=  

The deformation at the joint can be obtained from the constitutive law in Eq. (6.2) 

and the above solutions of resultant forces of each layer.  As an illustration, the rotation 

of beam 1 at the joint is calculated for Case (a) as: 

( ) ( ) x
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where C1φ  is the rotation angle based on the conventional composite beam theory. When 

L is relatively large, we have: 

( ) ( )LL C11 φφ =                                                   (6.62) 

Thus: 

( ) ( ) ( ) QSMSNSC 333231111 000 ++=Δ=− φφφ                          (6.63) 

where 
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Following the same procedure, the local deformation of the crack tip is thus 

established as (Qiao and Wang 2004) 
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where S = {Sij}6×3 is a matrix representing the local deformation compliance at the crack 

tip (see Appendix B). Compared to other two aforementioned joint models, Eq. (6.53) 

considers the deformation along the interface due to the interface normal and shear 

stresses, and therefore, provides better prediction of the deformations at the crack tip. The 

concept of crack tip deformation represented by Eq. (6.65) is thus referred as a flexible 

joint model. 
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For the symmetric bi-layer beam, in which each sub-layer has the same geometry and 

material properties ( DDD == 21 , CCC == 21 , BBB == 21 , hhh == 21 , and 0=ξ ), 

substituting Eq. (6.51b) into Eqs. (6.3) and (6.5) and differentiating with respective to x 

gives: 

⎟
⎠
⎞

⎜
⎝
⎛ +−=− T

T
s

s
s

s

M
D
h

C
NbKNbK

dx
Nd

212
1

2

η                         (6.66) 

The solution of Eq. (6.66) can be obtained as: 

s
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where ηbKk s=1 . 

Substituting Eq. (6.51a) into Eqs. (6.3) and (6.5) and differentiating two more times 

with respect to x gives: 
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The solution of Eq. (6.68) is: 

 s
C

xkxkxks MScccM 1
-

1
-

3
-

21
132 eee +++=                          (6.69) 

and the shear force can be obtained by differentiating Eq. (6.5) and substituting Eqs. 

(6.67) and (6.69) as: 

s
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2
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where  
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The coefficients of integration ci are determined by the boundary condition (see Eq. 

(6.55) as: 
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   (6.71) 

The deformation at the crack tip can be expressed as Eq. (6.65), and the compliance 

matrix is given in Appendix B.  Again, the superscript s in Eqs. (6.66) to (6.70) refers the 

case of symmetric bi-layer beams. 

 

6.3 Delamination buckling analysis based on three joint models 

Local delamination buckling is a common failure mode in the laminated composite 

structures (Fig. 6.7).  The buckling load is influenced by the local deformation at the tip 

of delamination area.  Typical analytical solution of local delamination buckling ignores 

the local deformation at the delamination tips and assumes both the ends of the 
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delamination area are either simply supported or clamped.  From the joint deformation 

point view, the clamped model is the same as the rigid joint model which prohibits the 

relative displacements and rotations of two sub-layers at the crack tip (delamination tip).  

The solution based on the rigid joint model gives the higher bound of the local 

delamination buckling.  While, by assuming the simply-supported condition at the 

delamination tip, a low bound of the local delamination buckling is obtained.  The actual 

case should be within these two extreme scenarios.  With the release of the local restraint 

at the end of delamination, the solution is closer to the exact situation.  The solutions of 

the local delamination buckling based on the three joint models are derived and compared 

in this section, and the validity of the solution is verified by the numerical finite element 

simulation using the commercial software ANSYS.       

a

z1

x1

x

z

 

(a) Sub-layer delamination buckling 

a

z1

x1

x

z

 

(b) Symmetrical delamination buckling 

Fig. 6.7 Local delamination buckling of laminated composite beams 
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6.3.1 Local delamination buckling based on rigid joint model 

For a laminated composite beam-type structure, the shear deformation can be taken 

into account in a generalization of Timoshenko beam theory.  The governing equation for 

the top layer (Beam 1) is expressed as:  

( ) 1

1
2

1
2

111

1
4

1
4

/1 D
p

dx
wd

BPD
P

dx
wd

=
−

+                                   (6.72) 

where P1 is the axial force which is applied to the top layer (Beam 1) of the bi-layer 

beam, and p1 is the transverse distributed load.  When p1 = 0, the general solution of Eq. 

(6.72) is given as: 

( ) xCxCxCCxw rr
1413211 sincos λλ +++=                               (6.73) 

where ( ) ( )111

12
1 /1 BPD

Pr

−
=λ , and the superscript r represents the rigid joint model. 

Due to the symmetry of the delamination area in the beam with respect to the center 

line (Fig. 6.7), the solution can be simplified as 

 ( ) xCCxw r
1311 cosλ+=                                            (6.74) 

and the rotation is 

( ) xCx rr
1131 sin λλψ −=                                              (6.75) 

 

The boundary conditions at x = a (i.e., the delamination tip and a is the half-length of 

the delamination (Fig. 6.7)) of the bi-layer composite beam based on the rigid joint model 

are:  

( )  01 =aw                                                          (6.76a) 
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 ( ) 01 =aψ                                                 (6.76b) 

Substituting Eqs. (6.74) and (6.75) to Eq. (6.76) leads to a non-trivial solution as: 

0
sin0

cos1

11

1 =
− a

a
rr

r

λλ
λ

                                       (6.77) 

and after expanding, it becomes: 

                                       ( ) 0sin 1 =arλ                                                   (6.78) 

 

When n = 1, the lowest value of the solution of Eq. (6.78) ( πλ nar =1 ) is obtained as 

a
r πλ =1                                                       (6.79a) 

Dividing π/a by λ1 gives the effective length ratio as: 

a
aa eff==

1λ

π
μ                                                  (6.79b) 

where aeff is the virtual effective length.  For the rigid joint model, the effective length 

ratio is  

) (i.e.,  1
1

aaa r
effrr ===

λ

π
μ                                       (6.79c) 

Thus, the critical local delamination buckling load based on the rigid model is given as 
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Normalizing Eq. (6.80) with 2
1

2
0

a
DPcr

π
=  (i.e., the solution of Euler buckling), gives 
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6.3.2 Local delamination buckling based on semi-rigid joint model 

The restraint of the rotation at the delamination tip is released for the semi-rigid 

model (Fig. 6.5), leading to the reduced local delamination load in comparison to the one 

by the rigid joint model.  By including the rotation at the end of delamination area, the 

local delamination buckling solution is derived in this section.   

According to Eq. (6.73), due to the symmetry of the delamination to its center line, 

the displacement and rotation become: 

( ) xCCxw s
1311 cosλ+=                                               (6.82a) 

( ) xCx ss
1131 sin λλψ −=                                               (6.82b) 

where the superscript s here represents the semi-rigid joint model. 

The boundary conditions at the end of delamination (x = a) of the bi-layer composite 

beam based on the semi-rigid joint model are:  

( )  0=aw                                                      (6.83a) 

( ) aa ψψ =                                                      (6.83b) 
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where aψ  is the rotation angle obtained from the shear deformable bi-layer beam theory 

(Eq. (6.35)) as:                

( ) ( ) axa dx
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−= |

2
2

2
2

111

ψ
ηξ

η
ηξ

ηψ                    (6.84) 

Differentiating Eq. (6.82b) with respect to x 

( ) xC
dx
d ss

1
2

13 cosλλψ
−=                                        (6.85) 

and substituting Eqs. (6.82a), (6.84), and (6.85) in Eq. (6.83), it gives: 
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where ( )ηξ
ηχ

2
2

1 +
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hk
. 

The characteristic equation is obtained as 

( ) ss a 11tan χλλ =                                               (6.87) 

By solving Eq. (6.87), the coefficient s
1λ  can be numerically computed.  Thus, the critical 

local delamination buckling load based on the semi-rigid joint model is given as 
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Normalizing Eq. (6.88) with 2
1

2
0

a
DPcr

π
= gives 
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where ( )
ss
a

1

/
λ

πμ = .   For the rigid joint model, Eq. (6.89) results in the same expression 

given in Eq. (6.81).  Thus, sμ  represents the effective length ratio (see Eq. (6.79b) and is 

larger than 1 for the semi-rigid joint model, indicating that the virtual effective s
effa  is 

larger than aar
eff =  of the rigid joint model. 

 

6.3.3 Local delamination buckling based on flexible joint model 

From the continuity condition of deformation along the interface (Eq. 6.51), the 

restraint of the local deformation at the crack tip is fully released, and the joint is allowed 

to have horizontal and vertical displacements, which is similar to the conception of sub-

beam on elastic foundation.  To investigate the influence caused by the full release of the 

local deformation at delamination tip, the local delamination buckling solution is derived 

based on the flexible joint model. 

Similar to the semi-rigid model, the delamination considered in this study is 

symmetry to its center line, the displacement and rotation is: 

( ) xCCxw f
1311 cosλ+=                                        (6.90a) 

( ) xCx ff
1131 sin λλψ −=                                        (6.90b) 
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where the superscript f represents the flexible joint model. 

The boundary conditions at the delamination tip (x = a) of the bi-layer beam based on 

the flexible joint model are:  

( )  f
awaw =                                                 (6.91a) 

( ) f
aa ψψ =                                                  (6.91b) 

where  f
aw and f

aψ  can be obtained from Eq. (6.65) based on the interface deformable bi-

layer composite beam theory (Qiao and Wang 2004) 
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Substituting Eqs. (6.90), (6.92), and (6.93) into Eq. (6.91) gives  
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and the characteristic equation is obtained as 

( ) ff DSa 11321tan λλ −=                                            (6.95) 

where for the characteristic equation of Eq. (6.53) with roots of ±R1, ±R2, ±R3 
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for the characteristic equation of Eq. (6.53) with roots of ±R1, and ±R2 ± iR3 
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Thus, by solving Eq. (6.95) to obtain f
1λ , the critical local delamination buckling load 

based on the flexible joint model is given as 
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Normalizing Eq. (6.97) with 2
1

2
0

a
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= gives 
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where ( )
a

aa f
eff

ff ==
1

/
λ

πμ . Again, Eq. (6.98) with 1== rf μμ  leads to the same 

expression as the one by the rigid joint (Eq. (6.81)); while Eq. (6.98) with sf μμ =  (i.e., 

when the interface compliance Cni = Csi = 0) is the same as Eq. (6.89) by semi-rigid joint 

model.  Thus, fμ represents the ratio of effective length from the flexible joint model, 

and it is equal to or larger than the value of sμ  which is always larger than 1.    
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In summary, with inclusion of local delamination tip deformation by the joint models, 

an equivalent concept of the effective length or effective length ratio is introduced, 

resulting in aaaa r
eff

s
eff

f
eff =≥≥  or 1=≥≥ rsf μμμ .  Basically, the local delamination tip 

deformation increases the effective length.  The more release of local deformation at the 

delamination tip, the larger the effective length becomes, leading to reduced critical local 

delamination buckling load.  

 

6.3.4 Numerical validation 

To validate the accuracy of the solutions obtained based on the three joint 

deformation model, the numerical simulation is conducted using the commercial software 

ANSYS.  The beam is modeled with 8-node 3-D element SOLID45 with three degrees of 

freedom at each node: translations in the nodal x, y, and z directions.  A beam specimen 

with a sub-layer delamination area symmetric to its center line with the material 

properties of E1 = E2 = 1, υ1 = υ2 = 0.3, h1 = 0.2 and h2 = 2 is analyzed.  The delamination 

ratio (a/h1) is chosen as 5, 10, and 15, respectively (Fig. 6.8), and the results are listed in 

Table 6.1 (where a is the half length of the delamination (see Fig. 6.7)).   
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(a) a/h1 = 5 

 

(b) a/h1 = 10 

 

(c) a/h1 = 15 

Fig. 6.8 Sub-layer delamination buckling of bi-layer beams in numerical 

simulation  

Compared with the analytical solutions based on the three joint models (Table 6.1), 

the results obtained from the numerical simulation match well with the ones calculated 

based on the flexible joint model.  As anticipated, the solution obtained based on the rigid 

joint model gives the highest value since the boundary at the delamination tip is fully 
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restrained (clamped), as assumed in the conventional composite beam theory; the results 

obtained from the semi-rigid joint model are lower than those of rigid joint model but are 

higher than the solution from the flexible joint model, since sub-layers at the 

delamination tip are allowed to rotate while prohibiting the displacement along the 

vertical and horizontal directions; finally, the results based on the flexible joint model 

match best with the numerical simulation, since it is much closer to the real situation 

compared to the other two joint models. 

Table 6.1 Analytical and numerical simulation results of sub-layer delamination 

buckling 

Joint model 
Load Delamination 

length ratio Rigid Semi-rigid Flexible 
FEA 

a/h1 = 5 0.9069 0.8338 0.7613 0.7596 

a/h1 = 10 0.9750 0.9285 0.8741 0.8702 1P  

a/h1 = 15 0.9887 0.9569 0.9205 0.9093 

    Note: h1 = 0.2, h2 = 2, E1 = E2 = 1 

 

For a symmetric bi-layer beam, in which each sub-layer has the same geometry and 

material properties ( DDD == 21 , CCC == 21 , BBB == 21 , hhh == 21 , and 0=ξ ), 

the numerical simulation is conducted to validate the analytical results based on the three 

joint models.  A symmetric beam specimen with a symmetric delamination area at the 

center line with the material properties of E1 = E2 = 1, υ1 = υ2 = 0.3, h1 = h2 = h = 0.4 is 

analyzed.  The delamination ratio (a/h) is chosen as 2.5 (Fig. 6.9), 5, and 7.5, 
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respectively, and the results are listed in Table 6.2.  The results obtained from numerical 

simulation are a little bit lower than the ones calculated by the flexible joint model, but 

still in an acceptable range.   

 

Fig. 6.9 Symmetric delamination buckling in numerical simulation (a/h = 2.5) 

 

Table 6.2 Analytical and numerical simulation results of symmetric delamination 

buckling 

Joint model 
Load Delamination 

length ratio Rigid Semi-rigid Flexible 
FEA 

a/h = 2.5 0.7089 0.5925 0.5501 0.5165 

a/h = 5 0.9069 0.8338 0.7638 0.7287 1P  

a/h = 7.5 0.9564 0.8755 0.8421 0.8220 

Note: h1 = h2 = h = 0.4, E1 = E2 = 1 

 

6.4 Parametric study 

A parametric study of the effects of delamination length ratio, the shear deformation, 

and interface compliance using the three joint deformation models is conducted in this 

section.  
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6.4.1 Effect of delamination length ratio 

The effect of delamination length ratios (a/h1) on three joint models is implemented 

by comparing the solutions with the increase of the delamination length.  Two beam 

specimen with a delamination length symmetric to its center line are analyzed in this 

section: one is the specimen with the material properties of E1 = E2 = 1, υ1 = υ2 = 0.3, h1 = 

0.2 and h2 = 2 to study the sub-layer delamination buckling; and the other is with the 

material properties of E1 = E2 = 1, υ1 = υ2 = 0.3, h1 = h2 = h = 0.4 to study symmetric 

delamination buckling.  The delamination length ratio (a/h1) is chosen from 1.5 to 50 for 

sub-layer delamination buckling; and 1.5 to 30 for symmetric delamination buckling.   

As the length of the delamination increases (i.e., a/h1 → ∞), the prediction by all the 

three joint models asymptotically converge to the same one (see Fig. 6.10 for sub-layer 

delamination buckling; Fig. 6.11 for symmetric delamination buckling).  As a/h1 is 

smaller (within the range of a/h1 ≤ 20), the effect of local deformation is more 

pronounced. 
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Fig. 6.10 Effect of delamination length ratios on sub-layer delamination buckling  
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Fig. 6.11 Effect of delamination length ratios on symmetric delamination 

buckling  
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The effective length ratio μ  (Eq. (79b)) represents the ratio of a/π  over λ, and it can 

be treated as the ratio of the effective length (aeff) obtained from the respective joint 

deformation model over the effective length (a).  Since the effective length of the rigid 

joint model is aar
eff =  leading to 1=rμ , the effective length ratios obtained based on the 

semi-rigid joint model ( sμ ) and flexile joint model ( fμ ) are always larger than 1 (Fig. 

6.12 for sub-layer delamination buckling; and Fig. 6.13 for symmetric delamination 

buckling).  With the increase of delamination length ratio (i.e., a/h1 → ∞), the predictions 

by all the semi-rigid and flexible joint models asymptotically decrease to 1=rμ . 
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Fig. 6.12 Effective length ratio vs. delamination length ratios (sub-layer 

delamination buckling) 
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Fig. 6.13 Effective length ratio vs. delamination length ratios (symmetric 

delamination buckling) 

 

6.4.2 Effect of shear deformation 

The effect of shear deformation on the local delamination buckling by three joint 

models is implemented by comparing the solutions between isotropic and orthotropic 

materials.  Two beam specimen with a delamination length symmetric to its center line 

are analyzed in this section: one is the specimen with the material properties of E1 = E2 = 

1, υ1 = υ2 = 0.3, h1 = 0.2 and h2 = 2 to study the sub-layer delamination buckling; and the 

other is with the material properties of E1 = E2 = 1, υ1 = υ2 = 0.3, h1 = h2 = h = 0.4 to 

study symmetric delamination buckling.  The shear modulus of orthotropic material in 

the calculation is obtained by reducing the shear modulus of the isotropic materials by 10 

times.  Figs. 6.14 and 6.15 show that the shear effect has the significant influence on the 
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results when the beam is relatively short.  Among the three joint models, the influence of 

the shear deformation on the delamination buckling by the rigid model is the most severe, 

while the effect is reduced for the flexible model. 
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Fig. 6.14 Shear effect on sub-layer delamination buckling 
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Fig. 6.15 Shear effect on symmetric delamination buckling 
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Fig. 6.16 Shear effect on sub-layer delamination buckling with different 

delamination length ratios 

To further investigate the shear effect on the solution of three joint deformation 

models, the beam specimen with the material properties of E1 = E2 = 1, υ1 = υ2 = 0.3, h1 = 

0.2 and h2 = 2 for sub-layer delamination buckling and E1 = E2 = 1, υ1 = υ2 = 0.3, h1 = h2 

= h = 0.4 for symmetric delamination buckling with different delamination ratios (a/h1 = 

3, 10 and 30) are analyzed.  The ratio of the longitudinal stiffness Exx to the shear 

modulus Gxz starts from isotropy ( ( )xz

xx
xz

E
G

ν+
=

12
) to orthotropy by reducing the shear 
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modulus of the isotropic materials step by step.  As shown in Figs. 6.16 and 6.17, the 

shear effect is more pronounced for the beam with short delamination length than the one 

with long delamination length.   
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Fig. 6.17 Shear effect on symmetric delamination buckling with different 

delamination length ratios 

 

6.4.3 Influence of interface compliance 

In the flexible joint model, the two interface compliance coefficients Cni and Csi are 

introduced to account for the contribution of interface stresses (i.e., peel and shear 
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stresses) to the interface deformation.  When the interface compliance coefficients 

approach zero, it converges to the semi-rigid model (Eq. (6.51)).  The beam specimens 

with a delamination length symmetric to its center line with the material properties of E1 

= E2 = 1, υ1 = υ2 = 0.3, h1 = 0.2 and h2 = 2 for sub-layer delamination buckling and E1 = 

E2 = 1, υ1 = υ2 = 0.3, h1 = h2 = h = 0.4 for symmetric delamination buckling are analyzed.  

The delamination length ratio (a/h1) is 10.  Figs. 6.18 and 6.19 show the delamination 

buckling solution obtained based on the flexible joint model approaches to that of the 

semi-rigid joint model by reducing the two interface compliance coefficients Cni and Csi 

to zero.   
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Fig. 6.18 Delamination buckling load vs. interface compliance coefficients (sub-layer 

delamination buckling)  
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Fig. 6.19 Delamination buckling load vs. interface compliance coefficients 

(symmetric delamination buckling)  

 

6.5 Concluding remarks 

The local delamination buckling analysis of laminated composite beams is presented 

in this chapter.  The analytical solution for local delamination buckling is derived based 

on three distinct bi-layer beam theories (i.e., conventional composite beam theory, shear 

deformable bi-layer beam theory, and interface deformable bi-layer beam theory) 

representing three improving degrees of accuracy by accounting for the local deformation 

at the delamination tip.  In the conventional composite beam theory, the section at the 

delamination tip deforms as one composite section, leading to a rigid joint and thus an 

overestimated local delamination buckling load.  In the shear deformable bi-layer beam 

theory (Wang and Qiao 2004a), the relative rotation of two sub-layers at the delamination 
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tip is allowed, resulting in a semi-rigid joint and an improved prediction of local 

delamination buckling load.  Finally, in the interface deformable bi-layer beam theory 

(Qiao and Wang 2004), the relatively horizontal and vertical displacements at the 

delamination tip are included by introducing the interface compliance coefficients, which 

is similar to the concept of sub-layer beam on an elastic foundation, and it more mimics 

the real scenario at the delamination tip in the laminated structures (e.g., fiber bridging 

effect).  The concept of the effective length is introduced as well, and with inclusion of 

the delamination tip deformation, the effective length of the buckled sub-layer is 

correspondingly increased.  A numerical finite element modeling is conducted to validate 

the analytical solution, and it demonstrates that the prediction of local delamination 

buckling load by the flexible joint model is closer to the finite element results.  It is also 

noted that the local deformation is more pronounced as the length of the delamination 

becomes shorter, in which a more accurate model, such as the flexible joint, is needed.  

The improved solutions based on the semi-rigid and flexible joint models can be used to 

better predict the local delamination buckling of laminated composite structures and 

provide a viable and effective tool compared to numerical and other high-order 

beam/plate models. 
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CHAPTER SEVEN 

CONCLUSIONS AND RECOMMENDATIONS 

 

The goal of this dissertation aims to develop explicit buckling formulas for fiber-

reinforced plastic (FRP) composite structures, so that design analysis and optimization of 

such the structures can be greatly facilitated.   A comprehensive study on stability 

analyses (i.e., global (flexural-torsional) buckling, local buckling, and delamination 

buckling) of FRP composite structures is presented.  The stability of various FRP 

structures (i.e., plates, structural shapes, and sandwich cores) is investigated by a 

combined analytical, numerical and experimental study.  Major findings and conclusions 

are presented in this chapter, followed by recommendations for future work. 

 

7.1 Conclusions 

7.1.1 Global (Flexural-torsional) buckling of thin-walled FRP beams 

A combined analytical, numerical and experimental study for the flexural-torsional 

buckling of pultruded FRP composite cantilever I- and open channel section beams is 

studied.  The second variational problem and total potential energy of the thin-walled 

beams based on nonlinear plate theory is derived, and the shear effects and beam 

bending-twisting coupling are considered in the analysis.  The stress resultants and 

displacement fields of flexural-torsional buckling for I- and open channel section beams 

considering bending and torsion are provided.  For the stress resultants of I- and open 

channel section beams, when a tip vertical load acts through the shear center (e.g., double 
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symmetry I- section beams), only the bending of the beam occurs; whereas for the tip 

load acting away from the shear center (e.g., single symmetry open channel section 

beams), both the torsion and bending of the beam are developed, from which the stress 

resultants consist of two parts: one is related to the bending effect of the vertical load P 

acting at the shear center, and the other is the torsional effect caused by the torque of Pz 

on the cross-section. 

The analytical eigenvalue solutions for the cantilever I- and open channel section 

beams are obtained, respectively, using the transcendental function.  An experimental 

study of four different geometries of FRP cantilever I- section beams and three open 

channel beams is performed, and the critical buckling loads for different span lengths are 

obtained.  Good agreements among the analytical solutions, experimental tests and 

numerical finite element predictions are obtained for both of I- and open section beams.  

A parametric study on the effects of the load location through the shear center across the 

height of the cross-section, fiber orientation, and fiber volume fraction on buckling 

behavior of the open channel section beams is presented.  The explicit analytical 

formulations of global (flexural-torsional) buckling of FRP cantilever I- and open 

channel section beams shed light on the global buckling behavior and can be employed in 

optimal design of FRP beams. 

 

7.1.2 Local buckling of rotationally restrained plates and FRP structural shapes 

A variational formulation of the Ritz method is used to establish an eigenvalue 

problem for the local buckling behavior of composite plates rotationally restrained along 
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its four edges (the RRRR plate) and subjected to general biaxial linear loading, and the 

explicit solutions in term of the rotational restraint stiffness (kx and ky) are presented.  By 

considering the rotationally restrained conditions along the four edges, the unique 

combination of weighted sine and cosine functions is used to obtain the explicit solution 

of the orthotropic plates rotationally restrained along their four edges. By properly 

choosing the weight constants 1ω  and 2ω , the novel displacement function provides a 

unique approach to derive the explicit solution and at the same time account for the 

elastic restraining effect along the edges. 

The explicit solution for the plate rotationally restrained along the four edges is 

simplified to seven special cases (i.e., the SSSS, SSCC, CCSS, CCCC, SSRR, RRSS, 

CCRR, and RRCC plates) based on the different edge restraining conditions (e.g., simply-

supported (S), clamped (C), or rotationally restrained (R)).   The solutions for the plates 

rotationally restrained along the four edges under uniaxial longitudinal compression are 

also available by simplifying the loading condition.  The explicit local buckling solutions 

are validated with the exact transcendental solution for two special cases of the SSRR and 

RRSS plates.  A parametric study is conducted to evaluate the influences of the loading 

ratio (α), the rotational restraint stiffness (k), the aspect ratio (γ), and the flexural-

orthotropy parameters (αOR and βOR) on the local buckling stress resultants of various 

rotationally-restrained plates, and they shed light on better design for local buckling of 

composite plates with different rotationally restrained boundary conditions. 

The explicit equations of orthotropic plates in terms of the rotational restraint stiffness 

coefficient (k) can be applied to predict the local buckling strength of various FRP 
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structural shapes.  As an application, the explicit local buckling solution of rotationally 

restrained plates is adopted in the discrete plate analysis of two typical composite 

structures, i.e., the thin-walled FRP structural shapes and honeycomb cores in 

sandwiches.  The results indicate that the present plate solution could be effectively 

applied to predict the local buckling strength of FRP structural shapes and flat core walls 

between the face sheets in sandwich structures, and the predictions are in close agreement 

with the finite element and experimental results, thus further demonstrating the 

applicability and validity of the explicit solutions.  A guideline for explicit local buckling 

design and resistance improvement of FRP structural shapes is provided.   

Due to the excellent agreements with the exact transcendental solution of the local 

buckling solution of orthotropic plates and the validity in applications to FRP shapes and 

honeycomb cores in sandwich structures, the presented explicit formulas can be used 

with confidence to predict the local buckling strength of rotationally restrained plates and 

applied effectively in the discrete plate analysis to evaluate the local buckling of different 

composite structures.  

 

7.1.3 Local delamination buckling of laminated composite beams 

The local delamination buckling analysis of laminated composite beams is conducted, 

and the analytical solution is derived based on three different bi-layer beam theories (i.e., 

conventional composite beam theory, shear deformable bi-layer beam theory, and 

interface deformable bi-layer beam theory), resulting in three improving accuracy of joint 
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deformation models (i.e., rigid joint model, semi-rigid joint model, and flexible joint 

model).   

The delamination buckling analysis obtained by the semi-rigid joint and flexible joint 

models provides better predictions than the rigid joint model, in comparison the 

numerical finite element simulation.  Due to introduction of local deformation in the 

semi-rigid joint (i.e., the relative rotations between two sub-layers) and flexible joint (i.e., 

the fully deformable field) models at the delamination tips, the derived formulas by the 

shear deformable and interface deformable bi-layer beam theories provide improved 

solutions for local delamination buckling of laminated beams.  The effect of shear 

deformation to the local delamination buckling is evaluated, and both the length and 

material orthotropy show pronounced influence to the delamination buckling strength. 

The delamination buckling analysis of the laminated composite beams using the 

improved semi-rigid and flexible deformation joint models achieves accurate predictions 

which are closer to the real scenarios and thus avoids the need of the numerical finite 

element modeling and other high order plate/beam theory in delamination buckling 

computation.  

 

7.2 Recommendations for future work 

Though extensive study on global and local buckling for FRP structural shapes and 

local delamination buckling of laminated composite beams is presented, there is still a 

need to develop more generic formulations for stability of FRP composite structures.   

The following recommendations are provided for future endeavors: 
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1. Only some special cases (e.g., cantilever FPR I- and channel sections) are studied, 

and their explicit flexural-torsional buckling formulas are derived.  More generic 

solutions for various FRP structural shapes with different loading and boundary 

conditions should be further developed. 

2. A comprehensive study on local buckling of rotationally restrained orthotropic 

plates primarily under uniform bi-axial loading is provided.  More detailed study 

on the explicit local buckling solution of restrained plates under linear and other 

types of loads (e.g., shear) as well as their limitations should be investigated.   

3. Only the rotational restraint at the plate edges is considered in the study.  The 

horizontal and vertical extensional restraints at the plate edges should be further 

integrated in the explicit solution. 

4. Local delamination buckling analysis of laminated composite beams using three 

joint deformation models is presented, and their extension to delamination 

buckling of laminated composite plates should be explored. 

5. Due to similar nature and analytical strategy between structural stability and 

dynamics, dynamics of delaminated composite beams could be treated in a similar 

fashion using the three joint deformation models.   
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Appendix A. Shear stress resultant due to a torque in open channel section 

 

The shear flow of an open channel beam (see the sectional geometry in Fig. A.1) 

caused by a torque Pz can be calculated from the equilibrium equations (see Fig. A.2).  
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Fig. A.1 Geometric parameters of open channel section 
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Fig. A.2 Shear flow in open channel section subjected to a torque Pz 
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For the calculation convenience, we separate the shear flow caused by torque in an 

open channel section into two parts 1q  and 2q (see Fig. A.2). The in-plane shear stress 

resultants (or shear flows) tf
xzN  in the top flange and w

xyN  in the web are hereby derived as 

an example.  

The equilibrium equations of vertical loads and moment in part 1q  are 
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Based on Eq. (A.2) and considering the parabolic distribution of the shear flow in the top 

flange (Fig. A.2 (a)), the in-plane shear stress resultant is expressed as 
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For a thin-walled structure, the shear flow (i.e., the shear stress resultant in this study) 

can be obtained from 

∫=
yAz

y ydA
I
S

q                                                     (A.4) 

Because in the web panel, the shear flow 1q (the constant flow on the web in Fig. A.2 

(a)), which is accumulated from 1
Bq , cannot be balanced in the vertical direction of the 

equilibrium equation (see Eq.(A.1)); thus 2q (see Fig. A.2 (b)) is added in order to 

maintain the equilibrium. In Fig. A.2 (b), a channel section under an equivalent vertical 
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shear load of wBbq1  is studied, and the applied shear load is used to balance the 

unequilibrium shear flow on the web in Fig. A.2 (a). 

 

At point B and generic local point 'z , the shear flows caused by the balancing shear 

load wBbq1  are,   
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Applying the superposition principle, the in-plane shear stress resultants in the flange 

caused by the torque are obtained as 
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The value of the in-plane shear stress resultant bf
xzN  in the bottom flange is the same 

as that of the top flange, but in the opposite direction. 

 

Similarly, for the in-plane shear stress resultant in the web panel wt
xyN , the shear flow 

of part 1q  and part 2q  at an arbitrary point are, respectively, 
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The total in-plane shear flow in the web panel caused by torque Pz then becomes  
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Appendix B. Compliance matrix in f flexible joint model 

Case (a) ±R1, ±R2, and ±R3 (Qiao and Wang 2004) 
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Case (b) ±R1 and ±R2 ± iR3 (Qiao and Wang 2004) 
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Case (c) Symmetry case ( DDD == 21 , CCC == 21 , BBB == 21 , hhh == 21 , and 

0=ξ ) 
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