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EXPLICIT BUCKLING ANALYSIS OF FIBER-REINFORCED PLASTIC (FRP)
COMPOSITE STRUCTURES
Abstract
by Luyang Shan, Ph.D.
Washington State University
May 2007
Chair: Pizhong Qiao

Explicit analyses of flexural-torsional buckling of open thin-walled FRP beams,
local buckling of rotationally restrained orthotropic composite plates subjected to biaxial
linear loading and associated applications of the explicit solution to predict the local
buckling strength of composite structures (i.e., FRP structural shapes and sandwich
cores), and delamination buckling of laminated composite beams are presented.

Based on nonlinear plate theory, of which the shear effect and beam bending-
twisting coupling are included, the buckling equilibrium equations of flexural-torsional
buckling of pultruded FRP composite I- and channel beams are established using the
second variational principle of total potential. The critical buckling loads for different
span lengths are measured through experiments and compared with analytical solutions
and numerical finite element results. A parametric study is conducted to evaluate the
effects of the load location, fiber orientation, and fiber volume fraction on the buckling
behavior.

The first variational formulation of the Ritz method is used to establish an

eigenvalue problem for local buckling of composite plates elastically restrained along



their four edges and subjected to a biaxial linear load, and the explicit solution in term of
rotational restraint stiffness is presented with a unique harmonic shape function. A
parametric study is conducted to evaluate the influences of the biaxial load ratio,
rotational restraint stiffness, aspect ratio, and flexural-orthotropy parameters on the local
buckling stress resultants of various rotationally-restrained plates. The applicability of
the explicit solutions of restrained composite plates is illustrated in the discrete plate
analysis of two types of composite structures: FRP structural shapes and sandwich cores.
The delamination buckling formulas are derived based on the rigid, semi-rigid, and
flexible joint deformation models according to three corresponding bi-layer beam
theories (i.e., conventional composite, shear-deformable bi-layer, and interface-
deformable bi-layer, respectively). Numerical simulation is carried out to validate the
accuracy of the formulas, and the parametric study of the shear effect is conducted to
demonstrate the improvement of flexible joint model. The explicit buckling solutions
developed facilitate design analysis and optimization of FRP composite structures and

provide simplified practical design equations and guidelines for buckling analyses.
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CHAPTER ONE

INTRODUCTION

1.1 Problem statement and research significance

1.1.1 Development of FRP composite structures

Polymeric composites are advanced engineering materials with the combination of
high-strength, high-stiffness fibers (e.g., E-glass, carbon, and aramid) and low-cost,
light weight, environmentally resistant matrices (e.g., polyester, vinylester, and epoxy
resins). The use of fiber-reinforced polymer or plastic (FRP) composite materials can
be traced back to the 1940s in the military and defense industry, particularly in
aerospace and naval applications. Because of their excellent properties (e.g.,
lightweight, noncorrosive, nonmagnetic, and nonconductive), composites can meet the
high performance requirements of space exploration and air travel, and for this reason,
composites were broadly used in the aerospace industry during the 1960s and 1970s
(Bakis et al. 2002). From the 1950s, composites have been increasingly used in civil
engineering for semi-permanent structures and rehabilitation of old buildings.
Extensive research, development, and application of FRP composites in construction
began in the 1980s and have lasted until today. A comprehensive review on FRP

composites for construction applications in civil engineering is given by Bakis et al.

(2002).



Structures made of FRP composites have been shown to provide efficient and
economical applications in bridges and piers, retaining walls, airport facilities, storage
structures exposed to salts and chemicals, and others (Qiao et al. 1999). In addition to
lightweight, noncorrosive, nonmagnetic, and nonconductive properties, FRP composites
exhibit excellent energy absorption characteristics -suitable for seismic response; high
strength, fatigue life, and durability; competitive costs based on load-capacity per unit
weight; and ease of handling, transportation, and installation. FRP materials offer the
inherent ability to alleviate or eliminate the following four construction related problems
adversely contributing to transportation deterioration worldwide (Head 1996): corrosion
of steel, high labor costs, energy consumption and environmental pollution, and
devastating effects of natural hazards such as earthquakes. A great need exists for new
materials and methods to repair and/or replace deteriorated structures at reasonable costs.

With the increasing demand for infrastructure renewal and the decreasing of cost for
composite manufacturing, FRP materials began to be extensively used in civil
infrastructure from the 1980s and continue to expand in recent years. Composite
structures using in civil engineering are usually in thin-walled configurations (Fig. 1.1),
and the fibers (e.g., carbon, glass, and aramid) are used to reinforce the polymer matrix
(e.g., epoxy, polyester, vinylester, and polyurethane). Fiber-reinforced polymer (FRP)
structural shapes in forms of beams, columns and deck panels are typical composite
structures commonly used in civil infrastructure (Davalos et al. 1996; Qiao et al. 1999
and 2000). FRP structural shapes are primarily made of E-glass fiber and either polyester

or vinylester resins. Their manufacturing processes include pultrusion, filament winding,
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vacuum-assisted resin transfer molding (VARTM), and hand lay-up etc; while the
pultrusion process (Fig. 1.2), a continuous manufacturing process capable of delivering
one to five feet per minute of prismatic thin-walled members, is the most prevalent one in
fabricating the FRP structural shapes due to its continuous and massive production

capabilities.

Fig. 1.1 Common FRP structural shapes in civil engineering

Attention has been focused on FRP shapes as alternative bridge deck materials,
because of their high specific stiffness and strength, corrosion resistance, lightweight, and
potential modular fabrication and installation that can lead to decreased field assembly

time and traffic routing costs. In 1986, the first highway bridge using composites
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reinforcing tendons in the world was built in Germany. The first all-composites
pedestrian bridge was installed in 1992 in Aberfeldy, Scotland. The first FRP reinforced
concrete bridge deck in the U.S. was built in 1996 at McKinleyville, WV, followed by

the first all-composite vehicular bridge as a sandwich deck built in Russell, Kansas in

1997.
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Fig. 1.2 Schematic diagram of pultrusion process

Most currently available commercial bridge decks are constructed using assemblies of
adhesively bonded FRP shapes. Such shapes can be economically produced in
continuous lengths by numerous manufacturers using well-established processing
methods. Secondary bonding operations of cellular section are best accomplished at the
manufacturing plant for maximum quality control. Design flexibility in this type of deck
is obtained by changing the constituents of the shapes (such as fiber fabrics and fiber

orientations) and, to a lesser extent, by changing the cross section of the shapes. Due to



the potentially high cost of pultrusion dies, however, variations in the cross section of

shapes are feasible only if sufficiently high production warrants the tooling investment.

1.1.2 Research significance

A critical obstacle to the widespread use and applications of FRP structures in civil
engineering is the lack of simplified and practical design guidelines. Unlike standard
materials (e.g., steel and concrete), FRP composites are typically orthotropic or
anisotropic, and their analyses are much more complex. For example, while changes in
the geometry of FRP shapes can be easily related to changes in stiffness, changes in the
material constituents do not lead to such obvious results. In addition, shear deformations
in FRP composite materials are usually significant, and therefore, the modeling of FRP
structural components should account for shear effects.

There are no codes and standards in structural design for FRP composites in civil
structural engineering (Head and Templeman 1990; Chambers 1997; and Composites
1998). In addition to the two manuals, Structural Plastic Design Manual (SPDM1984)
and Eurocomp Design Code and Handbook (EDCH 1996), design information for FRP
composite structural shapes has been developed mainly by the composites industry (e.g.,
Creative Pultrusions, and Strongwell) in product literature. However, the technical basis
for the product information is often proprietary (Turvey 1996) and may not be
independently verifiable. Such independent verifiability is essential, as liability concerns
prevent most structural engineers from utilizing a product if the basis for the technical

design data is unknown. For civil engineering applications, composites are then
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perceived as being less reliable than more conventional construction technologies, such
as steel, concrete, masonry, and wood, where the design methods, standards, and
supporting databases already exist.

Due to geometric (i.e., thin-walled shapes) and material (i.e., relatively low stiffness
of polymer and high fiber strength) properties, FRP composite structures usually undergo
large deformation and are vulnerable to global and local buckling before reaching the
material strength failure under service loads (Qiao et al. 1999). Due to the presence of
the delaminated area, which appears in laminated composite materials due to
manufacturing errors (e.g., imperfect curing process) or in service accidents (e.g., low
velocity impact), delamination buckling of laminated structures can reduce the designed
structure strength when it is subjected to compressive loading. Thus, structural stability
is one of the most likely modes of failure for thin-walled FRP and laminated composite
structures. Since buckling can lead to a catastrophic consequence, it must be taken into

account in design and analysis of FRP composite structures.

Because of the complexity of composite structures (e.g., material anisotropy and
unique geometric shapes), common analytical and design tools developed for members of
conventional materials cannot always be readily applied to composite structures. On the
other hand, numerical methods, such as finite elements, are often difficult to use, which
require specialized training, and are not always accessible to design engineers. Therefore,
to expand the applications of composite structures, an explicit engineering design
approach for FRP shapes should be developed. Such a design tool should allow

designers to perform stability analysis of customized shapes as well as to optimize
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innovative sections. To develop such explicit buckling solutions for several typical
stability analyses (i.e., flexural-torsional (global) buckling, local buckling, and

delamination buckling) of FRP composite structures is the main goal of this study.

1.2 Objectives and scope

The goal of this study aims at developing effective and accurate theoretical
approaches to derive explicit formulas for buckling analysis and design of Fiber-
reinforced Plastic (FRP) composite structures. The three main objectives of the study are
elaborated as follows.

The first objective of the study is to present a combined analytical and experimental
study for flexural-torsional buckling of pultruded FRP I- and open channel composite
beams:

(a) To develop the second variational approach of the Ritz method for lateral

(flexural-torsional) buckling analysis of FRP structural beams;

(b) To obtain the explicit flexural-torsional buckling solution of FRP I-beams;

(c) To obtain the explicit flexural-torsional buckling solution of FRP open channel

beams;

(d) To experimentally and numerically verify the analytical approach and solutions.

The second objective of the study is to conduct explicit local buckling analysis of
orthotropic rectangular plates which are fully elastically restrained along their four edges

and subjected to general linear biaxial in-plane loading and apply the explicit solution of
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orthotropic plates to predict the local buckling strength of different FRP composite
shapes based on discrete plate analysis:

(a) To develop the first variational approach of the Ritz method for local buckling
analysis of elastically restrained composite plates;

(b) To obtain the explicit local buckling solution of rectangular orthotropic composite
plates with various rotationally restrained edge boundary conditions and loading
conditions;

(c) To verify the explicit analytical solutions of restrained orthotropic plates with
transcendental solutions;

(d) To apply the explicit local buckling solutions of restrained orthotropic plates to
predict the local buckling strength of different FRP structural shapes;

(¢) To compare the local buckling solution of FRP structural shapes with

experimental data and numerical simulation.

The third objective of the study is to develop the delamination buckling solutions of
layered composite beams based on the rigid, semi-rigid, and flexible joint deformation
models:

(a) To present three joint deformation models (i.e., the rigid, semi-rigid, and flexible

joint models) based on three corresponding bi-layer beam theories of
conventional composite beams, shear deformable beams, and interface

deformable beams;



(b) To develop delamination buckling analysis and obtain the solutions based on three
joint deformation models;

(c) To verify the solutions with numerical finite element simulations;

(d) To compare the delamination buckling solutions among three joint deformation

models.

1.3 Organization

There are a total of seven chapters in this dissertation. Chapter One includes problem
statement, objectives and scope of work, and the organization of the dissertation.

A literature review on variational principle for stability analysis, flexural-torsional
buckling of FRP beams, local buckling of orthotropic rectangular plates and FRP
structural shapes and sandwich cores, and delamination buckling of laminated composite
structures is presented in Chapter Two.

In Chapter Three, a combined analytical and experimental study for the flexural-
torsional buckling of pultruded FRP composite I- and open channel beams is presented.
The total potential energy of the open section beams based on nonlinear plate theory is
derived, of which shear effect and beam bending-twisting coupling are included. The
buckling equilibrium equation is established using the second variational principle of
total potential energy and then solved by the Rayleigh-Ritz method. An experimental
study of three different geometries of respective FRP cantilever I- and open channel
beams is performed, and the critical buckling loads for different span lengths are

measured and compared with the analytical solutions and numerical finite element results.
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A parametric study is conducted to study the effects of the load location, fiber orientation
and fiber volume fraction on the global buckling behavior.

In Chapter Four, the first variational formulation of the Ritz method is used to
establish an eigenvalue problem for the local buckling behavior of composite plates
rotationally restrained (R) along their four edges (the RRRR plates) and subjected to
general biaxial linear compression, and the explicit solution in term of the rotational
restraint stiffness (k) is presented. Based on the different boundary and loading
conditions, the explicit local buckling solution for the rotationally restrained plates is
simplified to several special cases (e.g., the SSSS, SSCC, CCSS, CCCC, SSRR, RRSS,
CCRR, and RRCC plates) under biaxial compression (and further reduced to uniaxial
compression) with a combination of simply-supported (S), clamped (C), and/or restrained
(R) edge conditions. The deformation shape function is presented by using a unique
harmonic function in both the axes to account for the effect of elastic rotational restraint
stiffness (k) along the four edges of the orthotropic plate. A parametric study is
conducted to evaluate the influences of the loading ratio (), the rotational restraint
stiffness (k), the aspect ratio (y), and the flexural-orthotropy parameters (a.oz and for) on
the local buckling stress resultants of various rotationally-restrained plates, and design
plots with respect to these parameters are provided.

In Chapter Five, the approximate expressions of the rotational restraint stiffness (k)
for various common FRP sections are provided, and the application of local buckling
solution of rotationally restrained plates (Chapter Four) to local buckling analysis of FRP

structural shapes is illustrated using discrete plate analysis. The explicit local buckling
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formulas of rotationally restrained plates are applied to predict the local buckling of
various FRP shapes (i.e., thin-walled composite columns and honeycomb sandwich
cores) based on the discrete plate analysis. A design guideline for local buckling
prediction and related performance improvement is provided.

In Chapter Six, the delamination buckling analysis of laminated composite beams are
performed using the rigid, semi-rigid, and flexible joint deformation models according to
three corresponding bi-layer beam theories (i.e., conventional composite beam theory,
shear deformable bi-layer beam theory, and interface deformable bi-layer beam theory),
respectively. Numerical simulation is carried out to validate the accuracy of the solution,
and the parametric study of shear effect, material mismatch of two sub-layers, and the
influence of interface compliance on the analytical results is conducted to demonstrate
the evolution of the accuracy within three joint deformation models.

In the last chapter, major conclusions are summarized and suggestions for future

investigations are presented.
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CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

As stated in Chapter one, the goal of the study is to conduct the stability analysis of
FRP composite structures. The stability analyses considered in this study consist of three
parts: flexural-torsional (global) buckling of FRP I- and C- section beams; local buckling
of composite rectangular plates and FRP structural shapes; delamination buckling of
laminated composite beams. Many researchers have conducted different studies in these
three areas, and it is necessary to present their work chronically and point out the
uniqueness of study. In this vein, Section 2.2 reviews the background of the variational
principle, which forms the theoretical foundation for obtaining approximate solutions to
structural stability of FRP shapes. Section 2.3 reviews the previous work on flexural-
torsional buckling of composite I- and C- section beams. Section 2.4 presents the work
on the local buckling analysis of the composite rectangular plates and FRP shapes.
Section 2.5 summarizes the work in the area of delamination buckling of laminated

composite structures.

2.2 Variational principle for stability analysis

Variational principle as a viable method is often used to develop analytical solutions
for stability of composite structures. Variational and energy methods are the most

effective ways to analyze stability of conservative systems. Accurate yet simple
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approximation of critical loads can be obtained with the concept of energy approach by
choosing adaptable buckling deformation shape functions. The first variation of total
potential energy equaling zero (the minimum of the potential energy) represents the
equilibrium condition of structural systems; while the positive definition of the second

variation of total potential energy demonstrates that the equilibrium is stable.

The versatile and powerful variational total potential energy method has been used in
many studies for stability analysis of structural systems made of different materials. Since
Timoshenko derived the classical energy equation (Timoshenko and Gere 1961) in 1934,
there are so many researches on stability analysis of isotropic thin-walled structures using
variational principles. With energy equations, Roberts (1981) derived the expressions for
the second order strains in thin walled bars and used them in stability analysis. Bradford
and Trahair (1981) developed energy methods by nonlinear elastic theory for lateral
distortional buckling of I-beams under end moments. Later, Bradford (1992) analyzed
the buckling of a cantilever I-beam subjected to a concentrated force. Ma and Hughes
(1996) derived the nonlinear total potential energy equations to analyze the lateral
buckling behavior of monosymmetric I-beams subjected to distributed vertical load and
point load with full allowance for distortion of the web, respectively. Smith et al. (2000)
utilized variational formulation of the Ritz method to determine the plate local buckling
coefficients. The aforementioned studies only represent a small portion of research on
stability analysis using variational principles with respect to traditional structures made of

isotropic materials (e.g., steel).
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Due to anisotropy and versatile shapes of FRP composite structures, the analysis of
structural stability is relatively complex and computationally expensive compared to the
one used for conventional isotropic structures. Because of the vulnerability of thin-
walled FRP structures to buckling, stability analysis is even more critical and demanding.
A need exists to develop explicit analytical solutions for structural stability design of FRP
composite shapes. The variational total potential energy principles provide a powerful
and efficient tool to obtain the analytical solutions for stability of composite structures
and can be used as a vehicle to develop explicit and simplified design equations for
buckling of FRP shapes. In the following, the literatures related to stability analysis of

composite structures are reviewed.

2.3 Flexural-torsional buckling

A long slender beam under bending about the strong axis may buckle by a combined
twisting and lateral (sideways) bending of the cross section. This phenomenon is known
as flexural-torsional (lateral) buckling. For the long span FRP shapes, flexural-torsional
(lateral) buckling is more likely to occur than local buckling, and the second variational

total potential energy method is often used to develop the analytical solutions.

Clark and Hill (1960) performed a summary of the research conducted before the
computer era in their renowned paper, which was intended as background material for the
design of beams whose strength is controlled by lateral-torsional buckling. Hancock

(1978, 1981), Roberts (1981), Roberts and Jhita (1983), Ma and Hughes (1996)

14



conducted numerous analytical and theoretical investigations for the flexural-torsional
(lateral) buckling of steel beams, of which the material is homogeneous and isotropic. In
the following, several analytical and experimental evaluations of lateral buckling of FRP
structural shapes, i.e., I- and C-sections, of which the material is homogeneous and

orthotropic, have been reviewed.
2.3.1 I-sections

Mottram (1992) investigated the flexural-torsional buckling behavior of pultruded E-
glass FRP I-beams experimentally, and the observed results are compared well with
numerical prediction using a finite-difference method. In his study, he emphasized that
there is a potential danger in analysis and design of FRP beams without including shear
deformation. Barbero and Tomblin (1993) experimentally investigated the Euler
buckling of FRP composite columns. Based on the energy consideration and variational
principle, Barbero and Raftoyiannis (1994) extended the formulation of Roberts and Jhita
(1983) to study the lateral and distortional buckling of simply-supported composite FRP
I-beams under central concentrated loads. With the use of Galerkin method to solve the
equilibrium differential equation, Pandey et al. (1995) presented a theoretical formulation
for flexure-torsional buckling of thin-walled composite I-section beams with the purpose
of optimizing the fiber orientation, and simplified formulas for several different loading
and boundary conditions were developed. Brooks and Turvey (1995) and Turvey (1996a;
b) carried out a series of lateral buckling tests on small-scale pultruded E-glass FRP

beams; the effects of load position on the lateral buckling response of FRP I-sections
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were investigated, and the results were correlated with the approximate formula
developed by Nethercot and Rockey (1971) and finite element eigenvalue analysis.
Sherbourne and Kabir (1995) studied the shear effect in the lateral stability of thin-
walled fibrous composite beams. Utilizing the assumed stress functions, Murakami and
Yamakawa (1996) developed the approximate lateral buckling solutions for anisotropic
beams. Using a seven-degree-of-freedom element, Lin et al. (1996) performed a
parametric study of optimal fiber direction for improving the lateral buckling response of
pultruded I-beams. Davalos et al. (1997) presented a comprehensive experimental and
analytical approach to study flexural-torsional buckling behavior of full-size pultruded
fiber-reinforced plastic (FRP) I-beams. The analysis is based on energy principle, and
the total potential energy equations for the instability of FRP I-beams are derived using
nonlinear elastic theory. The equilibrium equation is then solved by the Rayleigh-Ritz
method, and the simplified engineering equations for predicting the critical flexural-
torsional buckling loads are formulated. In their study, the stability equilibrium equation
of the system was established based on vanishing of the second variation of the total
potential energy; they used plate theory to allow for distortion of cross sections, and the
beam shear and bending-twisting coupling effects were included in the analysis. Davalos
and Qiao (1997) further studied the flexural-torsional and lateral-distortional buckling of
composite FRP I-beams both experimentally and analytically; but in their studies, only
simply-supported beams loaded with mid-span concentrated loads were studied. Kabir
and Sherbourne (1998) studied the lateral-torsional buckling of I-section composite

beams, and the transverse shear strain effect on the lateral buckling was investigated.
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Johnson and Shield (1998) studied the lateral-torsional buckling of the doubly symmetric
I-section composite beams. Fraternal and Feo (2000) developed a finite element method
based on moderate rotation theory for the simulation of thin-walled composite beams.
Lee and Kim (2001) developed a displacement-based one-dimensional finite element
model for flexural-torsional buckling of composite I-beams. The model was capable of
predicting accurate buckling loads and modes for various configurations. Kollar (2001a)
modified the Vlasov's classical theory to include both the transverse (flexural) shear and
the restrained warping induced shear deformations, from which the stability analysis of
axially loaded, thin-walled open section, orthotropic composite columns is performed.
With the similarity between the buckling and vibration problems, Kollar (2001b) studied
the flexural-torsional vibration of open section composite beams with shear deformation.
Sapkas and Kollar (2002) presents the stability analysis of simply supported and
cantilever, thin walled, I- section, orthotropic composite beams subjected to concentrated
end moments, concentrated forces, or uniformly distributed load. Qiao and Zou (2002)
studied the free vibration of the fiber-reinforced plastic composite cantilever I-beams

using the Vlasov’s thin-walled beam theory.

Based on the governing energy equations and full section member properties, Roberts
(2002) performed theoretical studies of the influence of shear deformation on the flexural,
torsional, and lateral buckling of pultruded fiber reinforced plastic (FRP) I-profiles.
Based on full section and coupon tests, Roberts and Masri (2003) further experimentally
determined the flexural and torsional properties of pultruded FRP profiles. The

experiment results for a range of I-profiles indicated that the transverse shear moduli,
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determined from full section three point bending tests, are influenced significantly by
localized deformation at the supports, and the closed form solutions for the influence of
shear deformation on global flexural-torsional and lateral buckling of pultruded FRP
profiles were developed in their study. With the second variational method, Qiao et al.
(2003) presented a combined analytical and experimental study of flexural-torsional
buckling of pultruded FRP cantilever I-beams. In their study, the shear effect and
bending-twisting coupling is considered, and three different types of buckling mode
shape functions of transcendental function, polynomial function, and half simply
supported beam function are put forward to obtain the eigenvalue solution. Lee and Lee
(2004) presented a flexural-torsional analysis of I-section laminated composite beams.
Based on the classical lamination theory, a general analytical model applicable to thin-
walled I-section composite beams subjected to vertical and torsional load was developed
in their study, and the model accounts for the coupling of flexural and torsional responses
for arbitrary laminate stacking sequence configuration.

Most recently, Sirjani and Razzaq (2005) presented the experimental results and
theoretical study of I-section fiber-reinforced plastic (FRP) beams subjected to a
gradually increasing mid-span load which is applied about the beam major axis from the
compression flange side through a point below the shear center. Based on a non-linear
model taking into account flexural-torsional couplings, Mohri and Potier-Ferry (2006)
derived a closed form analytical solutions for lateral buckling of simply supported
isotropic I-section beams under some representative load cases, and it accounted for the

factors of bending distribution, load height application and pre-buckling deflections.
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2.3.2 Open channel sections

Even though substantial research on the flexural-torsional buckling of the FRP I-
beams has been reported in the literature, there is no detailed study available on buckling
of FRP open channel beams. Since some thin-walled shapes are slender with open-
section configuration, the structures only have one or no axis of symmetry and relatively
low torsional stiffness. The study for open section beams is relatively complex due to the

coupling of torsion and bending.

Rehfield and Atlgan (1989) presented the buckling equations for uniaxially loaded
composite open-section members, which included shear effects. Based on an
experimental and theoretical study of the behavior of pultruded FRP channel section
beams under the influence of gradually increasing static loads, Razzaq et al. (1996)
presented a load and resistance factor design (LRFD) approach for lateral-torsional
buckling. Single-span members with several loading locations and various spans were
tested, and the relationship between the lateral-torsional buckling load and the minor axis
slenderness ratio was established. Using these test results, they proposed an elastic
buckling load formula for analysis and design of channel FRP beams. Loughlan and Ata
(1995, 1997) investigated the torsional response of open section composite beams. Kabir
and Sherbourne (1998) proposed an analytical solution for predicting the lateral buckling

capacity of composite channel-section beams using Vlasov’s thin-walled beam theory.

Based on the classical lamination theory and Vlasov’s thin-walled beam theory for
channel bars, Lee and Kim (2002) parametrically studied the lateral buckling analysis of

a laminated composite beam with channel section under various configurations, and the
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material coupling for arbitrary laminate stacking sequence configuration and various
boundary conditions are accounted for in their study; however, the shear strain of the
middle surface in the laminate elements was not considered. Machado and Cortinez
(2005) developed a geometrically non-linear theory for thin-walled composite beams for
both open and closed cross-sections to numerically investigate the flexural-torsional and
lateral buckling and post-buckling behavior of simply supported beams, and they pointed
out the influence of shear—deformation for different laminate stacking sequence and the
pre-buckling deflections effect on buckling loads. Shan and Qiao (2005) investigated the
flexural-torsional buckling of FRP open channel beams using the second variational total

potential energy method.

The available analytical solutions for buckling of open channel beams were primarily
developed from Vlasov’s thin-walled beam theory, and there were not many experimental
and numerical validations of their approaches. The analytical solution of the flexural-
torsional buckling of open channel beams are derived in this study, and the results are

compared with the experimental studies and numerical simulation.

2.4 Local buckling

For short span FRP composite structures (e.g., plates and beams), local buckling is
more likely to occur and finally leads to large deformation or material crippling. A
number of researchers presented studies on local buckling analysis on composite plates

and FRP shapes. Turvey and Marshall (1995) presented an extensive review of the
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research on composite plate buckling behavior. Qiao et al. (2001) reviewed and studied

the applications of discrete plate analysis for local buckling of FRP shapes.

Several analytical efforts were made to develop explicit analyses of local buckling of
orthotropic composite plates with various boundaries and loading conditions. Libove
(1983) studied the buckled pattern of simply supported orthotropic rectangular plates
under biaxial compression. Brunelle and Oyibo (1983) used the first variational of total
energy method to develop the generic buckling curves for special orthotropic rectangular
plates. Tung and Surdenas (1987) investigated the buckling of rectangular orthotropic
plates with simply supported boundary condition under biaxial loading. Durban (1988)
studied the stability problem of a biaxially loaded rectangular plate within the framework
of small strain plasticity. Bank and Yin (1996) presented the solutions and parametric
studies for the buckling of rectangular plates subjected to uniform uniaxial compression
with simply supported boundary condition along the loaded edges and one edge being
free and the other edge being elastically restrained against rotation along the two
unloaded edges. Based on the standard linear buckling equations and material behavior
modeled by the small strain J, flow and deformation theories of plasticity, Durban and
Zuckerman (1999) analyzed the elastoplastic buckling of a rectangular plate, with various
boundary conditions, under uniform compression combined with uniform tension (or
compression) in the perpendicular direction. Veres and Kollar (2001) presented the
approximate closed-form formulas for local buckling of orthotropic plates with clamped
and/or simply supported edges and subjected to biaxial normal forces. By modeling the

flanges and webs individually and considering the flexibility of the flange-web
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connections, Qiao et al. (2001) obtained the critical buckling stress resultants and critical
numbers of buckled waves over the plate aspect ratio for two common cases of composite
plates with different boundary conditions. By observing the solutions of composite plates
with either simply supported or fully clamped (built-in) unloaded edges, Kollar (2002a)
proposed an empirical solution for local buckling of unidirectionally loaded orthotropic
plates with rotationally restrained unloaded edges. Later, Kollar (2002b) used a similar
approach to develop the closed-form solutions for buckling of unidirectionally loaded
orthotropic plates with either clamped-free (CF) or rotationally restrained-free (RF)
unloaded edges. By applying a variational formulation of the Ritz method to establish an
eigenvalue problem, Qiao and Zou (2002) developed the explicit solution for buckling of
composite plates with elastic restraints at two unloaded edges (RR) and subjected to
nonuniformed in-plane axial action. By considering the combined shape functions of
simply-supported and clamped unloaded edges, Qiao and Zou (2003) uniquely presented
the explicit approximate closed-form solution for buckling of composite plates with
elastically restrained and free unloaded edges (RF). Wang et al. (2005) presented the
local buckling solution of simply supported rectangular plates under biaxial loading. By
using the higher-order shear deformation theory and a special displacement function, Ni
et al. (2005) presented a buckling analysis for a rectangular laminated composite plate
with arbitrary edge supports subjected to biaxial compression loading. Qiao and Shan
(2005) formulated the explicit local buckling solutions of composite plates with the
elastic restraints along the unloaded edges and developed the generic formulas for the

rotational restraint stiffness (k) of different FRP shapes, which were applied to predict the
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local buckling load of different FRP shapes. Qiao and Shan (2007) further expanded the
local buckling solution of the composite plates with the boundary conditions of fully

elastically restrained along their four edges and subjected to bi-axial loading.

Similar to the local buckling problems, the vibration behavior of the restrained
composite plates was studied in the literature. Hung et al. (1993a, b) investigated the
effects of boundary constraints on the vibration characteristics of symmetrically
laminated rectangular plates. By using the Ritz method with a variational formulation
and Mindlin plate theory, Xiang et al. (1997) studied the problem of free vibration of a
moderately thick rectangular plate with edges elastically restrained against transverse and
rotational deformation. The same method was used to analyze the free vibration of
symmetric cross-ply laminated plates with elastically restrained edges (Liew et al. 1997),
and the elastic edge flexibilities were considered by simultaneously using both the linear
elastic rotational and translational supports. Gorman (2000) employed the superposition
method to obtain buckling loads and free vibration frequencies for a family of elastically
supported rectangular plates subjected to unidirectionally uniform in-plane loading and
tabulated the buckling loads for a fairly broad range of plate geometries and edge support
stiffness.

Gibson and Ashby (1988), Papka and Kyriakides (1994), Masters and Evans (1996),
Zhu and Mills (2000), El-Sayed and Sridharan (2002) studied the local buckling behavior
of core walls of sandwich structures under the compression between the two facesheets,
which are equivalent to the case of the orthotropic composite plates under in-plane

compression with various boundary conditions along the two loaded edges. By the
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assumption that the two boundaries along the face sheet-core interfaces as rigidly
restrained while the other two edges of the core wall perpendicular to the facesheets as
simply-supported, Zhang and Ashby (1992) predicted the buckling strength of the
sandwich cores. Their solution was later applied by Lee et al. (2002) to study the
behavior of honeycomb composite cores at elevated temperature. Both of these studies
assumed a completely rigid connection at the face sheet-core interface, and the
orthotropic plate was modeled as clamped along the two loaded edges and simply-
supported along the other two unloaded edges, which is seldom the case in practice. The
partial restraint offered by the face sheet-core interface has a pronounced effect on the
local buckling response of composite sandwich panels under out-of-plane compression
and should be considered in the buckling analysis.

By using the discrete plate analysis technique, the flat core walls of sandwich
structures can be modeled as an orthotropic plate (SSRR plate) rotationally restrained
along the two loaded edges (namely the top and bottom facesheets) and simply-supported
along the other unloaded edges at the periodic lines of unit cell core. Using the unique
out-of-plane deformation shape functions of combined harmonics and polynomials, Shan
and Qiao (2007) obtained the explicit local buckling equations of rotationally restrained
orthotropic plates and validated the results with exact transcendental solutions. The
solution of a simplified case (SSRR plate) is used to predict the local buckling load of
sandwich structures under the compression between the two facesheets, and the results
match well with the numerical simulation and experimental study conducted by Chen
(2004).
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In addition to the local buckling analysis of the composite plates, several analytical
efforts were made to develop explicit solutions of local buckling of FRP columns and
beams. Lee (1978) presented an exact analysis and an approximate energy method using
simplified deflections for the local buckling of orthotropic structural sections, and the
minimum buckling coefficient was expressed as a function of the flange-web ratio. Later,
Lee (1979) extended the solution to include the local buckling of orthotropic sections
with various loaded boundary conditions. Lee and Hewson (1978) investigated the local
buckling of orthotropic thin-walled columns made of unidirectional FRP composites.
Based on energy considerations, Roberts and Jhita (1983) presented a theoretical study of
the elastic buckling modes of I-section beams under various loading conditions that could
be used to predict local and global buckling modes. Barbero and Raftoyiannis (1993)
used variational principle (Rayleigh-Ritz method) to develop analytical solutions for
critical buckling load as well as the buckling mode under axial and shear loading of FRP
I- and box beams. Kollar (2003) illustrated the local buckling analysis of FRP beams and
columns using the discrete plate analysis and applying the empirical formulas of buckling
of orthotropic plates. Mottram (2004) reviewed and discussed the determination of

flange critical local buckling load for pultruded FRP I-section columns.

The explicit local buckling solutions are derived for a general orthotropic composite
rectangular plate with elastically restrained along its four edges and subjected to bi-axial
loading in this study. The general solution is further simplified to several simplified

cases and applied to predict the local buckling load of FRP shapes, i.e., FRP columns and
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sandwich cores, with the aid of discrete plate analysis. Numerical simulation and

parametric study are conducted to validate the analytical results.

2.5 Delamination buckling

Delamination appears in laminated composite materials due to manufacturing errors
(e.g., imperfect curing process) or in-service accident (e.g., low velocity impact). Due to
the presence of delaminated area, the designed buckling strength of the laminated
structures can be reduced when it is subjected to the compressive loading. Thus, as a
major failure mode in the laminated composite structures, the delamination buckling has
been extensively studied in the literature.

Various researches have been attempted to model and analyze the delamination
buckling problem of beam- or plate-type composite structures. Including the bending-
extension coupling, Yin (1958) derived general formulae for thin-film strips and mid-
plane symmetric delaminations in composite laminates and studied the effects of
laminated structure on delamination buckling and growth. Chai et al. (1981) conducted
one-dimensional buckling analysis of single delaminated composite laminate plates.
Later, Chai (1982) developed one of the first analytical delamination models by
characterizing the delamination in homogeneous, isotropic plates using a thin-film model,
and extended this approach to a general bending case which included the bending of a
thick base laminate. Bottega and Maewal (1983) developed an analytical model based on
asymptotic analysis of postbuckling behavior for a symmetric two-layer isotropic circular

plate. Simitses et al. (1985) studied the effect of delamination under axial loading for the
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homogeneous laminated plates. Chai and Babcock (1985) developed a two dimensional
model of the compressive failure in delaminated laminates. Yin et al. (1986) conducted
the research on the ultimate axial load capacity of a delaminated beam. Tracy and
Pardoen (1988) studied the effect of delamination on the flexural stiffness of laminated
beams; but their analytical solution did not include the influence of bending extension
coupling on delamination buckling. They tested specimens manufactured with a
delamination at the mid-plane and concluded that the delamination did not degrade much
the stiffness of the laminates, due to the nature of delamination at the neutral axis. As
observed in glulam-FRP beam tests conducted by Kim (1995), if the delamination was
placed near the top surface of a beam, delamination buckling is likely to occur.
Kardomateas and Shmueser (1987; 1988) used a perturbation technique to analyze the
buckling and postbuckling responses of a one-dimensional (1D) orthotropic
homogeneous elastic beam with a through-width delamination. They considered the
influence of the transverse shear on the buckling load and the postbuckling response of
composites by using the classical buckling equations and shear effect correction terms.
Chen and Li (1990a; b) performed the theoretical and experimental studies on buckling
characteristics of composite laminates with rectangular, elliptic or belt-shape surface
delamination, and the stretching-shearing coupling and bending-twisting coupling effects
were considered in their study. Based on a variational energy approach, Chen (1991)
formulated the same problem as Kardomateas and Shmueser (1988). According to the
results in Chen (1991), inclusion of the shear deformation effect reduced the

overestimation of the buckling and ultimate load capacity of delaminated composite

27



plates. Later, Chen (1993; 1994) used a large deflection and shear deformation theory to
derive the closed form expressions for the critical buckling load and post-buckling
deflection of asymmetric laminates with clamped edges.

Sheinman and Soffer (1991) analyzed the nonlinear post-buckling behavior of a
composite delaminated beam under axial loading. Peck and Springer (1991) investigated
the behavior of elliptical sub-laminates created by delaminations in composite plates that
are subjected to in-plane compressive, shear and thermal loads. Somer et al. (1991)
developed a theoretical model based on the earlier work of Chai et al. (1981) to study the
local buckling of delaminated sandwich beams, and presented a method of continuous
analysis to predict the local delamination buckling load of the face sheet of sandwich
beams. Yin and Jane (1992a; b) conducted the buckling and post-buckling analysis of
laminates with elliptic anisotropic delamination and pointed out the lowest order in
Rayleigh-Ritz method to obtain force, moment and energy release rate with adequate
precision. Lim and Parsons (1992) used the Rayleigh-Ritz method to analyze the
buckling behavior of multiple delaminated beams. Suemasu (1993) investigated the
compressive buckling of composite panels having through-width, equally spaced multiple
delaminations. Shu and Mai (1993) performed the buckling analysis of a delaminated
beam with the fiber bridging effect. Reddy et al. (1989) developed a generalized
laminate plate theory (GLPT) and implemented the theory to account for multiple
delaminations between layers. Based on GLPT, Lee et al. (1993) developed a
displacement-based, one-dimensional finite-element model to predict critical loads and

corresponding buckling modes for a multiple delaminated composite with arbitrary
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boundary conditions. Yeh and Tan (1994) studied the buckling of laminated plates with
elliptic delamination. Adan et al. (1994) developed an analytical model for buckling of
multiple delaminated composite under cylindrical bending and studied their interactive
effects. Kyoung and Kim (1995) used the variational principle to calculate the buckling
load and delamination growth of an axially loaded beam-plate with an asymmetric
delamination (with respect to the center-span of the beam-plate). They evaluated the
effects of the shear deformation and other geometric parameters on the buckling strength
and delamination growth of composite plates. Kutlu and Chang (1995a; b) investigated
the compression response of laminated composite panels containing multiple through-
the-width delaminations by both nonlinear finite element method and experiments. Lee
et al. (1996) presented a one-dimensional finite element buckling and post-buckling
analysis of cylindrically orthotropic circular plates containing single and multiple
delaminations. Kim et al. (1997) developed an analytical solution for predicting
delamination buckling and growth of a thin fiber-reinforced plastic (FRP) layer in
laminated wood beams under bending. Cheng et al. (1997) presented a method of
continuous analysis for predicting the local delamination buckling load of the face sheet
of sandwich beams. The effect of transverse normal and shear resistance from the core is
accounted for, and the analytical procedure allowed direct determination of the buckling
load by considering the entire region without separating it into regions with and without
delaminations.

Moradi and Taheri (1997) applied the differential quadrature technique to the

delamination buckling of the laminated plate using the classical plate theory. The
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accuracy and efficiency of the differential quadrature method (DQM) in calculating the
buckling loads was reconfirmed by their results. Later, Moradi and Taheri (1999)
extended Chen (1991)’s work and applied the differential quadrature method (DQM) for
the buckling analysis of one-dimensional (1D) general orthotropic composite laminated
rectangular beam-plates which have a interlaminar delamination positioned in an
arbitrary plane through its thickness and length. The transverse shear deformation, the
bending-extension coupling, the type of composites and fiber orientation, the length, the
transverse and longitudinal position of the delamination area were considered in their
investigation. Shu (1998) identified free mode’ and constrained mode’ of buckling for a
beam with multiple delaminations by an exact solution. Kyoung et al. (1998) studied the
buckling and post-buckling analysis of single and multiple delaminated orthotropic
beams by nonlinear finite element analysis. Haiying and Kardomateas (1998) used a
non-linear beam theory to study the multiple delaminations of orthotropic beams. Zhang
and Yu (1999) analyzed delamination growth driven by the local buckling of laminate
plates. Li and Zhou (2000) presented the buckling analysis of delaminated beams based
on the high-order shear deformation theory. Sekine et al. (2000) investigated the
buckling analysis of elliptically delaminated composite laminates by taking into account
of partial closure of delamination. Yu and Hutchinson (2002) analyzed a straight-sided
delamination buckling with a focus on the effects of substrate compliance. Shu and
Parlapalli (2004) developed a one-dimensional mathematical model using Bernoulli—
Euler beam theory to analyze the buckling behavior of a two-layered beam with single

asymmetric delamination for simple supported and clamped boundary conditions. Li et
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al. (2005) developed the strip transfer function method based on Mindlin’s first-order
shear deformation theory to investigate the buckling of a delaminated plate, and the
influence of length, depth and position of the delamination, the boundary condition, and
the ply angle of the material on the buckling load is analyzed. Parlapalli et al. (2006)
introduced nondimensionalized parameters named nondimensionalized axial and bending
stiffnesses to study the buckling behavior of bi-layer beams with separated delaminations.

Though significant studies were conducted in the delamination buckling of laminated
composite structures, the effect of the delamination tip deformation is usually not
included. In this study, delamination buckling formulas of laminated composite beams
are derived based on the three joint models (i.e., the rigid, semi-rigid, and flexible joint
models, respectively). The three joint deformation models are established on three
corresponding bi-layer beam theories (i.e., conventional composite beam theory, shear-
deformable beam theory, and interface-deformable beam theory, respectively) presented
by Qiao and Wang (2005). Numerical simulation is carried out to validate the accuracy
of the formulas, and a parametric study of the shear effect and material mismatch of two
sub-layers in the bi-layer composite beam is conducted to compare the buckling analysis

results from three different joint deformation models.
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CHAPTER THREE
FLEXURAL-TORSIONAL BUCKLING OF FRP I- AND CHANNEL SECTION

COMPOSITE BEAMS

3.1 Introduction

In this chapter, the flexural-torsional buckling of pultruded FRP composite I- and
channel section cantilever beams which are subjected to a tip load at the end of the beams
is analyzed using the second variational total potential energy principle and Rayleigh-
Ritz method (Qiao et al. 2003; Shan and Qiao 2005). The total potential energy of FRP
shapes based on nonlinear plate theory is derived, which includes shear effect and
bending-twisting coupling. An experimental study of three different geometries of FRP
cantilever I- and channel section beams is performed, and the critical buckling load for
different span lengths are measured and compared with the analytical solutions and
numerical finite element results. A parametric study is conducted to evaluate the effects

of the load location, fiber orientation and fiber volume fraction on the buckling behavior.

3.2 Theoretical background: variational principles

Variational and energy methods are the most effective ways to analyze stability of
conservative systems. Accurate yet simple approximation of critical loads can be
obtained with the concept of energy approach by choosing adaptable buckling
deformation shape functions. The first variation of total potential energy equaling zero

(the minimum of the potential energy) represents the equilibrium condition of structural
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systems; while the positive definition of the second variation of total potential energy

demonstrates that the equilibrium is stable.

The total potential energy (I1) of a system is the sum of the strain energy (U ) and
the work (#) done by the external loads, and it is expressed as

[=u+w (3.1)

where W = —ZPiql. ;and U =U(¢g;). Thus, the total potential energy is expressed as
M=-3 Pq,+U(s,) (3.2)

.gijdV.

. . . . 1
For linear elastic problems, the strain energy is given as U = 5_[0'1.1
V

For a structure in an equilibrium state, the total potential energy attains a stationary
value when the first variation of the total potential energy (oIl ) is zero. Then, the

condition for the state of equilibrium is expressed as

oM ==Y Pdq, + [0,56,dV =0 (3.3)
4

The structure is in a stable equilibrium state if, and only if, the value of the potential
energy is a relative minimum. It is possible to infer whether a stationary value of a
functional IT is a maximum or a minimum by observing the sign of §°I1. If §°IT s
positive definite, IT is a minimum. Thus, the condition for the state of stability is

characterized by the inequality

ST ==3 P&’q, + [(0,6%¢, +50,06,)dV >0 (3.4)
Vv
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Eq. (3.4) is based on the second Gateaux variation (Sagan 1969) which states that the

second variation of /[y] at y = yy is expressed as
d2
5*1[h)= D+ thl, (3.5)

Because g, is usually being expressed as linear functions of displacement variables,

& g, in Eq. (3.4) vanishes. Therefore, the critical condition for stability analysis becomes

S =6U = j(a,.jazg,.j +80,0¢,)dV =0 (3.6)
V

In this study, the first variation of total potential energy (Eq. (3.3)) corresponding to
the equilibrium state of the structure is employed to establish the eigenvalue problem for
local buckling of discrete laminated plates in FRP structures (see Chapter Four); while
the second variation of total potential energy (Eq. (3.6)) representing the stability state of
the system is applied to derive the eigenvalue solution for flexural-torsional (global)
buckling of FRP beams.

The second variational total potential energy method is hereby applied to analyze the
global buckling of FRP composite structures. Based on the Rayleigh-Ritz method, the
eigenvalue equation of global buckling is solved. In this section, the flexural-torsional
(global) buckling of pultruded FRP composite I- and channel section beams (Fig. 3.1) is
analyzed. The total potential energy of FRP shapes based on nonlinear plate theory is

derived, of which the shear effect and beam bending-twisting coupling are included.
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Fig. 3.1 I- and Channel section composite beams

3.3 Formulation of the second variational problem for flexural-torsional buckling of

thin-walled FRP beams

For a thin-wall panel in the xy-plane, the in-plane finite strains of the mid-surface

considering the nonlinear terms are given by Malvern (1969) as

ou 1 (é’u]z (6\))2 (ﬁwjz
e,=—+—||— | +|—| +| —
ox 2|\ ox ox ox

ov 1|(ou : ov ’ ow ]
e, =—+—||—| +|—| +|—
S ooy 2\ oy oy oy

ou Ov Oudu Ovov oOwow

Vo = 0t -t A T A A
© 0y Ox Ox0Oy OxOy Ox Oy

The curvatures of the mid-plane are defined as

o'w o’w o’w
K, = 2 K, = 2 Ky = 2
Ox oy Ox0y

35

(3.7)

(3.8)



For a laminate in the xy-plane, the mid-surface in-plane strains and curvatures are
expressed in terms of the compliance coefficients and panel resultant forces as (Jones
1999)

! a, a, ag P Bn P *

& N
Y a, Ay A P Bn P Y

Vs Ay Ay A Pis P P ny

= (3.92)
K, Bun Bn Bs 6, O O M.
K, B Bn Px 6, 0, Oy My
P _ﬂlG B Bes O Oy O 1N

or the panel resultant forces are expressed in term of the stiffness coefficients and mid-

plane strains and curvatures as

N _An 4, 4g B, B, B 1%
N, A, Ay Ay B, By By &
N, _ A Ay Ay By By By |7y (3.9b)
Mx Bll BIZ Blﬁ D11 D12 D16 K.
M, B, By By D, Dy Dy K,
M, | Bis By Bg D¢ Dy D | K,

Most pultruded FRP sections consist of symmetric laminated panels (e.g., web and

flange) leading to no stretching-bending coupling ( B, = 0). Also, the off-axis plies of the

pultruded panels are usually balanced symmetric (no extension-shear and bending-
twisting coupling, o, = a,, = 5, = 0, = 0). The material of laminated panels in

pultruded sections is thus orthotropic, and their mechanical properties can be obtained
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either from experimental coupon tests or theoretical prediction using
micro/macromechanics models (Davalos et al. 1996).

The second variation of the total potential energy of the flanges is derived in two

parts. The first part, 5°U; , which is due to the axial displacement and bending about the
major axis, is derived using the simple beam theory; while the second part, 6°U Z , which

is due to the twisting and bending about the minor axis, is derived using the nonlinear
plate theory. In this study, the flange panels (either top or bottom) are modeled as a beam
bending around its strong axis and at the same time as a plate bending and twisting

around its minor axis.

Ywn
Y
T
- XU
(a)
r Z Wy
Yww
(c)
(17 XUw)
ZWw)
L (b)

Fig. 3.2 Coordinate system in individual panels of thin-walled beams
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First, considering the top flange of either I- or C-section shown in Fig 3.2(a) as a
beam under the pure bending about its strong axis (N’=N" =M"=M" = 0) and using
the beam theory, the axial and bending (about the major axis) stress resultants of the

flange are denoted by N and M” (Fig. 3.3), respectively.

Yy

Fig. 3.3 Moments on the top flange

Then, the second variation of the total potential energy due to the top flange bending

laterally as a beam can be written as
S°UY = [(N!8%! +ON! 5el + M6 k! + M Lok )dx (3.10)

The strain displacement field is

, ou” 1(ow’ ’
“r T Ox +5 Ox (3.11a)
2.4
K’ = aa;”z (3.11b)
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Considering Eq. (3.10) and neglecting the third-order terms, the second variation of

the total strain energy of the top flange is simplified as

7\ 7\ 2o \?
s*Uy =ij;"(6? J dxdz +I{Af(%j +D};(a ow J }dx (3.12)

X X ox®

Here the simplified forms of the stress resultants are expressed as

b

A

NY =b—x5f ;. M =Dk’ (3.13)
S

_Et,b;

where A" = Etb, ; D= ; and E_1is the Young’s modulus of the top flange

plane in x-axis.

Now using the plate theory, considering the twisting and bending of the flange, and
without considering the distortion ( N”=M7? = 0), the second variation of the total

potential energy of the top flange behaving as a plate can be written as

5 =[[(N7 6260 +ONY el + NL&*y L + N5y

X

(3.14)
FMPS K +MP Sk +MPS KT, + M5k, Mxdz
The non-linear strains and curvatures are given as
" 2 7 2
gr =L L ou (3.15a)
S 20 ox 2\ ox
i A TP s Al
yP = ou” Ou N ov’ ov N ow’ ow (3.15b)
ox Oz ox Oz ox Oz
2.4 2 4
kP = o K? =28 Y (3.15¢)

Y S Ox0z
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Considering Egs. (3.14) and (3.15) and neglecting the third-order terms, the total

strain energy of the top flange is simplified as

o] 2]

oo’ asv” N oou” oou” N oo’ ow"
ox Oz Oox Oz ox oz

2o if \2 2 o if \2
SLEAPENLEA }dxdz
1 X 66 X0z

Therefore, the second variation of the total strain energy of the top flange can be

+ 2ij;[ (3.16)

obtained

FU" =8U +8U"

i\ i\? \2 i Asif i As
'[J'{N;f[(%u J _{86\/ J +[86w‘/] }_Fz]vi[ﬁﬁu oou +86v ooV (3.17)
ox Ox ox &x o &x oz

s 2 2 2e ff 2 " 2
R a&ﬂ} Aﬁ(a&, ] . ng{%‘;”] +i(a o ] +i(826v ]} ”
& & ax ax 8, ox 8\ Oxz

The second variation of the total strain energy of the bottom flange 6°U” can be

obtained in a similar way.

Considering the web shown in Fig. 3.2(b) as a plate in the xy-plane and using the
plate theory, the second variation of the total strain energy of the web can be expressed as
FU" =[[(N6%e) +8N 86 + N, 86+, 5! + N8y + NSy, + ML SR + ik
MK + M S K+ S + M 5K+ M5! My 19

The strains and curvatures of the web are given as
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, W 2 W 2 w 2
O +1[[5“ j {av j +(5W ]] (3.19)
a 2lla) o) o
o 1l(aur) (o) [(ow*)
gr = : (3.19b)
Yooy 2|\ oy oy Oy

., ou” ov' ou" ou” ov'ov' ow"ow"
yr = +—t + + ;
dy Ox Ox Oy Ox Oy Ox Oy

(3.19¢)

L ootwt o etwt o otw
K =—73 Ky =—753 K, =2
Ox oy Ox0y

(3.19d)

Neglecting the third-order terms and considering the constitutive relation in Eq.
(3.9b) and compability condition in Eq. (3.19), the total strain energy of the web in Eq.

(3.18) is simplified as

ot e ]

o6u” D" B8 68" 06" a(wj W{aéwj W{a&wJZ
+ 4] + 4,

0y
0 2 w 2 w w 2 A 2
oov oou oov" Odu W O°OW
+ +2 +D\| ——
ox oy ox Oy ox

2 w 2 2 w A2 w 2 w 2
+D2“2’[—a 5‘2} j +2Dy; _8 5‘2} _8 5‘2} +4Dg{—a o J dxdy
y ' oy xdy

+2N;;8x6y+8x8y+8x6y v
(3.20)

o8 A"

+24) —
ox 0y

s

The second variation of the total strain energy of the whole beam can be obtained by

summing the web, top and bottom flanges as
S*U =o6°U" +5*UY +5*U" (3.21)
and the critical condition (instability) is defined as
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S =38U=0 (3.22)

which can be solved by employing the Rayleigh-Ritz method.

The total potential or strain energy in Eq. (3.21) can be further simplified by omitting

i
all the terms which are positive definite (Roberts and Jhita 1983), i.e., the term (868” j
X
in Eq. (3.12) and the terms involving the extensional stiffness coefficients 4, in Eq.

(3.20). Finally, the critical instability condition for the FRP beam in Fig. 3.2 becomes
7\ 2% 7 ) f o if o
52U =” N odu N oov N oow LN oou” Odu N oov? 0ov
’ Ox Ox Ox } ox Oz ox 0Oz

i f 25,7\ 25,0\ 25,7 \° _ b\
+85w 06w +D’ 0" 6w +L 0" 6v +i 0" 6v PN Odu
ox Oz ox’ o, ox? Ogs \ OXxOz ’ Ox
85\/1’/ 65wb’ 2Nbf 85ub’ oou” 85vl’f o’ +65wa oow”
Ox 0z Ox Oz Ox 0z

% : 2 58
LD o’ ow L 1 (0% +i 0°ov dxdz“‘” oou™
ox’ S, L ox? O \ Ox0z ox
N2 N2 N2 N2 N2 , ,
oov” oow” Wl [ Oou™ oov"” oow” W[ O%u™ Oou”™
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2 2
oov” oov”  oow" oow"” L[ 07w L[ orew™ L 0Zow" 0% ow"
+ + +D)| > +D)| ——— 2D} ——————
ox 0Oy ox Oy X 0x oy

PIAT 3.33
capr [ 2 gy =0 (3.33)
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3.4 Stress resultants
3.4.1 I-section composite beams

For a cantilever beam subjected to a tip concentrated vertical load, the simplified
stress resultant distributions on the corresponding panels are obtained from beam theory,
and the location or height of the applied load is accounted for in the analysis (Qiao 1997).
For FRP I-beams, the resultant forces (Qiao et al. 2003) are expressed in terms of the tip

applied concentrated load P. The expressions for the flanges are

N7 =2
Y i (3.34a)

N’ =N7 =0

Xz

N =D by
* 21 (3.34b)
Nbf — Nbf =0
Similarly for the web

t
N” :%P(L—x)y

X

b (3.34¢)
Nw —_ T twrZw 2 _ 2
Y [( 2) y°]

3.4.2 Channel composite beams
The subject of concern in this study is a cantilever open channel beam under a tip
concentrated vertical load passing through the shear center. Due to unsymmetrical nature

of the channel cross-section, the shear center of the beam (Fig. 3.4) is determined as
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__ " 3.35
=Tib . (3.352)

w-w

3 ntfbf

(E,),

where n = and (E,) ,and (E,), are the effective longitudinal Young’s moduli of

X/ w

the flange and web panels, respectively. For a channel section with uniform panels (i.e.,

t,=t,and(E,), =(E,),), the shear center is simplified as

3b;

e=—"71 (3.35b)
b, +6b,

-
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Fig. 3.4 Cantilever open channel beam under a tip concentrated vertical load
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When a tip vertical load acts through the shear center, only the bending of the beam
occurs; whereas for the tip load acting away from the shear center, both the torsion and
bending of the beam are developed. For a generic case, of which the tip load acts at a
distance z from the shear center (see Fig. 3.4), the stress resultants on the channel cross
section can be obtained by the equivalent method of the vertical load to the shear center.
Then the stress resultants consist of two parts: one is related to the bending effect of P
acting at the shear center, and the other is the torsional effect caused by the torque of Pz
on the cross-section (see Fig. 3.4). In this study, the origin of the coordinate system is
located at the shear center, and the location (i.e., the height y and horizontal off-shear
center distance z) of the applied load is considered in analysis of panel stress resultants.

For the flange panels, the torque Pz does not cause stress resultants in the x-direction;
thus the longitudinal normal stress resultants due to P acting at the shear center are

- P(L-x)b,t : P(L-x)b,t,
N,f: ( x)wf; Nbf:_ ( x)wj (336)

' 21, ' 21,
The in-plane shear stress resultant N’ consists of two parts. The first part comes

from the bending caused by P acting through the shear center, which is denoted as N’

and written as

Pb_z't
NP =1  0<'<bh, (3.37a)
21, /

where z' is the local coordinate on the top flange (see Fig. 3.4(b)).

The second part comes from the torque Pz, which is denoted as N, and it is derived

xz 2

as (see details in Appendix A)
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. ' ' bz't

N” :& K E || L (3.37b)
2b,b, | b, \b, 21

z

then the total in-plane shear stress resultant of the top flange caused by P at a generic

point z 1s
2
Pb z't, ' ' bz't
Al A 20 Y A I el (3.37¢)
21 2b,b,| b, (b, 21,
The shear stress resultant for the bottom flange is expressed as
N” =-N” (3.37d)

and there are no transverse normal stress resultants on the flanges,

NY =N" =0 (3.37¢)

Similarly for the web panel, N only comes from the bending effect caused by P
through the shear center, and it is expressed as

N = P(L ;x)ytw

z

(3.38a)

To consider the location of applied load along the height of one beam and denote y,

as the distance of the applied load to the centroidal axis (z-axis in this study), the

transverse normal stress resultant N yW , for the case of y b * b,/2,1s

NW:Py+bW/2 b

O ¢ )< 3.38b
) 2 VT (3.38b)
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N = <Sy<—-—t 3.38¢c
y [ YpSyE-o (3.38¢c)
and for the case of y, =-b,/2 or b, /2,
w y+y b, b,
N} =-P—*+ - L<y<s® (3.38d)

b, 2

The in-plane shear stress resultant N consists of two parts: the first part is the result

of the bending effect caused by P through the shear center denoted as N ;”y’b

2
N = —%ﬂ@j - yzltw +tfb/bw} (3.38¢)

and the second part is due to the torque, Pz, which is denoted as N (see Appendix A)

2
N = bz 3Fz b,bt, +1, by, —y? (3.38f)
Y 2b,b, 4b,I, 2

and then the total shear stress resultant of the web panel caused by P is

3Pz P 3z b 2
N = — 1+ 2wl it +t,b.b 3.38
" 2,b, 212( 2b, ]{(2] Y ]W 101 W} (3-38¢)

where 1. :Ltwav +lbftfbfv.
12 2 7

The detailed derivation of the in-plane shear stress resultant distribution in the flange

and web panels under a constant torque, Pz, is given in Appendix A.
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3.5 Displacement fields
3.5.1 I-section composite beams

Assuming that the top and bottom flanges do not distort (i.e., the displacements are
linear in the z-direction) and considering the compatibility conditions at the flange-web
intersections, the buckled displacement fields for the web, top and bottom flange panels
of the I-section are derived.

For the web (in the xy-plane)
u"=0,v"=0,w" =w(x,y) (3.39a)

For the top flange (in the xz-plane)

aw”
u’ =u’(x,z)=-z

V=V (n2) =207 W = (x)  (3.39)

For the bottom flange (in the xz-plane)

dw”

u” =u” (x,z)=-z V=9 (x,2) =—20" , w" =w" (x) (3.39¢)

3.5.2 Channel composite beams

For the flexural-torsional buckling of open channel beams, the flange and web panels
still remain straight, and the distortion of the panels is not considered in this study. The
sideways displacement (w) due to lateral bending and rotation (&) due to torsion of the
cross section about the centroid are coupled (see Fig. 3.5). Considering the compatibility
conditions of the deformation of the flange and web panels, the displacement fields for

the top, bottom and web panels are derived.
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Fig. 3.5 Displacement fields of channel section due to sideways displacement and
rotation

For the top flange panel (xz-plane), the displacements are linear in the z-direction

u’ = (x,z)= -z (3.40a)

dx
V=" (x,z) =—ztan 0" =—z6" (3.40Db)
w’ =w’(x) (3.40¢)

For the bottom panel (xz-plane), the displacements are also linear in the z-direction

u” =¥ (x,z) = -z (3.41a)
dx
v =y (x,z2)=—ztan 0" =—z6" (3.41b)
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w? =w” (x) (3.41c)

For the web (xy-plane), the displacements are defined as

u’ =z, dw (3.42a)
dx

v' =0 (3.42b)

w" =w(x,y) (3.42¢)

Considering the relationship of the rotations and displacements of the panels and the
rotation (@) and displacement (w) of the cross section, the displacement fields become

0" =¥ =0 S :W+yl9; w :w+%6’; w? :W_%g (3.43)

3.6 Explicit solutions

For the global (flexural-torsional) buckling of I- or channel section beams, the cross-
section of the beam is considered as undistorted. As the web panel is not allowed to
distort and remains straight in flexural-torsional buckling, the sideways deflection and
rotation of the web are coupled. The shape functions of buckling deformation for both
the sideways deflection and rotation of the web, which satisfy the cantilever beam

boundary conditions, can be selected as exact transcendental function as (Qiao et al.

2003)
w w A x A x A,x A,x
=< sin(——) —sinh(——) — S, [cos(—*—) — cosh(—= 3.44
{9} {e}m_;}{ =) (L) Bl =) = )]} (3.44)
1 .
where = sinh(4,) +sin(4,) ,and A satisfies the following transcendental equation
cos(4,,) +cosh(4,)
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cos(4,)cosh(4,,)-1=0 (3.45)
with 4, =1.875104, 4, =4.694091, A, = 7.854757 .

The displacements and rotations (referring to Eq. (3.39)) of panels in the I-section

beam then become

: b
w' =w+ 0, wtf:w+7W6’, w” =w—

bzw 0, 07=0"=0 (3.46)

By applying the Rayleigh-Ritz method and solving for the eigenvalues of the
potential energy equilibrium equation (Eq. (3.22)), the flexural-torsional buckling load,

P, for a free-end point load applied at the centroid of the cross-section is obtained as

(Qiao et al. 2003)

P, =W, P LY, + (J¥, + ¥, + ¥, + ¥, + V) /b, | (3.47)
where W, = (6b, +b,)/[2L -(76.5b7 —6.96b,b,, +0.16b.)]
¥, =(123b, —5.6b,) D,
¥, =a, b} (279.5b7 —25.5b,b, +0.6b,)
W, =b,b, (62.7L°d (D, —305.4b. D}, —1377.4L* D, —=5511L°D; D)
¥, =bS(7b.D} +31.4L° D}, +125.5L°D,, D)

WY, =a,b;b.(1118b5d,, —101.8b7b d,, +2.3b3bd,, +5043.5b; L’ d
+4.64bD,, +20.9p. L’ D,,)

¥, =a,byb;[b,(-203.6b.D,, +10.5L%d; —918.5L* D)
+b,(2235.8b. D, —459.5L°d  +10087L* Dy()]

and the following material parameters are defined as:
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a, =la,,ax =1ay,d,=1/6,,d¢x =1/ (3.48)

3.7 Experimental evaluations of buckling of thin-walled FRP cantilever beams
3.7.1 I-section composite beams

In this study, four geometries of FRP I-beams, which were manufactured by the
pultrusion process and provided by Creative Pultrusions, Inc., Alum Bank, PA, were
tested to evaluate their flexural-torsional buckling responses (Qiao et al. 2003). The four
I-sections (Fig. 3.6) consisting of (1) [4x8x3/8 in. (14x8); (2) 13x6x3/8 in. (I13x6); (3)
WF4x4x1/4 in. (WF4x4); and (4) WF6x6x3/8 in. (WF6x6) were made of E-glass fibers
and polyester resins. Based on the lay-up information provided by the manufacturer and a
micro/macromechanics approach (Davalos et al. 1996), the panel material properties of
the FRP I-beams are obtained and given in Table 3.1. The clamped-end of the beams was
achieved using two steel angles attached to a vertical steel column (Fig. 3.7). Using a
loading platform (Fig. 3.8), the loads were initially applied by sequentially adding steel
angle plates of 111.2 N (25.0 lbs), and as the critical loads were being reached,
incremental weights of 22.2 N (5.0 lbs) were added until the beam buckled. The tip load
was applied through a chain attached at the centroid of the cross section (Fig. 3.8). Two
LVDTs and one level were used to monitor the rotation of the cross section, and the
sudden sideways movement of the beam was directly observed in the experiment. The
buckled shapes of four geometries at a span length of 365.8 cm (12.0 ft.) are shown in
Figs. 3.9 to 3.12, and their corresponding critical loads were obtained by summing the

weights added during the experiments. Varying span lengths from 182.9 cm (6.0 ft.) to
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396.2 cm (13.0 ft.) for each geometry were tested; two beam samples per geometry were
evaluated, and an averaged value for each pair of beam samples was considered as the
experimental critical load. The measured critical buckling loads and comparisons with

analytical solutions and numerical modeling results are given in Table 3.3.

[ITT

WF 4x4x1/4"
(WF4x4)

[4x8x3/8"
(14x8)

I3x6x3/8"
(13x6)

WF 6x6x3/8"
(WF6x6)

Fig. 3.6 Four representative FRP I-section composite beams

Table 3.1 Panel stiffness coefficients for I- section composite beams

Section

Dll
(N-cm)

D12
(N-cm)

D22
(N-cm)

D66
(N-cm)

ay
(N/cm)

g

(N/cm)

dll
(N-cm)

(N-cm)

[4x8

150,200

28,905

69,100

33,082

3,378,000

521,500

208,900

40,195

I3x6

146,800

28,792

68,648

32,969

3,465,000

539,000

210,000

40,873

WF4x4

45,728

10,749

23,824

12,194

1,995,000

308,000

50,018

12,646

WF6x6

145,700

28,679

68,422

32,856

3,115,000

476,000

196,500

38,502

Note: a,, =1/a,, a4 =1/0g,d,, =1/0,,,d =1/
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Fig. 3.8 Load applications at the cantilever beam tip
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Fig. 3.10 Buckled 13x6 beam
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Fig. 3.12 Buckled WF6x6 beam
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3.7.2 Channel composite beams

Three geometries of FRP channel beams, which were manufactured by the pultrusion
process and provided by Creative Pultrusions, Inc., Alum Bank, PA, were tested to
evaluate their flexural-torsional buckling responses (Shan and Qiao 2005). The three
channel sections consisting of (1) Channel 4"x1-1/8"x1/4" (C4x1); (2) Channel 6"x1-
5/8"x1/4" (C6x2-A); and (3) Channel 6"x1-11/16"x3/8" (C6x2-B) were all made of E-
glass fiber and polyester resins. Based on the lay-up information provided by the
manufacturer and a micro/macromechanics approach (Davalos et al. 1996), the panel

material properties are computed and given in Table 3.2.

Table 3.2 Panel stiffness coefficients for open channel composite beams

Dy D, D)5} Dee an o6 di dos
Section
(N-cm) | (N-cm) | (N-cm) | (N-cm) | (N/em) | (N/em) | (N-cm) | (N-cm)
C4x1 | 42,706 | 11,095 | 28,810 | 8,993 | 1,250,900 | 248,759 | 38,436 | 8,971
C6x2-A | 51,745 | 11,524 | 30,618 | 9,795 | 1,636,692 | 285,222 | 47,474 | 9,829
C6x2-B | 164,951 | 34,459 | 92,757 | 29,827 | 2,162,049 | 374,200 | 152,478 | 29,815

The channel beams were tested in cantilever configuration. The clamped-end of the

beams was achieved using wood clamp and inserted case pressured by the Baldwin
machine (Fig. 3.13). A piece of aluminum angle with notched groove was rigidly

attached to the channel beam tip, and the location of loading could be adjusted so that the

load was applied through the shear center (Fig. 3.14). Using a loading platform (Fig.
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3.14), the loads were initially applied by sequentially adding steel plates, and as the
critical loads were being reached, incremental weights of steel plates were added until the
beam buckled. The tip load was applied through a chain attached at the shear center of
the cross section (Fig. 3.14). One level was used to monitor the rotation of the cross
section, and the sudden sideways movement of the beam was directly observed in the
experiment. The representative buckled shapes of three channel geometries at a span
length of 335.28 cm (11.0 ft.) are shown in Figs. 3.15 to 3.17, and their corresponding
critical loads were obtained by summing the weights added during the experiments.
Varying span lengths for each geometry were tested; two beam samples per geometry
were evaluated, and an averaged value for each pair of beam samples was considered as
the experimental critical load. The measured critical buckling loads and comparisons

with analytical solutions and numerical modeling results are presented in Section 3.8.2.

Fig. 3.13 Cantilever configuration of FRP channel beam

58



Fig. 3.14 Load application at the cantilever tip through the shear center

Fig. 3.15 Buckled channel C4x1 beam (L = 335.28 cm (11.0 ft.))
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Fig. 3.17 Buckled channel C6x2-B beam (L = 335.28 cm (11.0 ft))
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3.8 Results and discussion
3.8.1 I-section composite beams
By solving for the eigenvalues of the energy equation (Eq. (3.22)), the critical

buckling load, P, can be explicitly obtained as given in Eq. (3.47) based on the exact

transcendental shape functions (Qiao et al. 2003). To verify the accuracy of the proposed
analytical approach, the four experimentally tested FRP I-beam sections are considered
(i.e., 14x8, I13x6, WF4x4 and WF6x6). The analytical solutions and experimental results
are also compared with classical approach based on Vlasov theory (Pandey et al. 1995)
and finite element method (FEM). The commercial finite element program ANSYS is
employed for modeling of the FRP beams using Mindlin eight-node isoparametric

layered shell elements (SHELL99) (Fig. 3.18).

(a) L=182.9 cm (6.0 ft.) (b) L=304.8 cm (10.0 ft.)
Fig. 3.18 Finite element simulation of buckled 14x8 beam
The comparisons of critical buckling loads among analytical solution using the exact
transcendental shape function, the classical Vlasov theory (Pandey et al. 1995),

experimental data and finite element results are given in Table 3.3 for span lengths of L =
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304.8 cm (10.0 ft.) and L = 365.8 cm (12.0 ft.), and the present analytical solution shows

a good agreement with FEM results and experimental data.

Table 3.3 Comparisons for flexural-torsional buckling loads of I-section composite

beams
Analytical Classical Finite Experimental
Length L Section solution solution element data
(cm) Per (N) Per (N) Per (N) Per (N)
14%x8 4,765 5,201 4,503 4,010
304.8 I3x6 2,338 2,360 2,174 2,058
(10 ft)
WF4 x4 1,498 1,783 1,436 1,476
WF6x6 8,526 10,860 8,624 —
14x8 3,192 3,321 2,956 2,943
365.8 I3x6 1,494 1,547 1,365 1,356
(12 ft)
WF4 x4 1,014 1,151 933 920
WEF6x6 5,614 6,428 5,774 5,476

3.8.2 Channel composite beams

By solving the eigenvalues of the energy equation (Eq. (3.22)), the critical buckling

loads P of open channel beams (C4x1, C6x2-A and C6x2-B) are obtained (Shan and

Qiao 2005). The analytical solutions and experimental results (C4x1, C6x2-A and C6x2-

B) are also compared with the finite element results, which are obtained using the

commercial finite element modeling (FEM) program ANSYS.

The panels of FRP

channel beams were modeled using Mindlin eight-node isoparametric layered shell

elements (SHELL 99) (Figs. 3.19 to 3.21).




() L=60.96 cm (2.0 ft.) (b) L =487.68 cm (16.0 ft.)

Fig. 3.19 Finite element simulation of buckled C4x1 beam
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(a) L =182.88 cm (6.0 ft.) (b) L =487.68 cm (16.0 ft.)

Fig. 3.20 Finite element simulation of buckled C6x2-A beam

(a) L = 182.88 cm (6.0 ft.) (b) L = 487.68 cm (16.0 ft.)

Fig. 3.21 Finite element simulation of buckled C6x2-B beam
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The critical buckling loads (P, ) versus the span lengths (L) for the three geometries

of C4x1l, C6x2-A and C6x2-B are shown in Figs. 3.22 to 3.24, respectively. As
expected, the critical load decreases as the span increases, and with the span increasing,
the flexural-torsional buckling is more prominent. And these figures indicate that the
present analytical predictions match well with the FEM and experimental results for
relatively long span lengths; while for shorter span lengths, the buckling load is more
prone to warping and lateral distortional instability which is not considered in this study.
This phenomenon can also be observed in Figs. 3.19 to 3.21, where the critical buckling
mode shapes are shown for the buckled channel beams with the respective short and long

span lengths using finite element modeling by ANSYS.
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Fig. 3.22 Flexural-torsional buckling load of C4x1 beam
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Fig. 3.23 Flexural-torsional buckling load of C6x2-A beam
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Fig. 3.24 Flexural-torsional buckling load of C6x2-B beam
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3.9 Parametric study of channel beams
3.9.1 Effect of load locations

To study the effect of the load position on critical buckling loads, the location of
applied load along the vertical line passing through the shear center of the channel tip
cross section is included in the analytical formulation (see Egs. (3.38b), (3.38c), and
(3.38d)). The comparisons of critical buckling loads among three locations (shear center,
top and bottom) are shown in Figs. 3.25 to 3.27 for the given three FRP sections, and
they indicate that as the load height increases, the critical buckling load becomes smaller,
and the buckling of beam is more pronounced. As shown in Figs. 3.25 to 3.27, the effect
of load location along the vertical line through the shear center is negligible for long
spans; whereas for intermediate spans, the load position is more significant.

7.0

v —@— P Applied at Top Flange
6.0 | ~-O--- P Applied at Centroid
\ —w¥— P Applied at Bottom Flange
\

Flexural-Torsional Buckling load P, (kN)

50 100 150 200 250 300 350 400 450 500

Length L (cm)
Fig. 3.25 Flexural-torsional buckling load for C4x1 beam at different applied load

positions
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1.6

X
\ —@— P Applied at Top Flange
14 \\ <O P Applied at Shear Center
\ —-¥— P Applied at Bottom Flange

Flexural-Torsional Buckling load P, (kN)

500

Length L (cm)
Fig. 3.26 Flexural-torsional buckling load for C6x2-A beam at different applied

load positions

2.0
A
1.8 \\ —@— P Applied at Top Flange
\ O P Applied at Shear Center
1.6 \\ —-w— P Applied at Bottom Flange

Flexural-Torsional Buckling load P, (kN)

O. 0 T T T T T T
200 250 300 350 400 450 500

Length L (cm)
Fig. 3.27 Flexural-torsional buckling load for C6x2-B beam at different applied

load positions
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3.9.2 Effect of fiber orientation and fiber volume fraction

To study the influence of fiber architecture (i.e., fiber angle orientation and fiber
volume fraction) on flexural-torsional buckling of channel composite beams, a parametric
study of channel section 6”x1-5/87x1/4” made of E-glass fiber and polyester resins is
performed.

To investigate the effect of fiber angle orientation, the laminated panel with lay-up of
[0°/+ 0]; in the panels of channel section is considered (0 as a design variable), and each
layer has equal thickness and a fiber volume fraction of 40%. The micromechanics with
periodic microstructure (Luciano and Barbero 1994) is used to compute the individual
layer properties, and the classical lamination plate theory (Jones 1999; Davalos et al.
1996) is applied to obtain the panel properties.

The critical buckling load with respect to ply angle (0) at the fiber volume fraction of
40% 1is shown in Fig. 3.28, where a maximum critical buckling load for all the spans can
be observed at § = 0°. This phenomenon of maximum buckling resistance with
unidirectional composites can be explained by the displacement fields under combined
sideways flexure of the channel about its centroid (i.e., the weak axis) and rotation of the
cross section shown in Fig. 3.5. Unlike the web deformation in the flexural-torsional
buckling behavior of I-beams (Qiao et al. 2003), the web of the channel beams undergoes
both axial displacement due to bending about the weak axis (sideways flexure) and
rotation (torsion). In this study, the sideways flexure of the channel cross-section is more
dominant and thus leads to the optimum angle of 6 = 0°. However, as the width of the

flange reduces (as the weak axis of the channel and the weak axis of the web are more
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close to each other), in which the magnitude of the web axial displacement due to
sideways flexure becomes smaller and the web thus primarily undergoes rotation, the
fiber orientation varying away from 6 = 0° begins to take place (see Fig. 3.29). At the
width br= 0 cm corresponding to a rectangular cross section beam, as expected, the beam
with fiber orientation around 6 = 45° exhibits the best shear/torsional resistance. With the
increasing beam span length (see Fig. 3.28), the influence of ply angle begins to reduce
(for the short span of 121.92 cm (4.0 ft.), the rate of the change in critical buckling load
from 0° to 90° is 41.7%; while for the long span of 365.76 cm (12.0 ft.) is 31.8%); but the
ply angle orientation still plays an important role due to the dominance of the sideways

flexural behavior of the channel section.
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Fig. 3.28 Influence of fiber orientation (&) on flexural-torsional buckling load of

channel beams
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Fig. 3.29 Influence of fiber orientation and flange width on flexural-torsional

buckling load of channel beams

Similarly, the effect of fiber volume fraction (V) on flexural-torsional buckling
behavior is studied (¥ as a design variable) with a given lay-up of [0°/+45°],. The
analysis of five span lengths (L = 121.92 cm, 182.88 cm, 243.84 cm, 304.8 cm and
365.76 cm) is included to represent the short to long channel spans. The critical buckling
load with respect to different fiber volume fraction is shown in Fig. 3.30. As expected,

the fiber volume fraction is significantly important for improving the buckling resistance.
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Fig. 3.30 Influence of fiber volume fraction on flexural-torsional buckling load of

channel beams

3.10 Concluding remarks

In this chapter, a combined analytical and experimental study of the flexural-torsional
buckling of pultruded FRP composite cantilever I- and open channel section beams is
presented. The second variational problem and total potential energy of the beams based
on nonlinear plate theory is derived, and the shear effects and beam bending-twisting
coupling are considered in the analysis. The stress resultants and displacement fields of
flexural-torsional buckling for I- and open channel section beams considering combined
bending and torsion effect are provided in the study. The analytical eigenvalue solutions

for the cantilever I- and open channel section beams are obtained using the exact
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transcendental function. An experimental study of four different geometries of FRP
cantilever I- section and three open channel beams is performed, and the critical buckling
load for different span lengths are obtained. The analytical solutions, experimental tests
and FEM results match reasonably well in this study. A parametric study on the effects
of load location through the shear center across the height of the cross-section, fiber
orientation, and fiber volume fraction on buckling behavior of channel beams is also
presented. The analytical formulation and related parametric study presented shed light
on the flexural-torsional buckling behavior of cantilever I- and open channel sections and

can be employed in optimal design of FRP composite beams.
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CHAPTER FOUR
EXPLICIT LOCAL BUCKLING OF RESTRAINED ORTHOTROPIC

COMPOSITE PLATES

4.1 Introduction

The general case of composite plates in common composite structures (e.g., stiffened
plates, panel walls in thin-walled FRP shapes, and honeycomb cores in sandwiches) can
be modeled as an orthotropic plate rotationally restrained along the four edges where the
conjunctions of plates meet and are subjected to a biaxial non-uniform linear load (Fig.
4.1). The rotational restraint stiffness (k) is used to consider the flexibility of the plate
conjunctions. Due to different rotational restraint effects and loading conditions, some
boundaries of the rotationally restrained plates can be simplified as simply-supported or
clamped cases, and the loading case can be reduced to uniform or uniaxial compression
(Fig. 4.2). Thus, the rotationally restrained orthotropic plates can be considered as the
basic elements of different composite structures in broad structural applications. The
explicit local buckling analysis of the composite plates elastically restrained along the
four edges is conducted in this chapter, and the solution will be applied to the local

buckling analysis of FRP shapes in the following chapter (Chapter Five).
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Fig. 4.1 Geometry of the rotationally restrained plate under biaxial non-uniform

linear load

4.2 Analytical formulation
4.2.1 Variational formulation of energy method

The first variational principle of total potential energy is used to analyze the local
buckling of elastically restrained orthotropic plates under biaxial non-uniform in-plane
loading. The total potential energy (IT) of a plate system is the summation of the strain
energy (U) stored in the plate and elastic restraint edges and the work (V) done by the

external loads, and it is expressed as
[[=U+V 4.1)

where V' = —z N,g;,and U =U(¢;). Thus,
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M=-3 Ng, +Us,) (4.2)

For linear elastic problems, the strain energy is given as

1
U =—J‘Jl-j8[jdV (4.3)
2 14

For a plate in an equilibrium state, the total potential energy attains a stationary value
when the first variation of the total potential energy (JlI1) is zero. Then, the condition for

the state of equilibrium is expressed as

Vv

A variational formulation of the Ritz method is then applied to solve the elastic
buckling problem of the elastically restrained orthotropic plates subjected to non-uniform
in-plane biaxial load (i.e., Nyand N,). The plate is elastically restrained along four edges
with the elastic rotational restraint stiffness coefficients &, at X=0 and a, and k, at Y =0
and b (see Fig. 4.1). In the variational form of the Ritz method, the first variations of the

elastic strain energy stored in the plate (0U,), the strain energy stored in the elastic
restraints along the rotationally restrained boundaries of the plate (oU ), and the work
done by the in-plane biaxial force (o)) are computed by properly choosing out-of-plane
buckling displacement functions (w).

The elastic strain energy in an orthotropic plate (U,) is given as

1
U= [[ AD.w2, + Dpyw?, +2D,w w +4D W, Jdxdy (4.5)

e
Q
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where D;; (i, j = 1, 2, 6) are the plate bending stiffness coefficients (Jones 1999) and Q2 is
the area of the plate. Therefore, the first variational form of elastic strain energy stored in

the plate (6U, ) becomes

8U, = [[ ADiw .o+ Doyw 80, + Dy (6w, +w 6w, )+ 4Dyw 6w, Jdxdy (4 o)

Q

For the plate with rotational restraints distributed along the four edges, the strain

energy (U, ) stored in the equivalent elastic rotational springs is given as
1 ow 1 ow
Ur =] ky(a—|y:0>2dx+5 j ky(—|y:b)2dx
I'x

| o 4.7
+5rjykx(a—|lo)d+ jk<—|“>d

where k_in Eq. (4.7) is the elastic rotational restraint stiffness at the edges of x =0 and a

(Fig. 4.1) and T, is along the width of the plate (I, = 0 to b); while & is the elastic

rotational restraint stiffness at the edges of y = 0 and b (Fig. 4.1) and I, is along the
length of the plate (I'y = 0 to a). Then, the corresponding first variation of strain energy
stored in the elastic restraints along the rotationally restrained boundary of the plate

(8U. ) is,

ow ow
=k )6 Ddx+k (=] _)S(—] _,
J( [y0)3(- |>x+yi<ay|y><ay|y )

(4.8)
ow ow
+hk, ij(a | =0 )5(5 o)y + k. FJ;(E | )5(5 | o MY
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The work (V) done by the in-plane non-uniformly distributed biaxial compressive

force (N,,,N,,,N,, and N ,, see Fig. 4.1) can be written as

xL > YR

1 y 1 X
V=N, [ [1 —7, ij;dxdy + N | j(l -7, —jwfvdxdy (4.9a)
Q Q a

where N, ,N,, N, and N , are defined as the uniform compressive force per unit

xL

length at the boundaries of x =0, @ and y =0, b (Fig. 4.1),
nx = (NXU - NxL )/NxU (49b)
n, =N, -N, )N, (4.9¢)

Thus, the first variation of work done by the in-plane biaxial force becomes
¥ X
& =N,[[ (1 —1, ij,xéw’xdxdy +N, [ (1 -7, ij,yéw,ydxdy (4.10)
Q Q

Using the equilibrium condition of the first variational principle of the total potential
energy (see Eq. (4.4))

S =5U, +5U, -6V =0 4.11)

and substituting the proper out-of-plane displacement function (w) into Eq. (4.11), the

standard buckling eigenvalue problem can be solved by the Ritz method.
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4.2.2 Out-of-plane displacement function

To solve the eigenvalue problem, it is very important to choose the proper out-of-
plane buckling displacement function (w). In this study, a unique out-of-plane buckling
displacement field expressed as weighted functions is applied to obtain the explicit
analytical solution for local buckling of the orthotropic plate subjected to in-plane biaxial

non-uniform compression along the X and Y axis, as shown in Fig. 4.1.

A particular case of the first buckling mode, which develops only one half-wave,
respectively, along both the directions of the plate, is considered in this study to obtain
the explicit local buckling solution of the relatively short plates (i.e., with the plate aspect
ratio y = a/b being close to 1.0). The combined sinusoidal functions along the respective

X and Y directions are chosen as the buckling displacement function (Qiao and Shan

2007):

w(x,y) = {(l ) )sinE + o, [1 - cosz—ﬂxJH(l -, )sin% + w, [1 - cos%zy} (4.12)
a

a

where, the unique combination of weighted sine and cosine functions is conformable to
the local buckling shape function of the plate rotationally restrained along the four edges.
By properly choosing the weight constants @, and w, , the novel displacement function in
Eq. (4.12) provides a unique approach to account for the elastic restraining effect along
the edges. Whenw,(w,) =0, it equals to the shape function of the plate with simply-
supported boundaries (Fig. 4.2(a)); while @,(®,) =1 corresponds to the deformation of
plate with clamped boundaries (Fig. 4.2(b)).
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Fig. 4.2 Hlustration of harmonic functions

As shown in Fig. 4.1, the boundary conditions along the four rotationally restrained

and loaded edges can be written as

w(0,y)=0 (4.13a)
w(a,y)=0 (4.13b)
0w ow
M _(0,y)=-D =—k | — 4.1
X( y) . axz Jx 0 (ax jV—O ( 3C)
0w ow
M (a,y)=-D = —k,| 2" :
L(a,y) I ] x(ax ] (4.13d)
w(x,0) =0 (4.14a)
w(x,b) =0 (4.14b)
0w ow
M (x,0)=-D,, (—j =—k (—] (4.14¢)
Y ay2 o Y ay o



0w ow
M (x,b)=-D,| — =—k,|— 4.14d
@b [ay j ( @j (4.14d)

By considering Eqgs. (4.13) and (4.14), the weight constants @, and @, are obtained in

terms of the elastic rotational restraint stiffness (k. and k,) as

k.a kb (4.15)
=—; o, = ——
k.a+47D,, * kb+4nD,,

o,

Note that the elastic rotational restraint stiffness &k, and k, in Eq. (4.15) are all
positive definite values. k&  or k =0 corresponds to the simply-supported boundary
condition at the rotationally restrained edges; while, k, or k, = oo stands for the clamped
(built-in) boundary condition at the rotationally restrained edges. Any values of k_or
k,between these two extreme conditions represent the elastically restrained boundary

conditions.

4.2.3 Explicit solution

By substituting Eq. (4.12) into Eqgs. (4.6), (4.8), (4.10) and summing them according
to Eq. (4.11), the solution of an eigenvalue problem for the local buckling of the
elastically restrained plate subjected to the biaxial non-uniform in-plane compression
load is obtained. After some symbolic computation, the local buckling coefficient for the
elastically restrained plate (see Fig. 4.1) can be explicitly expressed in terms of the elastic

rotational restraint stiffness as
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~ 2(72']/2D22f71774 ~127°k,b(-1+ @, )277]) 2Dy 17, — 12k a1+, 1)
1y (-0, )mns +ar?2-n, ) "5 D20 +ay*(2-n, hn,) (4.16)
4(D12 +2Dg )’75776
Dy, (27, )n,ns +ay* 2=, ;)

where y = a/b is the aspect ratio of the plate, a = Ny»/N; is the ratio of biaxial stress
resultants, and
m =320,(-1+,)-37(1 - 20, + 407 ),
7, = R20,(-1+ 0,)-37(1- 20, + 407}

—32w1 1+0,)-37(1-20, + 1707 }

(-

- (4.17)
=320,(- 1+ w,)-37(1- 20, +1702 )

(-

(-

=320, (-1+0,)-37(1- 20, + 50} ),
=320,(- 1+ w,)-37{1- 20, +502)
The local buckling representative stress resultant (V,; and N,z, see Fig. 4.1) (force per
unit length) of the elastically restrained plate can be written in term of the local buckling
coefficient as

ﬂ”zDzz N . = aﬂﬂzDzz

N = ,
p . b’ (4.18)

To describe the linearly distributed loads along two axes, the load distribution factors,
1y and 7, in Egs. (4.9b) and (4.9¢), are used. The bounds for 7, and 7, are given as 0< 7,
< 2 and 0< 7, < 2, with 7, (1,) = 0 corresponding to the case under uniform compression
and 7, (,) = 2 related to Ny, = -Nyy (Nyz = -N,r). In this study, only the solution of the

plate local buckling under uniform biaxial loading (i.e., . = 7, = 0) is presented.
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When 7, = 5, = 0 (Nyy = Nz = Ny and N, = N,z = N,), the restrained rectangular plate
is under biaxial uniform compression N, and N, (Fig. 4.3), and the local buckling
coefficient becomes

BU _ ”72D22771774 - 1272kyb(_ 1+ o, )2 m N 7Dy\n,n; — 12kxa(— 1+ o, )2 7,
7Dy (1,775 + ay 1, ) 77> Doy 15 +ay ) “.19)

n 2(D12 +2Dg )’75776
Dy, (.5 +ay’nm,)

| Y
RERARRRRREAE
L SV i i R R R N
— Ty ky yrpy——o
= =
b Ne "7 ANk, ko — M
e =
—— T ky Fh——o
1 s ~s~w~s~s~s~s~swyphT
RRRRRRRRRARN

I a |

Fig. 4.3 Geometry of the rotationally restrained plate under uniform biaxial load

Further, when a = 0 (N, = 0), the restrained rectangular plate is under uniaxial

compression N, (Fig. 4.4), and the local buckling coefficient becomes:

P 7y Dy, = 12y7k b(-1+ @, n, L D, ~ 12k a(-1+w,)’ . 2D, +2Dg )1, (4.20)
7D, 17,15 7[72D22775 Dy,n,
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Fig. 4.4 Geometry of the rotationally restrained plate under uniaxial load
By minimizing Eq. (4.16) with respect to the aspect ratio (y= a/b) (i.e., df/dy =0),
the respective critical aspect ratio (y,, ) and critical local buckling coefficient ( S, ) for

the elastically restrained orthotropic plate subjected to biaxial in-plane load can be

derived as
Ver = rOOt{(((z -0, )77277st - a(2 -0, )’76lr//3 )77174
) ) 4.21)
—20!(2—% )’71772776‘//17 -(2-0,)n; 7751//1)= 0}
5 - 22w, +v,) . 2.y, 4.22)
T 2o s rari2-o, e v Q-0 s reri2-o, )
where g, = 2l —ljgxa(—l+a)l)2, v - D, 1, —nyb(—lmz)z’
22 22

_ 2(D,, +2Dg)nsn,
D,,

3
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For the restrained rectangular plate under biaxial uniform compression N, and N, at
the condition of #, = 5, = 0 (Nyy = Nu. = Ny and N, = N,z = N,), the respective critical

aspect ratio (y,, ) and critical local buckling coefficient ( 5., ) become
Ver =rOOt {((772775'//2 I )’7174 =2anmngy’ —mnsy, ): 0} (4.23)

n my,
nans +ayinme  y2lmns +arinm)

B — VoW + Vs

cr

(4.24)

Since only the out-of-plane displacement function for the first mode of buckling (see
Eq. (4.12)) in both the in-plane directions is considered, Eqs. (4.21) and (4.22) are the
solution for a particular plate with minimum buckling resistance, and they could be used
to determine the critical aspect ratio and its corresponding critical buckling coefficient

when the plate only undergoes the one half-wave in both the X and Y axes.

For any specific a = N,;/Nyvy, the critical local stress resultant N_ of the fully

restrained rectangular plate is defined as:

B ”2D22

Ncr = (NxU )cr = = bz (425)

4.2.4 Special cases
In this section, the explicit formulas for several special cases which are commonly
used in the practical plate design and analysis are obtained using Eq. (4.16). As noticed

in this study, an orthotropic plate with double-symmetric boundary conditions is
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considered, and the notation of RRRR plate is used to represent the elastic restraining
effect along the four edges. The first two Rs stand for the boundary condition for the
edges along X axis; while the last two Rs correspond to the ones for the edges along Y
axis, with R — S when £, (or k) = 0 and R — C when £, (or k,) = 0. It is noted that the
explicit solutions for some simplified cases are available in the literature (Qiao et al.;
2001Wang et al. 2005; Shan and Qiao 2007), which could indirectly verify the accuracy

of the present solution.

(@) k, =k, =0 (S88S) and 1, =1, = 0(Uniform load)

|
|
1
b Nx :
|
|
|
|

|
|
|
|
| =~
|
|
|
|
|

Fig. 4.5 Plate simply-supported (with the rotational restraint stiffness £, =k, =0) at

the four edges (SSSS)

When k, =k, =0 and 17, =7, =0, which means that all the four edges are simply-

supported and the plate is subjected to uniformly distributed biaxial loads in the X-
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direction at x = 0 and a as well as in the Y-direction at y = 0 and b (Fig. 4.5), the explicit
local buckling coefficient in Eq. (4.16) can be thus simplified as

D, +2(D12 +2D66)+ 7/2

ﬂSSSS:
72D22(1+a7/2) D22(1+a7/2) 1+0{7/2

(4.26)

and if the considered material is isotropic, Eq. (4.26) is further reduced to

1 2 2 2
e P @273
y\l+ay ¥ ( +ay )

For the simple case of o = 1 (i.e., Ny = N,), the local buckling coefficient is simply

expressed as

2
ﬁiSSSS — 1 _I_L NSSSS — T D(l +LJ (4.27b)

SO 2 iso b 2 2

v v

If a =0 (N, = 0) (i.e., the uniaxial compression case), Eq. (4.26) is reduced to

NS = 7Dy, { ?11 + 2(Dy, +2D) _,_7/2} (4.28)
7 Dy D,

and if the considered material is isotropic, Eq. (4.28) becomes

2
(V) = ~D (7 + lj (4.29)

Egs. (4.27a), (4.27b) and (4.29) are identical to the solution given by Wang et al.

(2005) for the SSSS plate (simply-supported at the four edges) subjected to biaxial,
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equally biaxial, and uniaxial compression, respectively, and it indirectly verifies the

accuracy of Eq. (4.16) for this special case.

When « is a negative value (a < 0), the plate is subjected to a biaxial compression-
tension loading. To determine the low bound on the loading ratio a = N,/N, e.g., for the
case of the simply-supported (SSSS) plate, the local buckling load in Eq. (4.26) must be

positive definite, leading to

a5 _ L (4.30)

For example, for the orthotropic plate with the aspect ratio of y =1 (i.e., a square
plate), the minimum loading ratio & must be larger than -1 to enable the plate to buckle.
When a = -1, e.g., the square plate subjected to equal biaxial compression and tension
loads, the plate never buckles as the buckling load in Eq. (4.26) approaches infinite.

SSSS
cr

For the case of the orthotropic plate with the critical aspect ratio .. > (simplified
from Eq. (4.21)), the explicit critical local buckling coefficient in Eq. (4.22) with
k. =k, =0 can be simplified as

SSSS 7/3rD22 +2(Dy, +2Dy,) D,
chr - 2 + 2 2
D22(l+a7/cr) D22]/cr(1+a]/cr)

(4.31a)

Y = TOOt {((Dzz - 2“(1)12 +2D ))74 - 20‘D117/2 - Dn): 0} (4.31b)

For the case of uniaxial compression, ie., a = 0 (N, = 0), Eq. (4.22) is further
simplified to
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27
(V)2 = - (WDuDy + (D +2Dy)} (4.32)

Eq. (4.32) is identical to the one reported by Qiao et al. (2001) with m = 1 (where m is

the number of the buckled half-waves along the longitudinal direction).

(b) k, =0 and k, = (§SCC) and 1. =n, = 0(Uniform load)

B T
ORI

Fig. 4.6 Plate with the rotational restraint stiffness £, =0 and k= (SSCC)

For the case of k, =0, k, = and 77, =7, =0, which represents a plate with the

two simply-supported edges of y = 0 and b and the two clamped edges at x = 0 and a (Fig.

sscc sscc

4.6), the explicit local buckling coefficient for y and y.” can be, respectively,

simplified as

_leD,, +8y° (D), +2Dg) +3y" Dy,

sscc
p 72D22(4+3a7/2)

(4.33)
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2D,,(2+3a)
D,, —20((D12 +2D66) (4.34a)

\EDzz(2+3a{2+\/ga\/ D, (2+3a) ]

D,, _Q’a(DIZ +2D66)

443(D,, + 2D N2 +3a)+3(D,, (4+3a)-4a(D,, +2D,,)) \/

sscc
ﬂ cr =

¥ =100t {(3D,, —6a(Dy, + 2D, \)y* —24aD,,y> —16D,,)=0}  (4.34b)

For the plate subjected to a biaxial compression-tension loading (a < 0), the positive

definition of the local buckling coefficient leads to the low bound on the loading ratio as

a®c > -——— (4.35)

For the case of uniaxial compression, i.e., a = 0 (N, = 0), Egs. (4.16) and (4.22) are

further simplified to

N SSCC 22 { D, 2(D12 +2D 6) 37 ! (4.36)
e Dzz D,, 4
( SSCC = 3D, D,, +(D,, +2Dy)} (4.37a)
D. )4
y 3¢ = 1.52(Jj (4.37b)
2

and if the considered material is isotropic, Eq. (4.36) is simplified to

2

s D 4 3
N = {— %} (4.38)
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Egs. (4.36) to (4.38) are the same as those reported by Shan and Qiao (2007), and it

indirectly verifies the accuracy of Egs. (4.16) and (4.22) for this special case.

(¢) k, =00 and k=0 (CCSS) and n, =7, = 0(Uniform load)

e
R

Fig. 4.7 Plate with the rotational restraint stiffness £, = o and &k, =0 (CCSS)

For the case of k,=o0,k, =0,and n, =n, =0, which corresponds to a plate with

the two clamped edges at x = 0 and a and the two simply-supported edges of y = 0 and b

CCSS
cr

(Fig. 4.7), the explicit local buckling coefficient for y and y can be, respectively,

simplified as

3D, +8y* (D, +2Dy)+16y*D,,
y’D,, (3 +4a}/2)

LSS = (4.39)
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ﬁ(D22(3+4a)—a(D12+2D66))\/ D, (3+3a)

ﬂccss _ 8 3D,, _Za(DIZ + 2D66)
cr D
# (3+8a) 3+ D,,(3+8a)
3D,, —2a(D,, +2D,,)
(4.40a)
N D, +2D
3+\/§6¥\/ D11(3+80{)
3D,, —2a(D,, +2D,,)
Vo =100t {((48D22 - 320‘(1)12 +2Dg ))74 - 24051)117/2 - 9D11): O} (4.40b)

For the plate subjected to a biaxial compression-tension loading (« < 0), the positive

definition of the local buckling coefficient leads to the low bound on the loading ratio as

e (4.41)

For the case of uniaxial compression, i.e., o = 0 (N, = 0), Egs. (4.16) and (4.22) are

simplified to
NXCCSS _ 7[212)22 { ?11 + 8(Dy, +2Dy) + 1672} (4.42)
b 7°D,, 3D,, 3
2
% IR
1
€ess — 658[&]4 (4.43b)
Ver - '
2
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(d k, =k, =0 (CCCC) and 1, =n, =0(Uniform load)

[
R L1

\ a \
Fig. 4.8 Plate with the rotational restraint stiffness k = k, = o (CCCC)

For the case of k, =k, = and 77, =7, =0, which corresponds to a plate with the

four clamped edges at x = 0 and @ and y = 0 and b (Fig. 4.8), the explicit local buckling

ceee
cr

coefficient for ¥ and y can be, respectively, simplified as

12D, +8y%(D,, +2Dy) +12y"D,,

ceee 4.44

p 3y°D,, (1+a;/2) (4.44)

ﬂcCrCCC _ 12D, +873rgD12 +2D66)2+127er22 (4.45a)
3y2D,,(1+ay?)

Yo = T00t {((3D22 - 4“(D12 +2Dg ))74 —6aD, 7’ -3D,, ): O} (4.45b)

For the plate subjected to a biaxial compression-tension loading (« < 0), the positive

definition of the local buckling coefficient leads to the low bound on the loading ratio as
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(4.46)

For the case of uniaxial compression, i.e., a = 0 (N, = 0), Egs. (4.16) and (4.22) are

simplified to

ccec
N, =

(N

)CCCC
x Jer

b Nx

b’ 7/2D22

_ 772D22 4D, " 8(D,, +2Dy,)
b yczrDZZ 3D,,

72'2D22 4D, +8(D12+2D66)+4 2
3D,,

+4

fITTINY
T B

y } (4.47)

7 }

(4.48a)

(4.48b)

Fig. 4.9 Plate with the rotational restraint stiffness £, =0 and k, =k (SSRR)
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For the plate subjected to the biaxial uniform in-plane load (77, =7, =0) along two
rotationally restrained edges at X = 0 and a (k, = k) and simply-supported along the

other two edges at Y= 0 and b (k, =0) (Fig. 4.9), the explicit local buckling coefficient

SSRR
cr

for y and y can be as

'BSSRR _ 72771 n 7D\ 1, —12ka(—1+ @, )2 n 2(D12 +2Dg )775 (4.49)
ns+ay’n, ay’Dylns+ar'n)  Dylns+ay’n,)

ﬂSSRR _ 7czr771D22 +2(Dy, +2Dg)ns

¢ D,, (775 + 0573/71 )

v,
y2nsvayin)

+ (4.50a)

Y., =root {((Dzz - 2a(D12 +2D ))77177574 ~2an,y,Dyy’ — 775‘//1D22): 0}(4~50b)

For the case of uniaxial compression, i.e., o = 0 (N, = 0), Eqgs. (4.49) and (4.50a) are

reduced to

SSRR _ 72771 N 7D, 17,4 —12ka(—l+a)1 )2 n 2(D12 +2D66)

B
s ”72D22775 D,,

(4.51)

e 237D, 1, —12ka(=1+ @, \JAD 1, +27(Dyy +2Ds 14
" 7D, 15

(4.52)
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(M) k, =k and k =0 (RRSS) and n, =n, = 0(Uniform load)

Y N
ST
N rrrrrrrryile
- | k | =
b N | |~
| k <
K AL LLB L EEY =

HHHHHH

Fig. 4.10 Plate with the rotational restraint stiffness £, =k and k., =0 (RRSS)

For the plate subjected to the biaxial uniform in-plane load (7, =7, =0) along two
simply-supported edges at X = 0 and a (k, =0) and rotationally restrained along the

other two edges at Y =0 and b (k, = k) (Fig. 4.10), the explicit local buckling coefficient

RRSS

for y and y.™ can be, respectively, written as
ﬂRRSS _ 727/2D22774 _1272kb(_1+ % )2 " D, n,
2 2 2
7D, (772 tay 776) v°D,, (772 tay 776) (4.53)
" 2(D12 +2Dg )’76
D,, (772 + a72776)
ﬂCIiRSS _ 7c2r'//2 +2(Dy, +2Dg )1, 4 Dy 1,1 (4.54a)

D, (n, +ar’n,) 72Dy, +aying)
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Y. =Toot {((772V/2D22 _26”72 (D12 +2Dg ))74 _26”72776[)1172 _7722D11): O}(4-54b)

For the case of uniaxial compression, i.e., a = 0 (N, = 0), Eqs. (4.53) and (4.54a) are

further reduced to
ﬁRRSS _ ”7/2D22774 _1272kb(_1+ @, )2 n D, n 2(D12 +2Dg )776 (4.55)
7D, 1, 7/2D22 Dy,n,
pr 2J7D, 173\ AD1, —12kb(= 1+ 0, * +27(D,, + 2D 1, @56

7D, 1,

(8) k, =0 and k =k (CCRR) and 1, =1, = 0(Uniform load)

| w
EERERRARER
IR =N
il o
b N T Nk krp M
| | 4 R
A A

Fig. 4.11 Plate with the rotational restraint stiffness k, = and k, =k (CCRR)

For the plate subjected to the biaxial uniform in-plane load (7, =7, =0) along two

rotationally restrained edges at X = 0 and a (k, = k) and clamped along the other two
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edges at Y =0 and b (k, =) (Fig. 4.10), the explicit local buckling coefficient for y

CCRR
cr

and y can be, respectively, written as
[EHR 16y, + 37D, 175 _36ka(_1+ @, )2 n 8(D12 +2D )775

315 +40£]/2771 7772D22 (3775 +40‘72771) D,, (3775 +4a72771)

(4.57)

ﬂCCRR _ 487773/71 —Y;, 4 3y,

CCRR _ 4.58
T 9an+12zayin, y20Bn,+dayin,) (.55

Yo =100t {((48D22 - 320£(D12 +2Dg ))77177574 - 240”71‘//113227/2 - 9775‘//1D22): 0}(4-58b)

For the case of uniaxial compression, i.e., a = 0 (N, = 0), Eqgs. (4.57) and (4.558a) are

simplified to

ﬂCCRR _ 1672771 + 7D, 17, —12ka(—1+ @, )2 n 8(D12 + 2D66) (4.59)
31, 7[72D22775 3D,,

pccun _ 837D, 77, —12ka(— 1+ @, | \3aD 1, +87(D,, + 2D )1,
. 37D,

(4.60)
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(h) k, =k and k = (RRCC) and 1, =1, = 0(Uniform load)

| 5
RRARERAARAL
BT
—— k —
b —x

- \\\\];\\\: é

Fig. 4.12 Plate with the rotational restraint stiffness £, =k and k = (RRCC)

For the plate subjected to the biaxial uniform in-plane load (77, =7, =0) along the
two clamped edges at X = 0 and a (k, =o0) and rotationally restrained along the other

two edges at Y= 0 and b (k, = k) (Fig. 4.12), the explicit local buckling coefficient for

y and y " can be written as
ﬂRRCC _ 37772D22774 - 367/2kb(_ 1+ o, )2 n 16D,n,
7D,, (4772 +3a72776) 72D22 (4772 +3a72776)
(4.61)
8(D12 + 2Dy )776
D,, (4772 + 3“7/2776)
ﬂRRCC _ 9727/31‘1//2 _W3 + 16D11772 (4 6221)

127, +9mayin,  yiDy,\4n, +3ayin,)

Y =100t {((3772W2D22 - 60”762 (D12 +2Dg ))7/4 - 24&7727761)1]7/2 - 167722D11 ): 0}(4~62b)
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For the case of uniaxial compression, i.e., a = 0 (N, = 0), Eqgs. (4.61) and (4.62a) are

simplified to
e _ 37y’ Doy, — 367 kb(-1+ o, ) L 4Dy 2(D,, +2Dg I, 463)
47D,,n, 72D22 Dy,
RRCC _ 2,/37D,\n, \/72'D22774 - 12kb(— 1+ o, )2 +27(Dy, + 2D )1, (4.64)

“ 7D,,1,

4.2.5 Summary of special cases
The local buckling stress resultant expressed with the one along X axis (N, and (Ny).r

for the case of y and y,_, , respectively) of the orthotropic plate subjected to the biaxial

uniform loading under different boundary conditions are summarized in Table 4.1.
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Table 4.1 Local buckling stress resultant along X axis under different boundary conditions

Case N, (for y) (N,), (for 7,,)
AL o (e
= w2 (77 Dot 127k b1 7Dy ( A J
TM ;: £ . EM bz 7[D22(772775 +a7/2]71776) b 772775 + aycrn1n6 ycr (772775 + aycrnlné)
4{*””””“{*? +”D11772773_IZan(_1+a)l)2772 N 2(D,, + 2D Jnsn, ]
[\ S— 727/2D22 (772775 + a72771775) D,, (772775 + a72771775) ) 4 ) )
7. =root {((7717727751//2 —ammwz)y =2ann,n,y —7727751//1)= 0}
RRRR
—= HHHHH& = 7’ D,, [7(’ZVD22 +2(Dy, +2D) " D, J
o = 7D, D, 2D, +2Dy)  »? b? Dy,(1+ay’) Dy (l+ar?)
= b + +
S |2 Ualre’) pulirer) e
—_—
Y =100t {((Dzz _Za(DIZ +2Dg ))74 _20‘D117/2 _Dll): 0}
SSSS
= }*W*W*M*Uk D 43(Dy, + 2D )2 + 3a) +3(D,, (4 + 3a) - 4a(D, + 2Dy, )) %
- o 7°D,, n — 20\Dyy 66
= = ”zDzz (16D11 + 872 (D, +2Dg) + 372D22J g ﬁDzz(ﬁm{ZM/ga %J
- a n — 20\, 66
ST b? y2D22(4+30{72)
wce 7., =100t {(3D;, —6a(D,, + 2Dy ))y* —24aD, 7> —16D,,)=0}
EITTRRRRIIY
= = oo |V 5d0)-alD, 20, ) 1 PSS o
oM —n s~ n — £\ D 66 1o T 2D
= = 7°D,, (3D, +8y*(D,, +2Dy) +16y°D,, b (3+8a)[3+ foa | Dulira) ] S \/w D;(?;Sa)z[) )
T b’ 7° Dy, 3 +4day?) el ) R
e 7., =root {(48D,, —32a(D,, + 2Dy, ))y* —24aD,,y* -9D,,)=0}
CcCSS
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— HHHHHHﬁ 772D22 (IZD“ +873r(D12 +2D66)+1273D22J
— — 2 2 2
== = 7°D,, (12D, +8y*(D,, + 2D, ) +127*D,, b 32Dy 1+ ayl)
- — b’ 3y°D,, (1+a72)
PEEREEEEEEEH . 5
IR ., =root {((3D22 —40((D12 +2D ))}/ —6aD,y —3D11)= 0}
cccee
H ) )
=F N z’D,, 7°n, 7D, 1, —lea(—1+a)1 )2 7" Dy [ Yot Dy +2(Dyy + 2D )15 + ¥
| 4 \na P —+ B P b2 D ( 2 ) 2( 2 )
—I ioh=—» b ns +ay’n, 7y’ D,, (775 +ay 771) 2 \Ils T QY .17, Ve s T Oy, 1
| N o . 2(D,, +2D,, )nsJ
Maw Dy, 1775 + a}/zmj Ve = TOOt {((Dzz _za(Dlz +2Dg ))’717757/4 _20”711//1D227/2 _775'//1D22): 0}
SSRR

T4 LT AT
k h

r
| |
LY NSNS NN NN

AAARAARARER

7r2D22 {ﬂ'}/an?h —12}/2kb(—1+a)2 )2
b’ ”D22(772 +a72776)

D,n, 2(D12 +2D66)’76J
+ 2 2 + 2
/4 D22(772 +ay 776) D22(772 +ay m)

7z-2D22 (7?#/’2 +2(Dy, + 2D )1, "

D, 1,1, J
b Dy, (0, +ay2ng)

7czrD22 (772 + aycerG)

V. =root {((Uzy/zDzz _2a77§ (DIZ +2Dg ))74 _20”72776D1172 _7722D11): O}

]
RRSS
EINATAeTTY 7D, ( 487y, - 3
=R ;E ﬂ'zDzz l67/2’71 +37[D11773 _361“1(_1"'601)2 bz = [9 7/0{;71 (//23 t 2 (3 l/:ll_ 2 )
% 3‘ kE % b* \3ns+day’n,  my’D,, (3775 +4a72771) lls ST el T or s TR0 ol
::: :: + 8(D12+2D66),75 ]
fHtt tj i D,, (3775 +4a)/2771) 7 = TOOt {((48D22 =32a(Dy, + 2Dy syt —24an,y,Dyy’ _9775‘//|D22): 0}
CCRR
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v
B EEEEr R = 7’D,, (3zy*D,,n, —367%kb(-1+ w, )’ z’Dy, [ 9myaw, —v, + 16D,,17,
- = b? 7Dy, (A, +3ay°7,) b* \127n, +97ay’n,  y2Dy\4n, +3arin,)
} e SRS PN Sy " 16D,,7, " 8(D12+2D66)'76
Ty Dol +3arn.) Dol +3ar°m,)
i 7 En M ar 2\ 7 16 7o =TOOt {((3772(//2D22_6a77§(D12+2D66))74_240”727761)]172_167722Dll):0}
RRCC
ka k,b

Note:y=a/b; 0, =———; @, = ———;
k.a+4nD,, k,b+47rD,,

n, =32w, (—lJra)l)—37r(1—2a)1 +4a)12); n, =32(()2(—1+a)2)—377(1—2&)2 +4a)22); n, =32, (—1+a)1)—37r(1—2a)1 +17a)12);
7y =32, (- 1+ w,)-37(1-20, +1702); 7, =320,(-1+ 0,)-37(1- 20, + 507 ); 7, =320,(-1+ 0,)-37(1 - 20, + 502);

7D, 17,4 —12kxa(—1+a)1)2 D1, _12kyb(_1+a)2)2 2(Dy, +2Dg)nsn,
= W, = ;and y; = .

1
721)22 EDZZ D22
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4.3 Validity of explicit solution

To validate the accuracy of the explicit local buckling solution obtained from the
energy method given above, the exact transcendental solutions (Qiao et al. 2001) of two
special cases: (1) an anisotropic plate with the SSRR edge conditions, and (2) the other
one with the RRSS edge conditions, are presented. Both the cases are subjected to

longitudinal compression along the X-axis.

The governing differential equation for buckling of a symmetric anisotropic plate

under in-plane axial loading is expressed as (Whitney 1987)

otw otw otw otw otw otw
Dy, —+4Dy——+2D,, ———5+4D———5+t4D,, ——~+D,, —
X Ox” 0Oy ox~0y ox~0y ox0y oy
, (4.65)
N9 -0
ox

For most of composite plates, the off-axis layers are usually balanced symmetric and
no bending-twisting coupling exists (D¢ = Dy = 0), which correspond to special

orthotropic plates, and Eq. (4.65) can be further simplified as

0w 0w 0w 0w 0w
— +2D,, — +4D 5 +tDy—+N,— =0 (4.66)
X ox~0y ox~0y oy ox

Dll

In the following, the exact transcendental solutions for the SSRR and RRSS plates are

presented, and they serve as a validation tool to the explicit solution.
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4.3.1 Transcendental solution for the SSRR plate under uniaxial load

A 4

A 4
bN"A\\kL kakNx

A 4

e

f

— X
—

Fig. 4.13 Coordinate of the SSRR plate (k, along loaded edges) in the transcendental

solution

Considering the boundary condition and coordinate system given in Fig. 4.13, the

buckling shape function for the first mode of SSRR plate can be assumed as
w(x, ) = f(x) sin% (4.67)

By introducing the following coefficients

2
_ Dy, +2D : B= D, . ,U2 - N, (2) (4.68)
D, , D, , 2D,

the general solution of Eq. (4.66), which is similar to the formula given by Bleich (1952),

can be obtained as

w(x,y) = (C coskb +C, sin kb +C, cosk kbﬂxjsin% (4.69)
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where k; and k, are defined as

ky :\/:uz —a+ky;k, :\/,uz —a—ky; ky= V(:Uz_a)z -p

(4.70)

As shown in Fig. 4.13, the origin O of the coordinates X and Y is located at the mid-

point of the unloaded edge (y = 0). Assuming the equal elastic restraint stiffness (k)

along the edges x = #a/2, the deformation shape function (Eq. (4.69)) is a symmetric

function of x when the load reaches to the critical value. Therefore, Eq. (4.69) is reduced

to

k,mx kym ) .
w(x,y)=(C1 coslT+C3cos Zb jsm%

By substituting Eq. (4.71) into the boundary conditions,

[N

4.71)

(4.72a)

(4.72b)

two homogeneous linear equations in terms of C; and C, are obtained. When the

determinant of the coefficient matrix vanishes, the buckling criterion for the plate with

equal rotational restraint stiffness along two loaded edge and simply-supported along the

other two unloaded edges (SSRR) (see Fig. 4.13) is established as
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k,ma k,ma
2b o8 2b
) ) =0 (4.73)
kix . kma D, (klﬂ] k,ma k,w . kyma D, (kzﬁj k,ma
- + cos - sin + cos

Sin
b 26k, b 2b b 26 k, b 2b |

COS

The local buckling stress resultants obtained from the explicit equation (Eq. (4.51))
and the transcendental solution (Eq. (4.73)) solved numerically are compared for an
orthotropic SSRR plate with the thickness of 0.64 cm (0.25 in). The material properties of
the example plate are given as follows: D;; = 44,403 N-cm, D, = 10,350 N-cm, D, =
46,098 N-cm, and Dgs = 10,688 N-cm. To eliminate the influence introduced by the
geometry of different plates, both the explicit and transcendental solutions are normalized

as

M (4.74)

As shown in Fig. 4.14, the normalized predictions obtained from the explicit local
buckling formula (Eq. (4.51)) are in an excellent agreement with the numerical
transcendental solutions (Eq. (4.73)), and the maximum difference is below 0.4%, thus

indicating the validity of the present explicit formula in Eq. (4.51) for the SSRR plate.
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Fig. 4.14 Local buckling stress resultant vs. the aspect ratio of SSRR plate

4.3.2 Transcendental solution for the RRSS plate

Y
|
Auxxxxxku\xu\xuk
| 1= 5
b N« = | = -—
— = |0 [
4>: :kNx
| ko | =
R \rrrrrrrrrrrrrel

[ a |

Fig. 4.15 Coordinate of the RRSS plate (ky along unloaded edges) in the

transcendental solution
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A similar approach is applied to obtain the exact transcendental solution for the RRSS
plate (see Fig. 4.15) with the boundary condition and coordinate system shown in Fig.

4.15. The buckling shape function for the first mode of RRSS plate can be defined as
. X
w(x, y) = Sln;f (») (4.75)

By introducing the following coefficients

2
a'= D12 +2D66 . ﬁ': Dll . ZZ — Nx (ij (476)
D22 D22 D22

the general solution of Eq. (4.66) for the RRSS plate (Fig. 4.15) is given as

w(x,y) = sinE[C1 cosh 272 4 C, sinh P C, cos P C,sin p27zy] (4.77)
a a a a a

where p; and p; are defined as

P = \/(Z'+p3 ; Dy =A/—QtDPs 5 Py =+ a'z_ﬂ""lz (4.78)

As indicated in Fig. 4.15, the origin O of the coordinates X and Y is located at the
mid-point of the left loaded edge (x = 0). Assuming the equal elastic restraint stiffness
(ky) along the edges (v = +b/2), the deformation shape function (Eq. (4.77)) is a
symmetric function of y when the load reaches the critical buckling value. Therefore, Eq.

(4.77) is simplified as

w(x,y) = sinE(C1 cosh 2% C, COSM) (4.79)
a a a
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By substituting Eq. (4.79) into the following boundary conditions,

w o, =0 (4.80a)
2

o*w
M,| ,=-D, [—J =k, [—j (4.80b)
= oy it Y ), b

two homogeneous linear equations in terms of C;, and C, are obtained. When the
determinant of the coefficient matrix vanishes, the buckling criterion for the plate with
equal rotational restraint stiffness along two unloaded edges and simply-supported along

the other two loaded edges (RRSS) is established as

coshpzl—”b cospzz—ﬂb
T m D a;z ? b T ™ D Y 7Y @:0(4.81)
Py sinh P70 Ly | P cosh Py _ P sin P> it > P> cos P>
a 2a  k, \a 2a a 2a  k, \ a 2a

Similarly, an orthotropic RRSS plate with the same dimensions and material
properties as the example in the SSRR plate presented before it is analyzed using the
explicit equation (Eq. (4.53)) and the numerical transcendental solution (Eq. (4.81)), and
the respective local buckling stress resultants are obtained. As shown in Fig. 4.16, an
excellent match between the explicit solution (Eq. (4.53)) and numerical transcendental
solution (Eq. (4.81)) of the orthotropic RRSS plate is obtained, and the maximum

difference between the two solutions is within 0.2%.
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Fig. 4.16 Local buckling stress resultant of RRSS plate

Due to the excellent agreements of the explicit and numerical transcendental
solutions, the presented explicit formulas can be used with confidence in predicting the

local buckling load of rotationally restrained plates.

4.4 Parametric study

As expressed in Eq. (4.16), the explicit local buckling formulas for the relatively short
plate (i.e., with one half-wave of buckled shape along both the directions) are a function
of the load ratio (a), the rotational restraint stiffness (k) and the aspect ratio (y). A

parametric study is conducted to evaluate the influence of these three parameters on the
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local buckling stress resultants of various rotationally-restrained plates. The effect of

material orthotropy on the local buckling stress resultants is also investigated.

4.4.1 Biaxial load ratio a

The biaxial load ratio (&) has an influence on the local buckling stress resultant of the
fully restrained rectangular plate subjected to biaxial compression. When a = 0, the plate
is subjected to a simplified uniaxial compression along X axis; while a = o corresponds
to the plate subjected to the simplified uniaxial compression along Y axis. To show the
effect of the biaxial load ratio on the local buckling stress resultant, a specific square
plate (y = 1.0) with the four different boundary conditions (SSSS, SSCC, CCSS, and
CCCC) are analyzed, and the relationship between the normalized local buckling stress
resultant and the biaxial load ratio of the biaxial compression-compression case (i.e., a >
0) is plotted in Fig. 4.17. For a fixed aspect ratio y = 1.0, as expected, the CCCC plate
has the strongest local buckling resistance; while the SSSS one is the weakest one. The
minimum value of the local buckling stress resultant of the plate with different boundary
conditions appeared when the biaxial load ratio o = 1. This indicates that the square plate
is much easier to buckle when it is subjected equal biaxial compression. As shown in Fig.
4.17, it is found that the local buckling stress resultant of the SSCC plate only subjected
to uniaxial compression along X axis (a = 0) is the same as that of CCSS plate only
subjected to uniaxial compression along Y axis (a = o0); while the local buckling stress
resultant of the SSCC plate subjected to uniaxial compression only along Y axis (o = o)

is the same as that of CCSS plate subjected to uniaxial compression only along X axis (a
111



= (). This indirectly validates the accuracy of the present local buckling solution of the

fully restrained plate subjected biaxial compression.

100
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80 S~ L
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~< N 7/
~ 5 E
a 1 \\\ \~. .~/ -
(\Ig ...... ,.'..\\ \V/ ,~"./////
'Q& ~..,'..\\ '/..//
~ 40 A
20 \/SSSS
.................. SSCC
—————— CCSss
0 i —— e — CCCC
T T T T T
2 1 0 1 2

Logrithmetric loading ratio o

Fig. 4.17 Local buckling stress resultant vs. biaxial load ratio «

When «a is negative, the plate is under biaxial tension-compression. To study the
effect of a on the local buckling stress resultant, the representative composite plates with
the simply-supported boundary along its four edges and different aspect ratios (y =
0.6955, 1, and 1.4377) are analyzed, and the results are shown in Fig. 4.18. It indicates
that the local buckling resistance increases with the growth of tension subjected to the
two edges of the plate, and when the loading ratio « approaches the low bound as defined
in Eq. (4.30) (e.g., the low bound of a = -2, -1, and -0.5 with respect to y = 0.6955, 1, and
1.4377), the buckling load will asymptotically go infinite and the plate will never buckle
(see Fig. 4.18).
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Fig. 4.18 Local buckling stress resultant vs. biaxial load ratio a of SSSS plate under

biaxial tension-compression

The boundary conditions have the influence to the local buckling resistance of the
composite plate subjected to biaxial tension-compression, and it can be shown in the
relationship between the local buckling stress resultant and loading ratio (see Fig. 4.19).
The aspect ratio y = 0.6955 is chosen rather than the square plate (y = 1) because it avoids
the singularity of the solution caused by the combination of boundary condition and

aspect ratio. Similarly, when the loading ratio « approach to the low bound, the plate

will never buckle. The low bound of the loading ratio depends on the boundary

conditions, as demonstrated in Egs. (4.26), (4.33), (4.39), and (4.44) for the SSSS, SSCC,
CCSS, and CCCC plates, respectively.
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Fig. 4.19 Local buckling stress resultant vs. biaxial load ratio « of different

boundary plates under biaxial tension-compression (y = 0.6955)

4.4.2 Rotational restraint stiffness &

The local buckling stress resultant of the fully rotationally restrained plate is a
function of the rotational restraint stiffness (k. and k,). k. (or k) = 0 and £, (or k,) = ©
correspond to the two extreme boundary conditions which are simply-supported and
clamped, respectively. For a fully restrained plate (RRRR) of equal elastic restraint (k, =
k, = k) with the fixed aspect ratios y = 1.0 and y = 0.6955, the relationship between the
normalized local buckling stress resultant and the rotational restraint stiffness & under

different loading ratio a is plotted in Figs. 4.20 and 4.21, respectively. As expected, the
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local buckling stress resultant increases with the growth of the rotational stiffness, and the
CCCC plate (k = o) has the strongest local buckling resistance; while the SSSS one (k = 0)

1s the weakest one.

100
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N, bD,,

0 T T T
0 S5e+4 le+5 2e+5 2e+5

Rotational stiffness & (k, = ky)

Fig. 4.20 Local buckling stress resultant vs. rotational restraint stiffness & (RRRR

plate) under uniaxial compression and biaxial compression-compression (y = 1)
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Fig. 4.21 Local buckling stress resultant vs. rotational restraint stiffness k (RRRR

plate) under uniaxial compression and biaxial tension-compression (y = 0.6955)

4.4.3 Aspect ratio y

The relationship between the local buckling stress resultant of the plate with different
boundary conditions (SSSS, SSCC, CCSS, and CCCC) with different loading ratios (a = 0,
0.5, and 1) with respect to the aspect ratio is given in Figs. 4.22 to 4.25. The plates (SSSS,
SSCC, CCSS, and CCCC) under uniaxial compression (o = 0) are more sensitive to the
change of the aspect ratio, especial for the CCSS and CCCC plates, and it indicates that
the boundary conditions along the X axis (k,) contribute more to the local buckling stress

resultants of the fully rotationally restrained plate (Shan and Qiao 2007).

116



70

cr

2
N_b%D,,

0.6 0.8 1.0 12 14 1.6 1.8 2.0

Aspect ratio y

Fig. 4.22 Local buckling stress resultant vs. aspect ratio y (SSSS plate)
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Fig. 4.23 Local buckling stress resultant vs. aspect ratio y (SSCC plate)
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Fig. 4.24 Local buckling stress resultant vs. aspect ratio y (CCSS plate)
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Fig. 4.25 Local buckling stress resultant vs. aspect ratio y (CCCC plate)
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4.4.4 Orthotropy parameters aor and for
To investigate the influence of material orthotropy on the local buckling stress

resultant, two flexural-orthotropy parameters (Brunelle and Oyibo 1983) are considered
Oop = 4—— (4.82a)

_ D, +2D

ﬂOR VDIIDZZ

(4.82b)

The nondimensional parameters in Eq. (4.82) represent the bending stiffness ratios.
For an isotropic material, the flexural-orthotropy parameters apr and for take on values
of unity; while for a material with high orthotropy, aor and for approach values of zero.
The effect of material orthotropy for the SSSS, RRRR, and CCCC plates is shown in Fig.
4.26. As expected, the high material orthotropy (e.g., aor and for =2 0) reduces the
buckling resistance considerably; while the plate with the low material orthotropy (e.g.,
aor and Por = 1 for an isotropic material) has the highest buckling resistance. The
restraining boundary condition also has some influence on the buckling resistance, i.e.,
there is a large gradient change of buckling load for the lesser restraining condition (e.g.,

the SSSS plate) as the flexural-orthotropy parameters change.
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Fig. 4.26 Normalized local buckling stress resultant vs. flexural-orthotropy

parameters
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4.5. Generic solutions of RRSS and RFSS plates under uniform longitudinal

compression

4.5.1 Introduction

The aforementioned sections mainly focus on developing the explicit local buckling
solution of the relatively short plates (i.e., with the plate aspect ratio y = a/b being close
to 1.0), and only consider a particular case of the first buckling mode, which develops
only one half-wave, respectively, along both the directions of the plates. For a generic
plate (with a wide range of y), which is typically the component of thin-walled columns
and beams, the explicit local buckling solution of the RRSS and RF'SS (F represents the
free boundary condition) plates using the new shape functions, which uniquely combines

the polynomial and harmonic functions, for different boundary cases, is developed in this

section.
P G
Y e
Y
N N

(a) RR unloaded edges (b) RF unloaded edges

Fig. 4.27 RRSS and RFSS plates under uniaxial compression
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4.5.2 Shape functions

To solve the eigenvalue problem, it is very important to choose the proper out-of-
plane buckling displacement function (w). In this section, to explicitly obtain the
analytical solutions for local buckling of two representative long plates (i.e., the RRSS
and RFSS plates) as shown in Fig. 4.27, the unique buckling displacement fields are
proposed, respectively.

For the RRSS plate in Fig. 4.27(a), the displacement function chosen by combining
harmonic and polynomial buckling deformation functions is stated as (Qiao and Zou

2002)

w(x,y) = {% +y, [%) +y, (%) +y, (%j }iam sin% (4.83)

where y,,y,and y, are the unknown constants which satisfy the boundary conditions.

As shown in Fig. 4.27(a), the boundary conditions along the rotationally restrained

unloaded edges can be written as

w(x,0)=0 (4.84a)
w(x,b) =0 (4.84b)
2
M (x0)=-D,|ZW|  —_p | (4.84¢)
y 22 2 L
Vb )i W)y
2
A4,(x,b)=-zgz[§1%¥J =-—kR(f§fj (4.84d)
i ay y=b &y y=b

Then the assumed displacement function for the RRSS plate shown in Fig. 4.27(a) can

be obtained as
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k,b ( jz 12D}, + Dy, (5k, +3k,)b + k kb’ (Xf
b b

WX,
(.7) = {b 2D,, 6D, + D, kb

(4.85)

Z a, sin 2%

m=1

12D222+D22(4k + 4k, )b+ k, kb ( j
12D3, + 2D, kb

Noting that k, and k, are all positive values, as given in Eq. (4.85). k, ork, =0

corresponds to the simply-supported boundary condition at the rotationally restrained
edges of y = 0 or y = b; whereas, k, or k, =0 represents the clamped (built-in)
boundary condition at the rotationally restrained edges.

For the RFSS plate shown in Fig. 4.27(b), the displacement function is chosen by
linearly combining the simply supported-free (SF) and clamped-free (CF) boundary
displacements, and it can be uniquely expressed as (Qiao and Zou 2003; Qiao and Shan

2005)

w(x, y) = {(1 - a))% + ngj ( ) }Z a, sm— (4.86)

where @ is the unknown constant which can be obtained by satisfying the boundary
conditions. When @ = 0.0, it corresponds to the displacement function of the SFSS
plate; whereas @ = 1.0 relates to that of the CFSS plate. The boundary conditions along

the rotationally restrained (y = 0) and free (y = b) unloaded edges are specified as

w(x,0)=0 (4.87a)
2
M (x0)=—D,| 2| — 42 (4.87b)
h 22 6 2 6
v ) v )
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o’w 0w
My (.X,b) = (DIZ ax—z + D22 ay—2J}_h =0 (487C)

2 2 2
V(b= Dn@—vfu)zza—vf 2%, 0| 0 (@874)
! Oy ox oy Ox Ox0y -

Eq. (4.86) does not exactly satisfy the free edge conditions as defined in Egs. (4.87¢)
and (4.87d). In this study, in order to derive the explicit formula for the RF plate, the

unique buckling displacement function in Eq. (4.86) is used to approximate the free edge

condition, and it satisfies the condition of ( 0 ZVZV j — o » Which is the dominant term for
oy
y=b

the moment and shear force at the free edge of y = b. As illustrated in the later section,
the approximate deformation function (Eq. (4.86)) provides adequate accuracy of local
buckling prediction for the RFSS plate when compared to the exact transcendental
solution (Qiao et al. 2001).

Considering Eq. (4.87b), @ is obtained in term of the rotational restraint stiffness k.
Then the displacement function for the RFSS plate shown in Fig. 4.27(b) can be written

as

2 37
W) ={a-—2K )2, Pk 5[1] —l(lj S sin™ (458)
3D, +bk’ b 3D, +bk|2\6) 2\b) |[~ a

Similarly, in Eq. (4.88), £ = 0 (simply-supported at the rotationally restrained edge)
corresponds to the plate with the simply supported-free (SF) boundary condition along

the unloaded edges; whereas, k = c (clamped at the rotationally restrained edge) refers to
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the one with the clamped-free (CF) boundary condition. For 0 < k£ < oo, the restrained-
free (RF) condition at unloaded edges is taken into account in the formulation.

By substituting Eq. (4.85) into Egs. (4.6), (4.8), (4.10) and summing them according
to Eq. (4.11), the solution of an eigenvalue problem for the RRSS long plate can be
obtained. After some symbolic computation, the local buckling coefficient for the RRSS
long plate (see Fig. 4.27(a)) can be explicitly expressed in term of rotational restraint

stiffness as

s _ 10,080(6D,, + k4b)’ { kb 76Dy +k,b) kb
Mokib® +21,k,bD,, + 21, D3 | 2m*7* Dy, 2m*7*(6D,, + k,b) D,,
W (n,k2b* + 41, Dyyk, b +36n,D3) , (D, +2D, Y7, k2b + 35, Dk, b+ 720, D3 )
2m*z* (6D, + kb)’ 2107%(6D,, + kyb)’ D,
n m2D11 (771kL2b2 +1,Dpk, b+ 4773D222 )}
5,0407%(6D,, + kb)Y’ D,,

(4.89)

where y= a/b is the aspect ratio of the plate. The plate local buckling stress resultant (N,
see Fig. 4.27(a)) (force per unit length) can be written in term of the local buckling

coefficient as

RRSS 2
B "D,
b 2

RRSS
N ™ =

(4.90)

By minimizing Eq. (4.89) with respect to the aspect ratio (y= a/b) (i.e.,df/dy =0),

RRSS
cr

) and critical local buckling coefficient ( S RRSS)

cr

the respective critical aspect ratio (¥

for the RRSS long plate can be achieved as

1
7/RRSS — 0663{’"4(771]%2[)2 + 772D22kLb + 4773D222 )Dll }4 (491)
¢ (7712kL2b2 +7713D22kLb+367714D222 )Dzz
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ﬁRRSS _ 24
“ 772D22 (7710kL2b2 +2n,Dyk, b + 27711D222

+ 3-742\/D11D22( lkL2b2 +1, Dk, b+ 4773D222 Xﬂlszzbz + 13Dk, b + 367714D222 )}

) {2(D12 + 2D66 )(777kL2b2 + 3778D22kLb + 72779D222)(4 92)

where
_76D;, +17Dykpb+kgb®>  1140D3, + 272D,k b+ 17k b’
771 D222 s 772 D222 ’
_ L116D3, +285D,,kb+19kzb>  36D;, + 8D,k b+ kb’
773 D222 ’ ’74 D222 s
_54D;, +9D,kpb+2kzh® 24D}, + 6D, kb +19k b’
" D, " D, |
72D3, +15D,,k,b+ kb’ 312D3, + 70D, kb + 5k;b*
777 — 22 222 R R , 778 — 22 ;2 R R , (493)
D22 D22
_51D3, +13D,,kyb+kpb®  152D;, + 34D, kb + 2kb’
9 D222 > Dzzz >
_ 4,464D;, +1,140D,,k b + 76k 1b° _36D;, +13D,,k b+ kzb®
n D, o D, |
396D;, +156D,,k, b +13k;b’ 24D3, +11D, kb + kb’
;= 3 My = B
D22 D22

Noting that Eq. (4.92) is independent of the number of buckling half-wave length (m).

Finally, the critical local buckling stress resultant, (N . )Cr , for orthotropic plates with the

rotationally restrained-restrained along two unloaded edges and simply-supported along
the two loaded edges (RRSS) condition (for the plate with the loading and boundary

conditions shown in Fig. 4.27(a)) can be expressed as

RRSS __ 2
(v s = P D (4.94)

x Jer b2

In a same fashion, by substituting Eq. (4.88) into Egs. (4.6), (4.8), (4.10), then

summing according to Eq. (4.11), and after some numerical symbolic computation, the
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local buckling coefficient for the RFSS plate with the loading and boundary conditions
shown in Fig. 4.27(b) can be explicitly expressed as

555 _ 140y> (3D, kb+ k757 ) Dy 245D, kb+k*b* D,
m* 7 (140D2, +7ID,kb+11k>b*) 1D, (140D +77D,,kb+11k°b* D,
1191502, +10D,,kb+2kb> D,
7*(140D2, +77D,,kb+116°b* D,

2 (4.95)

By minimizing Eq. (4.95) with respect to the aspect ratio (y= a/b) (i.e., df/dy =0),

RFSS

the critical aspect ratio (7™ ) and critical local buckling coefficient (B ) can be
established for the RFSS long plate, respectively, as
1
2 2712
S5 0.9133m (140D2, +77D,,kb +11k76%)D,, | * 496
(3D,, + kb)kbD,,

wess 112(15D2 +10D,,kb +2k°6* Dy — 28(5D, kb + kb )D,,
o 7*(140D2 + 77D, kb +11k%b* D,
435D, kb(3D,, + kb)
72D, (140D2 + 77D, kb +11k°b*)

(4.97)

Noting that Eq. (4.97) is again independent of the number of buckling half-wavelength

Finally, the critical stress resultant, (N, )frFSS , for orthotropic plates with the RFSS

long condition (for the plate condition shown in Fig. 4.27(b)) can be expressed as

RFSS 2
)RFSS _ B, 7Dy,

(Nx cr b 2

(4.98)

or explicitly in term of the rotational restraint stiffness (k),
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(N )RFSS _ 4

" b*(140D2 + 77D, kb + 11kb>

)[— 7(5D,, + kb)D,, kb

+/35(kb +3D,,)(140 D2, + 77D, kb +11k*b* )D,, D,, kb (4.99)
+28(15D% +10D,,kb +2k°b* D, |

4.5.3 Design formulas for special orthotropic plates

Simply supported (S)

Simply supported (S)

(a) Case 1: SSSS plate
Clamped (C)

Clamped (C)
(b) Case 2: CCSS plate

Restrained (R)
*f*ﬂa&*f*ﬂzkf/?

7~ === =
NN YN
Restrained (R)
(c) Case 3: RRSS plate

Simply supported (S)

Free (F)

(d) Case 4: SFSS plate

Clamped (C)
v a /
4 /
N, / /b P /)
2 Z Ner
v 7
v /
Free (F)
(e) Case 5: CFSS plate
Restrained (R)
DRI A
/
7
/
/, ]vcr

Free (F)

(f) Case 6: RFSS plate

Fig. 4.28 Common plates with various unloaded edge conditions

Based on the explicit formulas in Egs. (4.94) and (4.98), design formulas of critical

local buckling load (N, ) for several common orthotropic plate cases of applications

(SSSS, CCSS, RRSS, SFSS, CFSS, and RFSS plates) (see Fig. 4.28), which have the same
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simply-supported boundary conditions along the two loaded edges (SS), and their

corresponding critical aspect ratio (,, ) are summarized as follows:

Case 1: Plates with two simply-supported unloaded edges (SSSS) (Fig. 4.28(a))

For the case of k, =k, =0 (i.e., the four edges are simply-supported and the plate is

subjected to an uniformly distributed compression load in x-direction) (Fig. 4.28(a)), the

explicit critical local buckling load can be simplified as

27
NcSrSSS = e {\/DuDzz +(D12 +2D66)} (4.100)

Eq. (4.100) is identical to Eq. (4.32). The critical aspect ratio for the SSSS plate obtained

from Eq. (4.91) is given as

4 1/4
y 5558 =(—m D“J (4.101)
D22

Similarly, Eq. (4.100) is the same as Eq. (4.31b) when a = 0 and m =1.

Case 2: Plates with two clamped unloaded edges (CCSS) (Fig. 4.28(b))

For the case of k, =k, = o (i.e., the two unloaded edges at y = 0 and b are clamped

and the plate is subjected to uniformly distributed compressive load at simply supported

edges of x = 0 and «) (Fig. 4.28(b)), the explicit critical buckling load can be simplified as
NE = ?{1.8711/0“022 +(Dy, +2Dg)} (4.102)
Similarly, from Eq. (4.91), the critical aspect ratio for the CCSS Plate is expressed as
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4D 1/4
y eSS = 0.663(u] (4.103)

22

Case 3: Plates with two equal rotational restraints along unloaded edges (RRSS) (Fig.
4.28(¢c))

For the case of k, =k, =k (i.e., the two unloaded edges at y = 0 and y = b are
subjected to the same rotational restraints, and the plate is simply-supported and
subjected to the uniformly distributed compression load at the edges of x = 0 and x = a)

(Fig. 4.28(c)), the explicit critical local buckling load is given as

NS = 2871 52Dy D, + 5 (D, 2D, (4.104)
1 1

where the coefficients of 7y, », and 73 are functions of the rotational restraint stiffness &

and defined as

271.2 21.2 212
r=124+20 00 KO a1a T KD jpp g R KD
1 2 2 D 2 3 2
22 22 22 22 22 22

(4.105)

and the rotational restraint stiffness k is provided later for the discrete plates in various
FRP thin-walled structural profiles. The resulting critical aspect ratio for the RRSS plate

is thus given as

1

yRRSS _ 0.663{ ’"4(771kzb2 +17,D,,kb + 4773D222 )Dn }4 (4.106)
N (77121‘72b2 +7713D22kb+367714D222 )Dzz

where
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_76D;, +17D,kb+k*b>  1140D;, +272D,,kb +17k*b’

> 17,

m

D, D, ’
L116DZ + 285D, kb +19k*b* 36D% +13D., kb + k*b*
773 — 22 . 22 , 7712 — 22 222 , (4107)
D;, Dy,
396D;, +156D,,kb +13k>b* 24D}, +11D,,kb + k*b*
;= 2 sy = 2
D22 D22

Case 4: Plates with simply-supported and free unloaded edges (SFSS) (Fig. 4.28(d))
For the case of k=0, the simply-supported boundary at one unloaded edge is

achieved. The problem corresponds to the plate under the uniformly distributed

compression load at the simply-supported loaded edges and subjected to the SFSS

boundary conditions (Fig.4.28(d)), and the local buckling load can be obtained as

12D ’D
N =S S (4.108)
Ifa>>b, Eq. (4.108) can be further simplified to
12D
NI = b—266 (4.109)

and Eq. (4.109) is the same as the formula (a >> b) given in Barbero (1999).

Case 5: Plates with clamped and free unloaded edges (CFSS) (Fig. 4.28(e))
For the case of k = oo, the boundary is related to clamped-supported at one unloaded
edge and free at another unloaded edge (the CF condition) (Fig. 4.28(e)), and the critical

local buckling load and critical aspect ratio can be obtained, respectively, as
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NS -28D,, +4 321431))2”D22 + 224D, 4.110)

1/4
yCFSS 1.6633m(&] @.111)

22

Case 6: Plates with elastically retrained and free unloaded edges (RFSS) (Fig. 4.28(f))
The formulas for the critical aspect ratio and critical local buckling load of the general
case of elastically restrained at one unloaded edge and free at the other (RFSS) (Fig.

4.28(%)) are given in Eqgs. (4.96) and (4.98), respectively.

4.5.4 Verification of RRSS and RFSS plates

The explicit equations (4.90) and (4.98) can be applied for the local buckling
predictions of the RRSS and RFSS plates, respectively. Since a numerical approach of the
Ritz formulation is used to derive the explicit formulas for the RRSS and RFSS plates and
the approximate displacement shape functions (see Eqs. (4.83) and (4.86)) are employed
to model the buckled shapes of the discrete plates, it is necessary to validate the accuracy
of the explicit equations (i.e., Eqs. (4.90) and (4.98)) for the RRSS and RFSS plates,
respectively) so that they can be used with confidence in design practice. The numerical
results based on the exact transcendental solutions for local buckling of orthotropic plates
(Qiao et al. 2001) are used to compare with the predictions by Egs. (4.90) and (4.98).
The geometry of the plate is chosen as 45.72 cm (length) x 15.24 cm (width) x 0.64 cm

(thickness). The material properties of both the RRSS and RFSS plates are given as
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follows: Dy, = 7.5112x10% N-cm, D, = 1.4138%10* N-cm, Dy, = 3.5533%10* N-cm, and

Des = 1.1234x10* N-cm.

Table 4.2 Comparisons of critical stress resultants for RRSS and RFSS plates

RRSS plate RFSS plate
k (Nep) ™ [ (NP | Percent | (N ™™ | (N.)"™™" | Percent
(N-cm/cm) | (N/cm) (N/cm) diff. (%) (N/cm) (N/cm) diff. (%)
1,000 7,858.84 | 7,857.25 0.02 1,068.13 1,077.7 -0.89
2,000 8,165.14 | 8,144.01 0.26 1,248.04 | 1,257.09 -0.72
5,000 8,892.74 | 8,895.76 -0.034 1,548.7 | 1,548.48 0.014
10,000 9,727.21 | 9,726.00 0.013 1,796.44 | 1,782.74 0.77
15,000 10,302.7 | 10,304.18 -0.014 1,931.94 | 1911.17 1.09

As shown in Table 4.2, the predictions of the present RRSS and RF'SS plate formulas
for the critical stress resultants are in excellent agreements with the numerical exact
transcendental solutions with a maximum difference below 1.1%. The validity of the
explicit equations is also shown for the whole range of the rotational restraint stiffness
coefficient (k) from the simply-supported (k = 0) to the clamped condition (k = o) (Figs.
4.29 and 4.30). As shown in Figs. 4.29 and 4.30, the critical stress resultants approach
asymptotically to the constants (i.e., the CCSS and CFSS conditions) for both the RRSS
and RFSS plates, as the rotational restraint stiffnesses increase to infinity large. The close
correlation of the explicit equations to the exact transcendental solutions (Qiao et al.

2001) thus validate the accuracy of the present solutions based on the Ritz formulation,
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and they can be used with confidence in the discrete plate analysis of FRP shapes as
shown next.
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Fig. 4.29 Critical buckling stress resultant N, of RRSS plate
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Fig. 4.30 Critical buckling stress resultant N, of RFSS plate
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4.6 Concluding remarks

In this chapter, the first variational principle of the Ritz method is used to establish an
eigenvalue problem for the local buckling behavior of composite plates elastically
restrained along its four edges (the RRRR plate) and subjected to biaxial non-uniform
loading, and the explicit solutions in term of the rotational restraint stiffness (k. and £,)
are presented. By considering the elastic restraining conditions along the four edges, the
unique harmonic deformation shape function is first presented and used to obtain the
explicit solution. The solution for the plate rotationally restrained along the four edges is
simplified to seven special cases (i.e., the SSSS, SSCC, CCSS, CCCC, SSRR, RRSS,
CCRR, and RRCC plates) based on the different edge restraining conditions (e.g., simply-
supported (S), clamped (C), or rotationally restrained (R)). A parametric study is
conducted to evaluate the influences of the loading ratio (a), the rotational restraint
stiffness (k), the aspect ratio (y), and the flexural-orthotropy parameters (a.or and for) on
the local buckling stress resultants of various rotationally-restrained plates, and they shed
light on better design for local buckling of composite plates with different restraining
boundary conditions. The explicit local buckling solutions of generic orthotropic plates
with the rotationally restrained and free boundary conditions, respectively, and subjected
to uniform uniaxial compression are also derived, and they are valid with the exact
transcendental solution. The applications of the explicit solutions to local buckling
prediction of FRP composite structures (e.g., FRP structural shapes and sandwich cores)

through a discrete plate analysis technique are introduced in the next chapter.
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CHAPTER FIVE

LOCAL BUCKLING SOLUTION OF FRP COMPOSITE STRUCTURES

5.1 Introduction

In this chapter, the explicit solutions for local buckling of FRP plates elastically
restrained along four edges and plates elastically restrained along two unloaded edges
with different boundary conditions are applied to predict the local buckling behaviors of
FRP composite structures (i.e., FRP structural shapes and honeycomb cores in sandwich
panels) using the technique of discrete plate analysis (Qiao et al. 2001). For the columns,
the solution of plates elastically restrained along two unloaded edges with different
boundary conditions (i.e., the RRSS and RFSS plates in Section 4.5) is applied to six
commonly used pultruded FRP profiles, namely, I, box, C, T, Z and L sections. The
rotational restrained stiffnesses (k) for the aforementioned six profiles are first
determined and used in the local buckling load prediction. A design guideline for explicit
local buckling design of FRP structural shapes is correspondingly developed. The local
buckling solution of orthotropic rectangular plates elastically restrained along four edges
(see Section 4.2) is applied to predict the local buckling load of FRP short box columns
and sandwich care structures. The local buckling strength values of plates in short FRP
box columns and core walls between the top and bottom face sheets of sandwich are
predicted, and they are in excellent agreement with the numerical finite element solutions

and experimental results.

136



5.2 FRP structural shapes

s L

7zl S.S.Edge 7l S.S.Edge
///N//// ///N////
) (a) RR unloaded edges ) (b) RF unloaded edges
1 i i Note: R.R.- Rotationally Restrained

_L T S.S.- Simply Supported
I I 1 ‘

Fig. 5.1 Plate elements in FRP shapes based on discrete plate analysis

For the box, I, C and Z sections, the web portions can be modeled as an orthotropic
laminated plate element connected to the top and bottom flanges, and they are equivalent
to a plate elastically restrained at two simply-supported unloaded edges (RR) and under
uniformly distributed compression loading at two opposite edges (see Fig.5.1(a)).
Similarly, the flanges of I, C, Z, T and L sections can be simulated as a plate element
elastically restrained at one simply-supported unloaded edge and free at the other
unloaded edge (RF) (see Fig. 5.1(b)). By considering the effect of elastic restraints at the
flange-web joint connections of thin-walled sections in term of the rotational restraint

stiffness (k), the explicit formulas of local buckling of elastically restrained plates (i.e.,
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the RRSS and RFSS plates) given in Section 4.5 are then applied for prediction of local
buckling strength of FRP structural shapes. The predictions to local buckling of FRP
sections are compared with available experimental data and finite element eigenvalue

analyses.

5.2.1 Determination of rotational restraint stiffness

As shown in Chapter Four, the critical buckling loads of the RRSS and RFSS plates
(Egs. (4.89) and (4.95)) are expressed in terms of the rotational restraint stiffness (k). To
compute the local buckling loads for general cases of elastically restrained plates and
apply them in the discrete plate analysis to evaluate the local buckling of FRP thin-walled
structures, the rotational restraint stiffness must be determined.

As shown in Fig. 5.1, the local buckling of different FRP structural shapes (box, I, C,
T, Z, and L sections) can be simplified into two general cases of orthotropic plates
subjected to uniform in-plane axial load along the simply supported edges. One is
rotationally restrained at two unloaded edges (the RRSS plate, see Plate I in Fig. 5.1(a) or
Fig. 4.28(c)), and the other is rotationally restrained-free (the RFSS plate, see Plate II in
Fig. 5.1(b) or Fig.4.27(f)). The critical buckling stress resultants N, for the above two
types of plates are expressed in terms of the rotational restraint stiffness (k) (see Eqgs.
(4.89) and (4.95) for the RRSS and RFSS plates, respectively). Based on the derivations
for the isotropic case (Bleich 1952), the explicit expressions of the rotational restraint
stiffness (k) for discrete orthotropic plates of different composite structural shapes are

correspondingly developed.
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(a) Box-sections
When the cross section of a box beam distorts or buckles, each of the restraining
plates of width ¢ is acted upon by moments M, per unit length. M, is proportional

tosin(nmx/a), where a is the length of the plate and A =a/n is the length of a half

wave. The restraining plate is bulged alternately upward and downward (see Fig. 5.2)
(each panel with the same deformation direction and half wave length A =a/n in the
restraining element can be represented by a plate simply supported on four edges and
loaded symmetrically on two opposite edges by M,). It is assumed that there are no
compressive forces acting on the restraining plate along the x-axis. Then the out-of-plane
displacement function w of such a restraining plate under the action of M, can be written

in the general form as
w=C, sinh%+C2 cosh%+C3ysinh%+C4ycosh% (5.1)

where C; to C4 are the unknown constants and can be determined by the boundary

conditions. When the four edges of the plate are simply supported, the function becomes

w= ch Y cosh

27D, sinh(ﬂyj ¢
A

( ) sinh(?{] + sinh”(y/l_c)
Yy ¢ +(1 choshQ— M, (5.2)
c

sinh(ﬂy)
A
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Fig. 5.2 Hlustration of deformation of the restraining plate in a box section

Using ¢ = (g—wj , the angle of rotation ¢ can be expressed as the function of M, as
y=c

g
Q=- 4 tanh 214 — 4 M,
27D, 24 sinhl (53)
) .
A c
- * pl [EJM)/
i
where p, (%) = Ltanh— +— A , and D), is the transverse bending stiffness

2z smh(”j
A

of the restraining plate.
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As approximated for the isotropic plates (Bleich 1952), the length A of the half wave
lies between 0.668b for the clamped edges and b for the simply supported edges where b
is the width of the restrained plate. For simplification, we assume that A =5 is
independent of the degree of fixity at the edges of the web plate. The error in this

assumption is small and lies on the safe side (Bleich 1952). Then we can

approximate% = % , and Eq. (5.3) is thus simplified as
b c
=——0p| =M 5.4
¢ D22 pl (bj y ( )
In a box section (Fig. 5.3), if the web buckles first, the flange restrains the web and
the restraining plate refers to the flange of the box-section (see Fig. 5.3(b)). Then Eq.

(5.4) becomes

b, (b,
T R Ve 55

w

where DJ, is the transverse bending stiffness of the flange plate, b, is denoted as the

width of the flange, and b, is the height of the web.

Because the rotational restraint stiffness & at the web-flange connection is a factor or

proportionality of the bending moment M, and the distortion angle ¢,
M =—kp (5.6)

then combining Egs. (5.5) and (5.6) gives
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Fig. 5.3 Geometry of different FRP shapes

So far the effect of the longitudinal compressive stress resultant (N,) on the
restraining plate has been neglected. It is necessary to include this effect, which can be

done approximately by multiplying Eq. (5.2) by a reduction factor (Bleich 1952; Qiao et

al. 2001).

) .
( Nx )restmming :

cr

)restrained

r=1-
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The web and flange in Eq. (5.8) can be treated as individual plates with four edges
simply-supported and subjected to a uniform axial force at two opposite edges, and the
explicit solution for the critical local buckling load is already given in Eq. (4.100) (the SS

plate). Hence, the factor for the box section with the web buckling first is modified as

b DDy, + Di; + 2Dy 9)

r=1-—

- — : :
bW \/Dlle'zfz +D1/2 +2D6/6

where the superscripts f and w represent the properties related to the flange and web

plates, respectively.

By multiplying the factor », Eq. (5.7) is expressed as

e DY £1£,/Dﬁpg + D/, +2Dy (5.10)
2|1 . , .
) pl(bf} b. [D/DL + DL +2D!
" b

where Dj; (i, j = 1, 2, 6) are the bending stiffness of laminated composite plates (Jones
1999). Eq. (5.10) is the rotational restraint stiffness for a restrained discrete web plate in
the box section and can be used in Eq. (4.90) to predict the local buckling of box sections.

If the flange buckles first, the restraining plate thus refers to the web of the box-

section (see Fig. 5.3(a)), and the rotational restraint stiffness & thus becomes

D;; by ND/\D3, + Dy, +2Dg
k = —b—z — . W (511)
bf,O [bw] 7 NDy Dy, + Dy +2Dg
1
‘ b
A
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Again, Eq. (5.11) represents the rotational restraint stiffness for a restrained discrete
flange element in the box section and can be substituted into Eq. (4.90) to evaluate the

local buckling strength of box sections.

(b) I-sections
If the flange buckles first in an I-beam section, the web will be considered as the
restraining plate (see Fig. 5.3(a)). The rotational restraint stiffness k is obtained in a

similar way as in the box-section. However, the half wavelength of the buckled flange
now lies between 1.685, and the full length a of the plate (Bleich 1952). A conservative

but simple result can be obtained by assuming the wavelength A = oo . There is also some
difference in the reduction factor » because the flange is considered as rotationally
restrained and free (RF) at unloaded edges. The formula for the buckling stress resultant
of the plate with simply-supported and free unloaded edges (the SF plate, Fig. 4.28(e)) is
given in Eq. (4.108). Then the rotational restraint stiffness & for the restrained flange of

I-section becomes

Dy, _6b: D,

2 2 w w w w
b, 7°b; \/D'D}, + D} + 2D,

k (5.12)

If the web buckles first, the flange will be considered as the restraining plate (see
Fig.5.3(b)). Using Eq. (5.1) and with the same procedure as the box-section, the angle of

rotation of the restraining flange is:
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2

P 3cosh2(7jf)+(zcj +1 ;

¢:_2D-’I*E7rc 7IC e M, = DJ; pZ(C]My G139
2 ~—~ 4+ 3sinh| — |cosh| — 2

A A A

2
3cosh?| |+ | +1
(cj 1 A A
where p, ri

4r 7~ +3 sinh(ﬂcj cosh(ﬂcj
A A A

Assuming A = b, as before, then Eq. (5.13) becomes,

b, (b,
p=—— p{—ijy (5.14)

D2; bw

and the rotational restraint stiffness k for the restrained web of I-section including the

reduction factor can be obtained as

L Dl | 7*b} \[D\D} + D}y + 2D 515
N b\ eb? D/ (5.15)
b p 7]‘ w 66
w Z(b j

w

(c¢) C- and Z-sections
If the flange of C- or Z-section buckles first, similar to the flange of I-section (see
Fig. 5.3(a)), the rotational restraint stiffness £ can be obtained as

_ 2Dy [ 6b, D/,

2 2 w w w w
b, z°b; \/D'D}, + D} + 2D

k

(5.16)
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where b, refers to the length of flange, and b,, the height of the web as specified in Fig.

5.3(b). If the web buckles first, the rotational restraint stiffness & is half of that given in

Eq. (5.15).

(d) T-sections
The web of T-section is a plate elastically restrained against rotation along one edge

(at the web-flange connection) and free on the other one. If the web height (b=5,) is
larger than the width of flange panel (¢ = b, ), the web will buckle first (see Fig. 5.3(b)),

and the critical buckling stress resultant (V) reaches the largest value when the width of
the flange (see in Fig. 5.3) is a half of the height of the web. When the width of flange
panel is zero or equal to the height of web panel, the local buckling of the web is similar
to the buckling of a plate with free-free or SF unloaded edges, respectively.

Because the panels of T-section are all rotationally restrained at one edge and free at
the other, the distribution of rotational restraint stiffness is approximately proportional to
the moment of the connection joint when the width of flange panel is a half of the height
of web panel (b = b,/2 for T-section in Fig. 5.3). When the width of flange panel
increases or decreases from the half of the height of web panel, this approximately
proportional relation changes since the restraining effect becomes weaker. Using the

regression technique, the rotational restraint stiffness k can be given as

DI’ 2
k=—2—°¢

5.17
1.9, -17)
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It can be obviously observed from Fig. 5.4 that the critical buckling stress resultant
(Ner) of the RFSS plate (Eq. (4.98)) based on the rotational restraint stiffness k& in Eq.
(5.17) is conservative when compared with the predictions from the finite element (FE)
eigenvalue analysis of T-sections (with b,, = 15.24 cm and ¢ = 0.64 cm; use by as a
variable), and the error lies between 0.62% and 3.0%. As indicated in Fig. 5.4, when by=
b,/2 (i.e., by = 7.62 cm), the maximum local buckling load is reached. Therefore, Eq.

(5.17) is applicable for design purpose.

1400

—&— FE Results
O+ Present - EQ.(26)

1200 +

800

Critical buckling load N, (N/cm)

600 T T T T T T T
0 2 4 6 8 10 12 14

Width of the flange panel of T-section (cm)

Fig. 5.4 Comparison of the RF plate solution with FE results for T-section

If the flange of T-section buckles first (see Fig. 5.3(a)), the rotational restraint

stiffness k similarly becomes
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b, Y

_{” 5

DY 2| 45 ]
k=—2 ¢ (5.18)

(e) L-sections

If both the legs in L-section have equal width, they will buckle simultaneously.
Neither of the legs will restrain the other one, and the rotational restraint stiffness k is
therefore zero, which is the case of simply-supported and free (SF'SS) plate. The explicit
formula of critical local buckling stress resultant is given in Eq. (4.108). In case of
unequal angles, a certain restraining effect on the wider leg is exerted by the smaller one.
The critical local buckling stress resultant depends on the ratio of the width of the two
legs and the slenderness ratio b/t of the wider leg (Bleich 1952). As a conservative
design, Eq. (4.108) which primarily corresponds to the L-section with equal leg width can
be used. When the ratio of leg width approaches zero or infinite, a simple Euler buckling

1s assumed as

N = (5.19)

5.2.2 Summary for local buckling design of FRP shapes

Based on all the case studies presented for the discrete plate analysis (Section 4.5.3)
and related restraining effect of web-flange connection, the explicit formulas for local
buckling stress resultants (N.) and rotational restraint stiffness (k) are summarized in
Table 5.1, and they can be used to predict the local buckling of several common FRP

profiles as shown in Fig. 5.3.
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Table 5.1 Rotational restraint stiffness (k) and critical local buckling stress resultant () of different FRP profiles

FRP section | Buckled plate ™! Critical local buckling stress resultant N, Rotational restraint stiffness &
po Dy [ b VD)D), + D}, +2D/ | ¥
Fl N, =22 a1 2D D) + () + 204" B "2 [p'Dr D2 42D
ange o =il 1Dp +—(Djy +2D4)} . p[wa 7 /DDy + DY+ 2D,
f 1 P
Box-section b,
(o DI [ b yDIiD + Dy +2D; |
Web 7{1 871 \/ DDy, + (Dlz +2D66)} b pl[b,} b \D}/\DJ, + D}, +2D/,
" bH/
4 i
N, = ~\kb, + 5D, D} kb
b2 (1152 + 77D, +140(D-2f2)2)[ (e +3DL )ik, o e o
Flange 5 - F Y k="2|1- - w 66
\/35(kb +3DL)(1 1K +77DLkb, +140(D% f)DY DLkb, b DUDL + DY+ 2D,
I-section +28(2k*b% +10DLkb, +15(DZ, ) YD
r 210y 22 66
24 . o w__ DL [, 7% DD} + D+ 2D |
Web N, =b7{1.871 —+/ D)\ Dy, +73(Df§ +2D¢)} b o (b,} 6b; Dy
w 1 wl’2
bW
4 i
= —7\kb, + 5D, )DL kb
b2 (11kb2 + 77D Lb, +140(D{2)2)[ (o + 3040k (e o
k — 22 1- w 66
Flange +(35(kb, +3DL)(1 KB} +77DLkb, +140(DL ] )D DLkb, b, | 7B DD + DY 42D
Channel and 5 ; ; ] e o
D +28(2k%b? +10DLkb, +15(D4, f )DL,
po_ Dh 7°b} DDy + Dy +2Dg |!
Web o {1 871 |-2/D/'D2 + (Dl‘; + 2D§6)} b o (be 6bj_ D/,
w2 7
bM/
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4

N, = ~7\kb, +5D{, )D/ kb b,
b2(11kb2 + 77D b, +140(D{2)2)[ (e w3040k Ty
) - ) W 2| 45
Flange +[35(kb, +3DL)(1 KB} +77DLkb, +140(DL ] )D DLkb, = D,, o
_ +28(2k%? +10D4kb, +15(Df, )Z)D({(,] 1.9b,
T-section : 2 :
N, =—t— : - 7(kb, + 5D )DpkD, bt
B2(110? + 77Dk, +140(D3 ) |
Web w 272 w w W W Df* 2 43
+/35(kb,, +3D) (11D + TTDskb, +140(D3 YDl Dk, P
+28(2k%% +10D5kb, + 15(0;;)2)033] 1.9,
12D}, #°Dj,
Flange = (bf)626 a211 k=0
L-section 2D v
T
web L= = —0ola
(bW)z aZ k 0

Note: a. Buckled plate refers to the first buckled discrete element (either flange or web) in the FRP shapes.

b. 7 =124+22

kb,

i

22

Lt , T, =24+14

212 212
b Kb 102418 k’fl‘ L

D, (DL, f D, (pi,f

J J

b 4
! ik +3sinh ek cosh| ik
b ; b/. b ;

d. Inthe L-section, only the case of equal flange and web legs is herein given.

, where i = for w which refer to flange or web, respectively.

2
' s [b j 1 3cosh2[f‘}+[f‘} +1 , where b, or bj( i, j= forw ) is the width of flange or web, respectively.
] 2

e. D; (i, j=1, 2, 6) are the bending stiffness per unit length and D;z is the transverse bending stiffness of a unit length.
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5.2.3 Numerical verifications

To validate the methodology of applying the explicit plate formulas for local buckling
predictions of Box-, I-, C-, Z-, T-, and L-sections, the numerical finite element (FE)
eigenvalue analyses are conducted. The same material properties for both the flange and
web are used and given as follows: D;; = 7.5112%10% N-cm, Dy, = 1.4138%10* N-cm, D2
=3.5533%10* N-cm and Dge = 1.1234x10* N-cm. The eigenvalue analyses are conducted
using the commercial finite-element program ANSYS, and the shell layered element
(SHELL 99) is used. The element size is 1.27 cm x 1.27 cm and the local buckling
deformation contours of Box-, I-, C-, Z-, T-, and L-sections are shown in Fig. 5.5. For
the I-section, the analytical and finite element results are also compared with the
available experimental data (Barbero 1992) which is about 3,925 N/cm in this case, and
the percent differences of the explicit design and finite element values versus the
experimental data are about 4.0% and 3.8%, respectively. As shown in Table 5.2,
excellent agreement between the proposed explicit analytical design and numerical

eigenvalue analyses is achieved, with maximum difference of 4.7%.
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Fig. 5.5 Local buckling deformation contours of FRP thin-walled sections
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Table 5.2 Comparisons of critical stress resultants for different FRP sections

Percent
Sections k Tr (Vs | (N | difference (%)
Flange
(mm) (N-cm/cm) | (N/cm) (N/cm) (Present
m =
versus FE)
Box-I
7,022 1.016 8,587 8,501 1.01
(152%x102%6.4)
Box-II
0 1.205 7,506 7,170 4.70
(152%x152%6.4)
I-
1,610 3.824 4,083 4,073 0.25
(152%x152%6.4)
C-
3,220 3.27 4,747 4,599 3.22
(152x76%6.4)
7-
3,220 3.27 4,747 4,585 3.53
(152%76%6.4)
T-
1,227 4.075 1,117 1,131 -1.24
(152%76%6.4)
L-
0 - 897 877 2.28
(152%x152%6.4)

Note: .= a/b, where b is the width of buckled panel

5.2.4 Design guideline for local buckling of FRP shapes

Based on the formulas of plate critical buckling stress resultant (V) and rotational
restraint stiffness (k) presented above, the following step-by-step design procedures and
commentary are recommended for local buckling analysis and resistance improvement of

FRP structural shapes:
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Step 1 Determination of first buckled discrete plate elements in FRP shapes: In the
analysis and design of local buckling of FRP shapes using discrete plate analysis
technique, it is important to determine which plate element (either flange or web) will
buckle first. Based on Eq. (5.8), the reduction factor » can be computed and used as
an indicator for determining the first buckled plate element so that the appropriate
design equations in Table 5.1 can be applied to compute the critical local buckling
strength of FRP shapes. If » = 0, it indicates that the web and flange components
buckle simultaneously; thus, the web-flange connection can be simulated as a simply-
supported condition in the discrete plate analysis. If » is a negative value, it refers
that the assumed first buckled plate element is not the restrained element rather than a
restraining one.

Step 2 Determination of critical buckling stress resultants of first buckled plate
element: Once the first buckled plate element is identified in Step 1, the related
critical buckling stress resultant of the plate element can be calculated using the
formulas provided in Table 5.1.

Step 3. Determination of critical buckling load of FRP section: Using the critical
stress resultant (V) of first buckled (control) plate element identified in Step 1 and
computed in Step 2, the critical local buckling load (P.) of FRP sections can be

obtained as
(f)cr )axial = (Nv )crl (520)

where [ is the contour perimeter of FRP cross sections (see Fig. 5.3).
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Step 4 Local buckling resistance improvement of FRP shapes: The explicit formulas
for the critical aspect ratio (J) obtained in this study (see Egs. (4.96), (4.101),
(4.103), (4.106), and (4.111) for various shapes) can be used to determine the
locations of stiffeners or bracings so that the local buckling capacity of FRP shapes is
improved.

Step 5 Placement of stiffeners or restraints: Use the critical aspect ratio identified in
Step 4 to obtain the locations of restraints or lateral bracings so that the local buckling

resistance of FRP sections can be improved.

5.3 Short FRP columns

The following section is given to illustrate the applicability of using explicit plate
solutions of the orthotropic rectangular plates rotationally restrained along four edges
under uniform compression loading (Eq. (4.16)) to predict the local buckling of the short

thin-walled FRP columns.

For the box, I, C and Z sections of FRP shapes subjected to in-plane compression
along the longitudinal direction, the web panels which are connected to the top and
bottom flanges, can be modeled as an orthotropic laminated plate with the rotational
restraint stiffness along the two unloaded edges (provided by the connected flange
panels) and simply-supported along the other two loaded edges. Thus, this kind of web
panels is the RRSS plate in this study, and its local buckling stress resultant can be
obtained by Eq. (4.55). For a relatively short FRP compression member, the discrete

plate usually fits into the criterion of only one generated half-wave along the loading
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direction. It is necessary to obtain the local buckling load in this case and compare it
with the material compression failure strength. Thus, a transition aspect ratio (y*), which
is obtained by equaling the material compression failure strength to the local buckling
load, can be used to determine the failure mode of the structure. For a given plate, if the
aspect ratio (y) is larger than y*, the local buckling will take place before the structure

undergoes the material failure.

In this study, a box section with dimension of 10.2x15.2x0.64 cm is used as an
example, and the material properties are given as follows: D;; = 46,860 N-cm, D, =
13,370 N-cm, Dy = 35,000 N-cm, and D¢ = 10,740 N-cm. The rotational restraint
stiffness (k) at the connections of flange and web panels is determined as 6,756 N-cm/cm
(Qiao and Zou 2002), and the generic definition of the rotational restraint stiffness (k) and
related formulas for various FRP sections are given in Qiao and Shan (2005). Three
aspect ratios (y = 0.2, 0.5, and 0.9) which are less than the critical value (y, = 0.91) are
chosen in the analysis. The finite element results are obtained by using the commercial
software ANSYS, and the element SHELLG63 is used. The local buckling stress resultants
for the composite plates with three different aspect ratios obtained from explicit solution
(Eq. (4.55)), finite element method, and exact transcendental solution are listed in Table
5.3. Due to the sensitivity of local buckling resultants to the rotational restraint stiffness
(k), the explicit solution is much closer to the results obtained from the results of
transcendental solution than those from the finite element method, since the first two
solutions (explicit and numerical transcendental) adopt the same value of k; however, the

finite element model may more closely simulate the true scenario. A graphical
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presentation of the comparisons is also presented in Fig. 5.6. Based on Table 5.3 and Fig.
5.6, it indicates that the proposed explicit solution of the rotationally restrained plates is

effective and accurate in predicting the local buckling strength of short FRP columns.

Table 5.3 Comparisons of local buckling stress resultants of box sections

Explicit Trans. FEM Percent diff. | Percent diff.

’ (N/cm) (N/em) | (N/cm) | to Trans. (%) | to FEM (%)
0.2 52,899 53,218 50,350 -0.60 5.06
0.5 11,698 11,763 11,160 0.55 4.82
0.9 7,805 7,850 7,416 -0.57 5.24

Note: Trans. — transcendental solution; FEM — finite element method.
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1000 A @® Exact transcendental solution
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Normalized local buckling stress resultant N *

Aspect ratio y

Fig. 5.6 Local buckling stress resultant of an FRP box section
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5.4 Sandwich cores between the top and bottom face sheets

Due to the advantages of lightweight and structural efficiency, honeycomb sandwich
structures are commonly used in aerospace engineering. Recently, sandwich structures
with different shapes of large cellular core (e.g., sinusoidal, honeycomb and trapezoidal)
have begun to take a role in civil construction, such as working as bridge deck panels and
highway protecting barriers. When this kind of sandwich structures is subjected to an out
of plane uniform compression on its face sheet, the local buckling of the core walls
between the top and bottom face sheets becomes one of the easily happened failure
modes. By using the discrete plate analysis technique, the flat core walls of sandwich
structures can be modeled as an orthotropic plate (the SSRR plate) rotationally restrained
along the two loaded edges (namely the top and bottom facesheets) and simply-supported

along the other unloaded edges at the periodic lines of unit cell core (Fig. 5.7).

————————————————— Tramsverse
—_4i Direction

Top facesheat

Periodic Iines

U
Bottom facesheet !

ARARNAREY

Fig. 5.7 Simulation of the sandwich core flat wall as an SSRR plate
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Fig. 5.8 Geometry of honeycomb sinusoidal unit cell

The sandwich core used as an example in this section is a sinusoidal one (Qiao and
Wang 2005), and the geometry of its unit cell is 10.16x10.16 cm and the thickness of the
flat wall is 0.23 cm (Fig. 5.8). The material properties of the core wall are given in Table
5.4. Three types of bonding layers B1 (One-layer), B2 (Two-layer) and B3 (Three-layer)
(Chen 2004) are used to assess the effect of the rotational restraint stiffness (k) (given by
the facesheets) on the local buckling behavior. The rotational restraint stiffness (k)
corresponding to the three different bonding layers (B1, B2 and B3) were obtained from
the experiment, and the local buckling stress resultants obtained from the finite element
analysis and experiments for these three types of sandwich core (Table 5.5) were
available in Chen (2004). The explicit local buckling solutions calculated from Eq. (4.51)
are listed in Table 5.5, and they are compared with the numerical and experimental data.
An excellent agreement of the present explicit local buckling solution of SSRR plate
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using the discrete plate analysis technique with the finite element and experimental

results is observed (see Table 5.5 and Fig. 5.9), thus validating the applicability and

accuracy of the present approach in the sandwich core local buckling analysis.

Table 5.4 Material properties of honeycomb core

E; (N/em?) | E; (N/em?) | Gio (N/em?) | Gos (N/em?) | vin V23
Core | 1.18x10° | 1.18x10° | 4.21x10° | 2.96x10° | 0.402 | 0.38
Table 5.5 Comparison of sandwich core local buckling loads
Type of k Explicit | FEM* | Test* | Percent diff. | Percent diff.
bonding layer | (N-cm/cm) (Nfem) | (Nfem) | (Nfem) | to FEM (%) | to Test (%)
Bl 657 1,255 1,219 1,250 2.96 0.43
B2 1,350 1,530 1,484 1,566 3.08 -2.28
B3 1,900 1,679 1,623 1,707 3.46 -1.62

* From Chen (2004)
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Fig. 5.9 Local buckling stress resultant of flat core wall in the sandwich

5.5 Concluding remarks

As an application, the explicit local buckling solution of rotationally restrained plates
developed in Chapter Four is adopted in the discrete plate analysis to predict the local
buckling strength of two typical FRP composite structures, i.e., the thin-walled FRP
composite shapes and honeycomb cores in sandwiches. The rotational restrained
stiffnesses (k) for the six common FRP profiles (i.e., I, box, C, T, Z and L sections) are
first determined and applied in the local buckling load prediction of FRP structural
shapes. A guideline for explicit local buckling design is provided, which can be used to

predict the local buckling strength and improve the buckling resistance of FRP structural
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shapes. In a similar fashion, the explicit local buckling solution restrained plates is
applied to predict local buckling strength of short FRP columns and cores between two
face sheets on sandwiches, and a close agreement among explicit prediction, experiment
and numerical Finite Element analysis is obtained. Due to the excellent agreements with
the numerical modeling and available experimental data, the present explicit formulas of
rotationally restrained plates can be applied with confidence to predict the local buckling
strength of different composite structures through the discrete plate analysis technique,
thus facilitating design analysis, optimization, and application of FRP structural shapes

and honeycomb sandwich structures.
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CHAPTER SIX

DELAMINATION BUCKLING OF LAMINATED COMPOSITE BEAMS

6.1 Introduction

Mechanics of bi-layer beam theories (conventional composite beam theory, shear-
deformable bi-layer beam theory, and interface-deformable bi-layer beam theory) are first
reviewed systematically to build the theoretical basis for derivation of the formulas for
local delamination buckling of laminated composite beams in this chapter. Three joint
deformation models (i.e., the rigid, semi-rigid, and flexible joint models) based on three
corresponding bi-layer beam theories (Qiao and Wang 2005) are presented. The
delamination buckling formulas are then derived based on the three joint deformation
models, respectively. Numerical simulation is carried out to validate the accuracy of the
formulas. The parametric study of the delamination ratio, the shear effect, and the
influence of the interface compliance on the analytical results is conducted to compare

the delamination buckling predictions based on three different joint deformation models.

6.2 Mechanics of bi-layer beam theories

In this section, the joint deformation models based on the corresponding bi-layer
beam theories developed in Qiao and Wang (2005) are reviewed. The symmetric case of
bi-layer beams, which is not particularly addressed in Qiao and Wang (2005), is derived.
The deformation field at crack (delamination) tip is emphasized, and it will be later used

in deriving the solution for local delamination buckling.
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Delamination

Fig. 6.1 A laminated composite beam with delamination area

In a simplified laminated composite beam structure, the structure typically consists of
different layers with different orientations as illustrated in Fig. 6.1. The delamination
area lies in the center of the composite laminated beam. To simplify the analysis, the
concept of crack tip element proposed by Davidson et al. (1995) is adopted in the study.
When a cracked bi-layer beam is subjected to general loading (Fig. 6.2), a pre-existed
crack of length a is along the straight interface of the top and bottom beams with the
thickness of /; and 4y, respectively. The two sub-beams are made of homogenous,
orthotropic materials, with the orthotropy axes along the coordinate system. The length
of the uncracked region L is relatively large compared to the thickness of the whole beam
H = h;+h; so that the effect of boundary conditions is negligible. This configuration
essentially represents a crack tip element, a small element of a split beam, where the
cracked and uncracked portions join, on which the generic loads are applied as already

determined by a global beam analysis. It is assumed that the lengths of cracked and
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uncracked portions of the beam are relatively large compared to the bi-layer beam
thickness; therefore, a beam theory can be used to model the behavior of the top and

bottom layers.

N1o, Q10 o N1, Q1
Maio H %u X1 Beam 1 %» Mi M, Qr
7
M2o H }1’2 e x:  Beam? H Mz (%» NT

N2o, Q20 k] N2, Q2

Delamination

Fig. 6.2 A crack tip element of bi-layer composite beam
According to Timoshenko beam theory, the deformation field of the two sub-beams

(Beam 1 and Beam 2) is:
Ui(xi,zi):ui(xi)+zi¢[(xl.) (6.1)
W, (x.2) = wi(x;) (6.2)
where the subscript i = 1, 2 represents the top and bottom beams (Beam 1 and Beam 2)

in Fig. 6.2, respectively. x; and z; are the local coordinates in beam i. The constitutive

equations are given as

NG) (¢ o )
[Mll(x)J:(Ol D,] dfg)EX) ’
dr
Qi(x)=B,-(¢,-(x)+dvgf)j 63)



where N;, O;, and M, are, respectively, the resulting axial force, transverse shear force,
and bending moment per unit width of beam i; C;, Bi, and D; (i = 1, 2) are the axial,
transverse shear, and bending stiffness coefficients of layer i, respectively, and they are

expressed as

(@) 5 () () bh?
C, =Eybh, B :gGls bh;, D, =Ej E (6.4)

where E{P’and G? (i = 1, 2) are the longitudinal Young’s modulus and transverse shear
modulus of layer i, respectively.

N1, Q1 Ni1+AN1, Q1+AQ1

M («Jf m [Ae) MetaM:
4#

oAX, TAX

A,
" H h2 %9 Mz+AM:

N2, Q2 N2+AN2, Q2+AQ2
?#,

Fig. 6.3 Free body diagram of a bi-layer composite beam system
The equilibrium conditions can be established by a free body diagram analysis of the

bi-layer beam system (Fig. 6.3) as

d%x(x) = bO'(x), de;(X) = —bO'(x),
dM, (x) h, dM, (x) _ h,
Lo 0) Bpet) LU g, L) 65)
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The overall equilibrium requires:

Nl(x)+N2(x)=N10 + Ny =Ny,

0, (x)"' Qz(x): O + 0 =01,

Ml(x)+M2(x)+Nl(x)M:M10+M2O+N10 hthy

+0,x=M,. (6.6

where Ny, Qw, and M,y (i = 1, 2) are the external forces in top and bottom layers,
respectively; Ny, Or, and M7 are the resulting forces expressed by the right equality in the

above equations, and acting at the neutral axis of the bottom beam (Beam 2) (see Fig.

6.2).

6.2.1 Conventional composite beam theory and rigid joint model

Rigid Joint

N1o, Q10 Nic, Qic

|\/|1<)(<Jf ) Mo
v

AN QM*

Moo (=] 4= M

N2o0, Q20 Nac, Qzc

Crack tip forces

Fig. 6.4 Rigid joint model based on conventional beam theory
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Conventional composite beam theory is used most widely in the literature to analyze
bi-layer beam (Fig. 6.4), in which the cross-sections of two sub-layers are assumed to

remain in the same plane after deformation, i.e.,

#(x)=¢,(x) (6.7)

Along the interface of two sub-layers, the displacement continuity is given as
w, (x)=w,(x) (6.8)
()= () =)+ 22 ) ©9)

Differentiating Eq. (6.9) with respect to x and considering Egs. (6.3) and (6.6) yield:

N, hM
N (x)— y)= 2 My
7N, (x)— &M (x) EY:) (6.10)
where
hl h2
=——- 11
*=2p, D, (6.11a)
L1 (B k),
n= c e 4D, (6.11b)
Differentiating Eq. (6.7) with respect to x gives
Ml(x):Mz(x) (6.12)
Dl D2 '

By substituting Eq. (6.12) into Eq. (6.10) and considering Eq. (6.6), the governing

equation of the composite beam based on conventional beam theory is obtained as

([L N Ljn Lt h) gj N, (x)= F(x) (6.13)

D, D, 2D,
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where

F(x): L+L h_2_|_i MT+ L.ﬁ.i &
D, D,)2D, D, D, D,)C,

The resultant forces of the beam are thereby obtained as

N =
“ 2(D1 +D2)77+§D1(h1 +h2) D, 2(D1 +D2)77+§D1(h1 +h2)

0. :[Q_i_ﬁj (Dl +D2)h2 +D,D,¢ 0,

g 2 2D2(D1+D2)77+§(h1+h2)

N h
MlczﬁNw_l[_T"' : MT]
4 s\ C, 2D,

Nzc :NT _NIC

ch =0, _QIC

h, +h,

MZC:MT_MIC_ NlC

(D, +Dy)h, +2DD,E M, 2(D, +D,) N,
C2

(6.14)

(6.15a)

(6.15b)

(6.15¢)

(6.15d)

(6.15¢)

(6.15f)

The subscript C is used to refer to the conventional composite beam solution. Since

the differential displacements and rotation at the crack tip of two sub-layers are not

allowed in this model, three concentrated forces (N, Q, and M*), which are not physically

existent, are required at the crack tip (Fig. 6.4) by the equilibrium conditions and given

by
N=N,, —N,.(0)
Q=0 -0, (0)
Mmr=pm =By
2
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where
M=M,-M,(0) (6.16d)
Note that N, M, and Q form a group of self-equilibrium forces, which are used often

in the following of this study. The deformation at the crack tip therefore can be written as

w,(0)=w,(0)= w,(0), (6.17a)
4,(0)=¢,(0)=¢.(0), (6.17b)
u,(0)=u,c(0), u,(0) = u,.(0). (6.17¢)

Thus, Eq. (6.17) physically presents a rigid joint deformation model (Fig. 6.4), which
prohibits relative deformation at the crack (deformation) tip.

For the symmetric bi-layer beam in which the two sub-beams have the same material
properties and geometry (D, =D,=D, C,=C,=C, B,=B,=B, hy =h, =h, and
¢ =0), the governing equation (Eq. (6.10)) of the composite beam based on conventional

beam theory is simplified as

hM
N} =L, "7 6.18
Ny ()=, (6.18)
where
2 R
T — 6.19
T=c 20 (6.19)

Thus, the governing equation of symmetric composite beam model is obtained as

2n*
D

N;(x)=F*(x) (6.20)

where
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2( h 1
Flx)==—| —M,.+—N 6.21
(x) D(ZD rT e Tj ( )

The resultant forces of the beam are thereby obtained as

1( h 1
N} =—|—M,+—N 6.22a
STEA 20

.1
Qe =5 0r (6.22b)
2
M. =—LNT . h‘ M, (6.22¢)
2n°C 2 4n°D

Ni. =N, -N:. (6.22d)
O5c =0r =0 (6.22¢)
M. =M, —M. —hN;, (6.221)

In Egs (6.18) to (6.22), the superscript s represents the case of symmetric bi-layer

beams.

6.2.2 Shear deformable bi-layer beam theory and semi-rigid joint model

Although the rigid joint model is widely used due to its simplicity, it is fairly
approximate in nature since it neglects the local deformation at the crack (delamination)
tip. To account for this deformation, a shear deformable bi-layer beam theory (Wang and
Qiao 2004a; 2005a) is employed to build a novel semi-rigid joint model (Fig. 6.5), in
which the restraint on the rotations of the sub-layers in Eq. (6.7) is released, i.e., each

sub-layer in the virgin beam portion can rotate separately. Such a shear deformable bi-
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layer beam theory has been extensively applied to study fracture of bi-material interface

(Wang and Qiao 2004b; 2006).

Semi-Rigid Joint

N1o, Q1o N1(0), Q1(0)
Mio =y 4 Mi(0)
4# \
¢, Qc
A
MZOH H M2(0)

N2o, Q20 N2(0), Q2(0)

Crack tip forces

Fig. 6.5 Semi-rigid joint model based on shear deformable beam theory

By differentiating Egs. (6.8) and (6.9), substituting them in Eq. (6.3) and considering
the equilibrium condition of Eq. (6.5), the governing equation of the bi-layer system

based on shear deformable beam theory is (Wang and Qiao, 2004a)

hé&ENdN, (x h +h
(e 50 gt

where

N, =N,y +N,, (6.24a)
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QT = QIO + on (6.24b)

ho+h
M, =M, +M, + 17"

Ny, +0O,x (6.24¢)

and Nio, Nao, O10, On0, and My, M are the applied axial forces, transverse shear forces,
and bending moments, respectively, at the crack tip (Fig. 6.5). Nt, Or, and Mr,
respectively, are the total resultant applied axial force, transverse shear force, and
bending moment of the bi-layer system about the neural axis of the bottom layer (Beam
2) (see Fig. 6.2).
By solving Eq. (6.23), the axial force of the Beam 1 is given as

N,(x)=ce™ +ce™ + N, (6.25)
where k is the decay parameter which is determined by the geometry of the specimen and
properties of the materials, and given as

2 — BIBZ(z(Dl +D2)77+D1(h1 +h2)§)

k
DIDZ(BI +B2)(277+hl§)

(6.26)

Compared to the thickness of the beam, the length of uncracked portion (L) of the bi-
layer beam is relatively large; therefore, the second term in Eq. (6.25) can be neglected

near the crack tip (x = 0). Thus, the solutions for the forces of the beams are obtained as

N,(x)=ce™ + N, (6.27a)
/SR e

0,(x)= (5 + jcke +0, (6.27b)

M, (x)= %ce_k" +M,, (6.27¢)
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N,(x)=—ce™ + N, (6.27d)

¢ 2 (6.27¢)
Mz(x):_(z+hl_'2_h2] “ M,.
g (6.27)

where Nic , QOic , and Mic (i = 1; 2) are, respectively, the axial force, transverse shear
force, and bending moment of layer i by modeling the uncracked portion as a single beam
element (i.e., using the conventional composite beam theory).

Hellan (1978) and Chatterjee et al. (1986) showed that there were two concentrated
forces Nc and Q¢ (see Fig. 6.5) at the crack tip if shear deformable beam theory is used
and the two sub-layer are modeled two separate beams. Considering the equilibrium

conditions at the crack tip (Fig. 6.5), we have

N,, ==N, +N,(0) (6.28a)

0 =—0c +0,(0) (6.28b)
h

M, = EINC +M,(0) (6.28¢)

where N¢ and Q¢ are, respectively, the concentrated horizontal and vertical forces acting
at x =0 (Fig. 6.5).

By solving Eq. (6.28), the coefficient of the solution (Eq. (6.27a)) and the
concentrated horizontal and vertical forces are given as

_ (@M +nN)

o (6.29)
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N. = M (6.30a)

© hE+2n
Oc =-0- k(M +h7Nj (6.30b)
where
N=N, -N (6.31a)
0=0,- (6.31b)
10~ M| (6.31c¢)

Obviously, M, N and Q can be treated as a self-equilibrated loading system applied at the
crack (delamination) tip.

Note that in this case, the restraint on the rotations of the sub-layers at the crack tip is
released. As a result, the concentrated bending moment at the crack tip is unnecessary,
and only two concentrated forces (Nc and Qc) are required by the equilibrium condition
at the crack tip (see Fig. 6.5).

By integrating Eq. (6.3), the rotation of the sub-layer is given as
M
j 1€y j idx (L) - (x) (6.32)
At the far end of the bi-layer composite beam, the rotations follow the condition of
#(L)=¢,(L)=4.(L) (6.33)
where ¢, is the rotation angle of uncracked portion based on the conventional composite

beam model, i.e., both the top and bottom beams have the same rotation. The rotations of
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both beams can be obtained by integrating Eq. (6.3) with respect to x and in consideration

of Egs. (6.27¢) and (6.271):

4 (x)=- ;Dh 2t (6.342)
_ce™™(n  h+h,
#.0)="0 ( AR j+¢2c(x) (6.34b)

Since L is relatively large, some small terms in 4, (x) can be neglected and are not shown

in Eq. (6.34).
By the similar way, the deformation field at the crack tip (at x = 0 in the given

coordinate in Fig. 6.2) is given as

1

Ck

3 1
“1(0) uIC(O) C,k
,(0) () _n
P (0) _ ¢1c(0) _ & y D\k& x(h ) N (6.35)
9, (O) bsc (0) hé+2n _ (14_ hy + hZJ : M
W (O) ch(o) Dk & 2 .

0 0 n__fn h
Wz( ) ch( ) le2§ B, (§+ 5
1 [ﬁ+hl+hz]+L(z+ﬂJ
D,k*\ & 2 B,\¢& 2

The shear deformable bi-layer theory (Wang and Qiao 2004a) is primarily applied in
this section to distinguish it from the conventional composite beam theory in the previous
section and the interface deformable bi-layer beam theory introduced in the next section.
This assumption still deviates from the actual deformation at the crack tip (Fig. 6.5), and

it tends to underestimate the deformation along the interface (Qiao and Wang 2005).
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Therefore, the deformation at the crack tip predicted by Eq. (6.35) is an improvement
compared to the ones in the rigid joint model and thus referred as the semi-rigid joint

model.

For the symmetric bi-layer beam in which the two sub-beams have the same material
properties and geometry (D, =D, =D, C,=C,=C, B=B,=B, hy=h,=h, and
& =0), differentiating Eq. (6.9) with respect to x gives:

du _hdg _dui hdg]

(6.36)

dx 2 dx dx 2 dx

Substituting Eq. (6.36) with Eq. (6.3) and Eq. (6.6) gives:
N _hM{ _N; hM; :(NT‘N?’)JJ(MT‘M{V‘NM) (6.37)

C 2D cC 2D C 2 D
Thus, the axial force can be obtained directly from Eq. (6.37) due to the special symmetry
properties as

N :l(lNT +iMTj (6.38)
n\c 2D

Note that the axial force of beam 1 in a bi-layer beam with the symmetric geometry and
material properties is the same as the solution (NV,.) obtained from the conventional
composite beam theory.

Differentiating Eq. (6.8) with respect to x gives:

dw, _ dw, (6.39)
dx dx

Substituting Eq. (6.39) with Eq. (6.3) and differentiating it with respect to x gives:
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140 (x) My 1d05(x) M;
B & D B dr D

(6.40)

Based on the equilibrium conditions of the bi-layer beam system (Eq. (6.5)), the

relation of the shear force of two sub-layer beams can be expressed as:

do;(x)  do;(x) (6.41)

dx dx

Thus Eq. (6.40) can be simplified as:

240 (x) _M; M3

(6.42)
B dx D D
Differentiating Eq. (6.5) and substituting it with Eq. (6.42) and Eq. (6.6) gives:
2 s 2 ATS
dﬂfl _EMf:B_th_ﬁd_Nzl_iMT (6.43)
dx D 2D 2 dx 2D
The solution of Eq. (6.43) is
M =ce™ + M. (6.44)

where k = \/E
D

The shear force can be obtained by differentiating the third equation of Eq. (6.5) as:

_ dM; +ﬁde
dx 2 dx

(o =—kce™ + Q5. (6.45)

Similarly as non-symmetry case, the rotations of Beam 1 can be obtained by

integrating Eq. (6.3) with respect to x:

+ ¢ (x) (6.46)

% (x) ==
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Since L is relatively large, some small terms in ¢,(x) can be neglected and are not shown
in Eq. (6.46).

Due to the symmetry, the concentrated horizontal forces acting at x = 0 (Eq. (6.28a))

turns to be:
Né:N1(O)_N102N1cx:0_N10:_N (6.47)
Substituting Eq. (6.47) into Eq. (6.28c) gives:
h h s
M, =?(—N)+M1(O)=—5N+C+M1C . (6.48)
Thus, the coefficient in Eq. (6.48) is obtained as:
h
c= EN +M (6.49)

N
where M, —M .

= M (see Eq. (6.31¢)).

x=0
By the similar way, the deformation field of a symmetric laminated bi-layer beam at

the crack tip (at x = 0 in the given coordinate in Fig. 6.2) is given as

u; (0)) [ uc(0) g

u;EO; ugc((o)) 1

# (0 &,-(0 h N

#0)| | g2.0) | _Di x(g 1)(1%} (6.50)
WIS(O) wa(O) {))k

w3 (0)) (w3 (0) 0

where, the superscript s in Egs. (6.36) to (6.50) again represents the case of symmetric bi-

layer beams.
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6.2.3 Interface deformable bi-layer beam theory and flexible joint model

To better describe the non-linear feature of the deformed cross-sections of sub-layers
(Fig. 6.6), a higher order beam theory is usually needed, and it inevitably complicates the
solution process significantly. An improved solution of a bi-layer beam model with crack
tip deformation is recently presented by Qiao and Wang (2004), and its application to bi-
layer beam fracture is elaborated in Wang and Qiao (2005b). In this new theory, a novel
concept of adopting the interface compliances (Suhir 1986), Cy; and C,;, which describe
the deformation in the shear and normal directions along the interface under the shear and

normal stresses, respectively (Fig. 6.6), is introduced.

AU>
Flexible Joint

N1o, Qo N1(0), Q1(0)

Mo @ A m) My(0)
Moo H H Mz(0)

N2o, Q20 N2(0), Q2(0)

Crack tip forces

Fig. 6.6 Flexible joint model based on interface deformable bi-layer beam theory

The continuity condition of deformation along the interface is defined as (Qiao and

Wang 2004)
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w,(x)-C,0=w,(x)+C, o (6.51a)
h h
ul(x)_71¢1(x)_cslr:uz(x)+72¢2(x)+cszr (6.51b)

where

h, I
C, L Oy = 6.52
10EY)” 15G) 6:52)

Eq. (6.51) implies that the interface between the two sub-layers is deformable under
the interface stress, and therefore, it represents an improved bi-layer beam theory with
deformable interface.

Similarly, by differentiating Eq. (6.51), substituting them in Eq. (6.3) and considering
the equilibrium condition of Eq. (6.5), the new governing equation of the improved

interface deformable bi-layer beam theory with deformable interface is thus established

as (Qiao and Wang 2004)
d°N,(x)  d'N(x)  &N(&x) ((1 1) (h+h,)

n n + | —+— |p+ N,(x)=F 6.53
aé dx6 Cl4 dx4 a2 dx2 Dl D2 77 2D2 5 l(x) (X) ( )
where

B 1 B 1 _ 1
’ Csl + CS2 " Cnl + CnZ ’ széKn
1 1 (& 1 (1 1
== | =+ |+—| —+—
bl K, \ 2 K A\ B, B,
g =L L (f_hlﬂ]jJrL 1.1 (6.54)
b\B, B, )\ 2 bK A\ D, D,
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Eq. (6.53) considers the deformation along the interface and therefore gives an
interface deformable bi-layer beam model. It can be observed that Eq. (6.53) has three
new terms compared to the governing equation of shear deformable bi-layer beam theory
(Eq. (6.23)), and they are resulted from the deformation of the interface under the
interface normal and shear stresses. The forces and bending moments of each sub-layer
can be obtained by using the characteristic equation of Eq. (6.53) with roots as: (a) £R;,

+R,, and £R3, or (b) £R; and £R; + iR3;. Here R}, R,, and Rj are three real numbers.

Case (a) +R;, +R,, and *R;

The solution of Eq. (6.53) is given as

3 6
N(x)=Dce ™ +> ce® + N (6.55)
i=1

pan
where ¢; (i =1, 2, . . ., 6) are the unknown coefficients to be determined by the boundary
and continuity conditions. Compared to the thickness of the beam, the length of
uncracked portion of the bi-layer system is relatively large. Therefore, the terms with

positive power in Eq. (6.55) can be neglected. Thus, Eq. (6.55) can be simplified as
N(x)=Dlce™ +N, (6.54a)
Similarly, other force and moment components can be written as:

0,(x)= ic,»Tie*‘“ +0,c (6.54b)

3
M (x)=)cSe™ + M, (6.54c¢)
i=1
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N,(x)==>ce™ + N, (6.54d)
i=1
3
0,(x)=-2 cTe™ + 0, (6.54¢)
i=1
3
M,(x)= —Z(Si + %jc[e-’“ + M, (6.54f)
i=1

where Nic, Mic, and Q)¢ are the internal forces of layer 1 based on the conventional

composite beam theory (Suo and Hutchinson 1990). Eq. (6.54) shows that the resultant

forces of sub-layers are composed of two parts: (1) the exponential terms, which decay

very fast, representing the local effect; and (2) the stable-state terms (i.e., Ni¢, Mic or

Qi) from the conventional composite beam solution.

At the crack tip (x = 0):

N, =Ny, 0, =0,,,M,=M,,. (6.55)
The coefficients (¢, i = 1, 2, and 3) are obtained as
c1 ¢, €, ¢\ N . ST,-S8,1T, T,-T, S,-S;\(N
C, |=|Cy €y Cp || M =7 ST,-81, T,-T, S,-S, |M (6.56)
Ccy Ccy €y 3 N\ QO S, T, -S7T, T,-17, §-S,\0
where ¥V =S,T, - S,T, - S,T, + S,T, + S, T, = S,T,
Case (b) £R;, and £R; £ iR3
Similarly as case (a), the resultant forces can be obtained as
N, =c,e™™ + e (c, cos(R,x)+ ¢, sin(R,x))+ N,.. (6.57a)
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M, =¢,S,e™ +e7 (¢, (S, cos(R,x)— S, sin(R,x)) + ¢; (S, cos(R,x)+ S, sin(R,x))) (6.57b)
+M,. '
0, =c,Te™ +e ™ (c, (T, cos(Ryx)+ T, sin(R,x)) + ¢, (T, sin(R,x) - T} cos(R,x))) (6570
+0c '
where

R’ 7 R:-R; n 2R,R
_ 3y , S, = 2%

S, _—1+_a 2=
hK, ¢ K, ¢ chK,

b

h h
T ==RS, = R, T, = =Ry, = RSy =Ry, Ty ==RS, + RyS, —%R3. (6.58)

The coefficients (c;, i = 1, 2, and 3) are obtained as

G ¢y ¢y o3 (N 1 ST, + 5,7, -1 -5, N
C, |=]cy €y Cyn | M =y -8.T, - §,T, T, S, M (6.59)
Cy Cy Cy e )\ QO S;T-87, T,-T, S-S, \0

where Y =-S.7, +S,T, - S, T; + S,T;
The deformation at the joint can be obtained from the constitutive law in Eq. (6.2)
and the above solutions of resultant forces of each layer. As an illustration, the rotation

of beam 1 at the joint is calculated for Case (a) as:

L M 1 (¢S, ¢S5, ¢S L M
L _ O — 1 - 1~1 252 3~3 1C 660
$(0)-40)- Soas— L[ 85 S  p Mg oo
where
L M
he(L)=ic(0)= [, 7 (6.61)
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where ¢, is the rotation angle based on the conventional composite beam theory. When

L is relatively large, we have:

$(L)=¢,(L) (6.62)

Thus:
¢1c(0)_¢1 (0)=A¢1 (O): SyN+S8,M+ 8,0 (6.63)

where

S T S T. S T.
S, = L . +—— ¢, + 2 . +—2—lc, + 3 ~+ 2 (6.64)
DR’ BR, DR’ BR, DR} BR,

Following the same procedure, the local deformation of the crack tip is thus

established as (Qiao and Wang 2004)

Uyc (0

2C(

(0

.

< =
(=}
B!
%!
%!

(=}
— N e
=

(=)

(=)

<
=

=

S, S, S
¢1( _ 1c( B Sy S Sy | s (6.65)
¢2(0 ¢2c(0 S Sp Si 0 .
Wl(o) ch(o) S5 Sy S
Wz(o) ch(o) Se Se Ses

where § = {Sji}6x3 1s a matrix representing the local deformation compliance at the crack
tip (see Appendix B). Compared to other two aforementioned joint models, Eq. (6.53)
considers the deformation along the interface due to the interface normal and shear
stresses, and therefore, provides better prediction of the deformations at the crack tip. The
concept of crack tip deformation represented by Eq. (6.65) is thus referred as a flexible

joint model.
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For the symmetric bi-layer beam, in which each sub-layer has the same geometry and
material properties (D, =D, =D, C,=C,=C, Bj=B,=B, hy=h,=h, and £ =0),

substituting Eq. (6.51b) into Egs. (6.3) and (6.5) and differentiating with respective to x

gives:
d’N;} , N, h
—~K bnN' =-K b| —L+—M 6.66
dx2 s 77 1 K ( C 2D Tj ( )
The solution of Eq. (6.66) can be obtained as:
N =ce™ +N;. (6.67)

where k, =K b7 .

Substituting Eq. (6.51a) into Egs. (6.3) and (6.5) and differentiating two more times

with respect to x gives:

4 K 4 s 2K 2 s K 2 K 2K K K
d]\/4[1 +ﬁd]:71_ nbdj\/zll_ nbhd]\2/1+ Do Kb Kb 6
dx 2 dx B dx B dx D D D

The solution of Eq. (6.68) is:
M} =c,e™ +ce™ +Sce™ + M. (6.69)

and the shear force can be obtained by differentiating Eq. (6.5) and substituting Egs.

(6.67) and (6.69) as:
O =—c,k,e™ —cike™ - (S + gjclkle'k‘x +0; (6.70)

where
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Mo K bk’h® K, bh’
+ J—

g__ 2 B D (6.70a)
. 2K.bkIR* 2K b
- +
: B D
2
k, = \/Knb +\/(K"bj _2Kp (6.70b)
B D
2
o \/Knb_ \/(Kan 2K, (6.700)
B B D

The coefficients of integration ¢; are determined by the boundary condition (see Eq.

(6.55) as:
¢ ¢y ¢ o3 (N 1 ke = ks 3 0 0N
e |=fen en en | M|=— —(kl—k3)S—Ek1 ~ky 1| M| (6.71)
G ¢ cp e \ O o h 0

(k, —kz)S+Ek1 k, 1

The deformation at the crack tip can be expressed as Eq. (6.65), and the compliance
matrix is given in Appendix B. Again, the superscript s in Egs. (6.66) to (6.70) refers the

case of symmetric bi-layer beams.

6.3 Delamination buckling analysis based on three joint models

Local delamination buckling is a common failure mode in the laminated composite
structures (Fig. 6.7). The buckling load is influenced by the local deformation at the tip
of delamination area. Typical analytical solution of local delamination buckling ignores

the local deformation at the delamination tips and assumes both the ends of the
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delamination area are either simply supported or clamped. From the joint deformation
point view, the clamped model is the same as the rigid joint model which prohibits the
relative displacements and rotations of two sub-layers at the crack tip (delamination tip).
The solution based on the rigid joint model gives the higher bound of the local
delamination buckling. While, by assuming the simply-supported condition at the
delamination tip, a low bound of the local delamination buckling is obtained. The actual
case should be within these two extreme scenarios. With the release of the local restraint
at the end of delamination, the solution is closer to the exact situation. The solutions of
the local delamination buckling based on the three joint models are derived and compared
in this section, and the validity of the solution is verified by the numerical finite element

simulation using the commercial software ANSYS.

A®

(b) Symmetrical delamination buckling

Fig. 6.7 Local delamination buckling of laminated composite beams
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6.3.1 Local delamination buckling based on rigid joint model
For a laminated composite beam-type structure, the shear deformation can be taken
into account in a generalization of Timoshenko beam theory. The governing equation for

the top layer (Beam 1) is expressed as:

d*w, N P d’w, _ Dy
dx*  D(-P/B) dx* D,

(6.72)

where P, is the axial force which is applied to the top layer (Beam 1) of the bi-layer
beam, and p; is the transverse distributed load. When p; = 0, the general solution of Eq.
(6.72) is given as:

w,(x)=C, +C,x+C;cos A x+C, sin A/ x (6.73)

it

h ) P N
where (/11) Dl(l—Pl/Bl)

, and the superscript 7 represents the rigid joint model.

Due to the symmetry of the delamination area in the beam with respect to the center
line (Fig. 6.7), the solution can be simplified as
w,(x)=C, + C,cos | x (6.74)
and the rotation is

w,(x)=-C,A sin A/ x (6.75)

The boundary conditions at x = a (i.e., the delamination tip and a is the half-length of
the delamination (Fig. 6.7)) of the bi-layer composite beam based on the rigid joint model
are:

w,(a)=0 (6.76a)



w,(a)=0 (6.76b)

Substituting Egs. (6.74) and (6.75) to Eq. (6.76) leads to a non-trivial solution as:

1 .
cosha | (6.77)
0 —Asinkja
and after expanding, it becomes:
sin(27a)=0 (6.78)

When n = 1, the lowest value of the solution of Eq. (6.78) (A,a = nx ) is obtained as

r== (6.79a)
a
Dividing n/a by 4, gives the effective length ratio as:
T
4= Za =G (6.79b)

A a
where a. is the virtual effective length. For the rigid joint model, the effective length

ratio is

T
i = % —1 (ie,d, =a) (6.79¢)

Thus, the critical local delamination buckling load based on the rigid model is given as

2
i
O,
r 1) D
(f)l )cr = - 2 = ( (1/'3}” )le (6-80)
(”] D, 1+ L7

1+ B,

Bl
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2

Normalizing Eq. (6.80) with P! = il (i.e., the solution of Euler buckling), gives
a

2

() S ! (6.81)
T

6.3.2 Local delamination buckling based on semi-rigid joint model
The restraint of the rotation at the delamination tip is released for the semi-rigid
model (Fig. 6.5), leading to the reduced local delamination load in comparison to the one
by the rigid joint model. By including the rotation at the end of delamination area, the
local delamination buckling solution is derived in this section.
According to Eq. (6.73), due to the symmetry of the delamination to its center line,
the displacement and rotation become:
w,(x)=C, + C, cos L x (6.82a)
w,(x)=—-C,A sin A'x (6.82b)
where the superscript s here represents the semi-rigid joint model.
The boundary conditions at the end of delamination (x = @) of the bi-layer composite

beam based on the semi-rigid joint model are:

w(a)=0 (6.83a)

wla)=v, (6.83b)
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where ¥, is the rotation angle obtained from the shear deformable bi-layer beam theory

(Eq. (6.35)) as:

P — Y 2 __dv
kD1(h1§+277)

Differentiating Eq. (6.82b) with respect to x

i—f =—C,(4 ) cos 4;x

and substituting Egs. (6.82a), (6.84), and (6.85) in Eq. (6.83), it gives:
1 cosAja 3

0 Asinga—y(4) coskid

2n

here y=————1
AT g v

The characteristic equation is obtained as

tan(/if a) =4

(6.84)

(6.85)

(6.86)

(6.87)

By solving Eq. (6.87), the coefficient 4] can be numerically computed. Thus, the critical

local delamination buckling load based on the semi-rigid joint model is given as

(ny, -4 D
. 1+ le ) b,

1

2

D, .
Normalizing Eq. (6.88) with P = 7[—21 gives
a
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(R), = e : (6.89)

(z/a)

where p = For the rigid joint model, Eq. (6.89) results in the same expression

given in Eq. (6.81). Thus, u, represents the effective length ratio (see Eq. (6.79b) and is
larger than 1 for the semi-rigid joint model, indicating that the virtual effective a,, is

larger than a_,

= a of the rigid joint model.
6.3.3 Local delamination buckling based on flexible joint model

From the continuity condition of deformation along the interface (Eq. 6.51), the
restraint of the local deformation at the crack tip is fully released, and the joint is allowed
to have horizontal and vertical displacements, which is similar to the conception of sub-
beam on elastic foundation. To investigate the influence caused by the full release of the
local deformation at delamination tip, the local delamination buckling solution is derived
based on the flexible joint model.

Similar to the semi-rigid model, the delamination considered in this study is

symmetry to its center line, the displacement and rotation is:
w,(x)=C, +C, cos A x (6.90a)

v, (x)=-C,A sin A/ x (6.90b)
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where the superscript f represents the flexible joint model.
The boundary conditions at the delamination tip (x = @) of the bi-layer beam based on
the flexible joint model are:
wla)=w/ (6.91a)
via)=y/ (6.91b)
where w/ and y/ can be obtained from Eq. (6.65) based on the interface deformable bi-

layer composite beam theory (Qiao and Wang 2004)

w] =-S,M =-S,D, v |- (6.92a)
dx
s dy
v, =—Su,M=-8,D,—|_, (6.92b)
dx
where
W € cos M x (6.93)
dx
Substituting Egs. (6.90), (6.92), and (6.93) into Eq. (6.91) gives
1 —cosA a-S.,D (/If )2 cost a
1 521\ , 1 =0 (694)
0 Asini/a+S,D, (/”Llf) cos A a
and the characteristic equation is obtained as
tan(4/ @)= —S,D, A/ (6.95)

where for the characteristic equation of Eq. (6.53) with roots of R, +R», £R3

T T S T.
Sy=| Dy Dl [ Sy B f S B (696a)
DR B\R, DR, BR, DRy BR;
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for the characteristic equation of Eq. (6.53) with roots of £R;, and =R, + iR;

o S T, S,(R? - R?)+2R,R,S, T,R, +T,R,
2 = >t Cp T 5 Y + > 7Y [C22
D\R;  BR, DI(R2 +R3) B, (Rz + R, )
S,(R? —=R?)+2R,R,S, T,R, +T,R,
i 2, p2V B,(R? +R?) =
D,(R2 +R?) (R + R

(6.96b)

Thus, by solving Eq. (6.95) to obtain A/ , the critical local delamination buckling load

based on the flexible joint model is given as

_ IV
(). =M (6.97)
1+7(/11 ) D,
Bl
2
Normalizing Eq. (6.97) with P! = d 2D1 gives
a
(7)) - (A )26{2 _ L (6.98)
L (xl{)lej m
2 14+ )2 71 b,
! y; 1+ a2

(71'/61) 3 a-e;,-

where u, =-——==—"- . Again, Eq. (6.98) with x, =y =1 leads to the same
A a

expression as the one by the rigid joint (Eq. (6.81)); while Eq. (6.98) with x, = u (i.e.,

when the interface compliance C,; = Cy; = 0) is the same as Eq. (6.89) by semi-rigid joint

model. Thus, y, represents the ratio of effective length from the flexible joint model,

and it is equal to or larger than the value of g which is always larger than 1.
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In summary, with inclusion of local delamination tip deformation by the joint models,

an equivalent concept of the effective length or effective length ratio is introduced,

resulting in ajf'f 2 a,, 2a,; =a or u, > pu > u =1. Basically, the local delamination tip

deformation increases the effective length. The more release of local deformation at the
delamination tip, the larger the effective length becomes, leading to reduced critical local

delamination buckling load.

6.3.4 Numerical validation

To validate the accuracy of the solutions obtained based on the three joint
deformation model, the numerical simulation is conducted using the commercial software
ANSYS. The beam is modeled with 8-node 3-D element SOLID45 with three degrees of
freedom at each node: translations in the nodal x, y, and z directions. A beam specimen
with a sub-layer delamination area symmetric to its center line with the material
properties of £y = E» =1, 01 =0,=0.3, h; = 0.2 and s, = 2 is analyzed. The delamination
ratio (a/h;) is chosen as 5, 10, and 15, respectively (Fig. 6.8), and the results are listed in

Table 6.1 (where a is the half length of the delamination (see Fig. 6.7)).
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(a) alhy =5

(b) a/hy = 10

() alh;= 15

Fig. 6.8 Sub-layer delamination buckling of bi-layer beams in numerical
simulation
Compared with the analytical solutions based on the three joint models (Table 6.1),
the results obtained from the numerical simulation match well with the ones calculated
based on the flexible joint model. As anticipated, the solution obtained based on the rigid

joint model gives the highest value since the boundary at the delamination tip is fully
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restrained (clamped), as assumed in the conventional composite beam theory; the results
obtained from the semi-rigid joint model are lower than those of rigid joint model but are
higher than the solution from the flexible joint model, since sub-layers at the
delamination tip are allowed to rotate while prohibiting the displacement along the
vertical and horizontal directions; finally, the results based on the flexible joint model
match best with the numerical simulation, since it is much closer to the real situation
compared to the other two joint models.

Table 6.1 Analytical and numerical simulation results of sub-layer delamination

buckling
Lo | D TR
Rigid Semi-rigid | Flexible
a/hy =5 0.9069 0.8338 0.7613 0.7596
P, a/hy =10 0.9750 0.9285 0.8741 0.8702
a/hy =15 0.9887 0.9569 0.9205 0.9093

Note: h] = 02, ]’lz = 2, E] = Ez =1

For a symmetric bi-layer beam, in which each sub-layer has the same geometry and
material properties (D, =D, =D, C,=C,=C, B,=B,=B, hy=h,=h, and £ =0),
the numerical simulation is conducted to validate the analytical results based on the three
joint models. A symmetric beam specimen with a symmetric delamination area at the
center line with the material properties of £y = E, =1, 0 =02=0.3, hy =h,=h=0.41is
analyzed. The delamination ratio (a/h) is chosen as 2.5 (Fig. 6.9), 5, and 7.5,
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respectively, and the results are listed in Table 6.2. The results obtained from numerical
simulation are a little bit lower than the ones calculated by the flexible joint model, but

still in an acceptable range.

Fig. 6.9 Symmetric delamination buckling in numerical simulation (a/h = 2.5)

Table 6.2 Analytical and numerical simulation results of symmetric delamination

buckling
o | Do
Rigid Semi-rigid | Flexible
a’h=2.5 0.7089 0.5925 0.5501 0.5165
P ah=>5 0.9069 0.8338 0.7638 0.7287
ah="1.5 0.9564 0.8755 0.8421 0.8220

Note: li=h,=h=04,E,=E,=1

6.4 Parametric study
A parametric study of the effects of delamination length ratio, the shear deformation,
and interface compliance using the three joint deformation models is conducted in this

section.
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6.4.1 Effect of delamination length ratio

The effect of delamination length ratios (a/h;) on three joint models is implemented
by comparing the solutions with the increase of the delamination length. Two beam
specimen with a delamination length symmetric to its center line are analyzed in this
section: one is the specimen with the material properties of £y = E>, =1, v, =0,=0.3, h; =
0.2 and A, = 2 to study the sub-layer delamination buckling; and the other is with the
material properties of £y = E> = 1, 01 = 02= 0.3, hy = h, = h = 0.4 to study symmetric
delamination buckling. The delamination length ratio (a/h,) is chosen from 1.5 to 50 for
sub-layer delamination buckling; and 1.5 to 30 for symmetric delamination buckling.

As the length of the delamination increases (i.e., a/h; — o), the prediction by all the
three joint models asymptotically converge to the same one (see Fig. 6.10 for sub-layer
delamination buckling; Fig. 6.11 for symmetric delamination buckling). As a/h; is
smaller (within the range of a/h; < 20), the effect of local deformation is more

pronounced.
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b — Rigid joint model
f/ ~~~~~~~~~~ Semi-rigid joint model
i ———Flexible joint model
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Fig. 6.10 Effect of delamination length ratios on sub-layer delamination buckling

1.0 A
0.8 A1
<
0-6 1 ;'// —— Rigid joint model
7 IR Semi-rigid joint model
| ———Flexible joint model
0ad
|
|
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10 15 20 25 30

0
a/hl
Fig. 6.11 Effect of delamination length ratios on symmetric delamination

buckling
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The effective length ratio 2 (Eq. (79b)) represents the ratio of 7 /a over 4, and it can

be treated as the ratio of the effective length (a.;) obtained from the respective joint

deformation model over the effective length (a). Since the effective length of the rigid
joint model is a,;, = a leading to x, =1, the effective length ratios obtained based on the
semi-rigid joint model () and flexile joint model (4, ) are always larger than 1 (Fig.

6.12 for sub-layer delamination buckling; and Fig. 6.13 for symmetric delamination
buckling). With the increase of delamination length ratio (i.e., a/h; — o), the predictions

by all the semi-rigid and flexible joint models asymptotically decrease to u, =1.

1.30

|

|
1254 |

(

|
1.20 \
) \\ — Rigid joint model

A (OO Semi-rigid joint model
L1l \\ ——— Flexible joint model

3. o\

o\

'.'. \\
1.10 + "

N

N
SN
1.05 + \\
. \\\
T T ' I
0 10 20 30 40 >0

a/hl
Fig. 6.12 Effective length ratio vs. delamination length ratios (sub-layer

delamination buckling)
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.'. \
1.10 + \
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~
~
~
1.05 - ~__
T T
T T T T T
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Fig. 6.13 Effective length ratio vs. delamination length ratios (symmetric

delamination buckling)

6.4.2 Effect of shear deformation

The effect of shear deformation on the local delamination buckling by three joint
models is implemented by comparing the solutions between isotropic and orthotropic
materials. Two beam specimen with a delamination length symmetric to its center line
are analyzed in this section: one is the specimen with the material properties of £, = E; =
1, 01 =0,=0.3, h; = 0.2 and A, = 2 to study the sub-layer delamination buckling; and the
other is with the material properties of £, = E» = 1, 01 =0,=03, hy =h, =h =04 to
study symmetric delamination buckling. The shear modulus of orthotropic material in
the calculation is obtained by reducing the shear modulus of the isotropic materials by 10

times. Figs. 6.14 and 6.15 show that the shear effect has the significant influence on the
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results when the beam is relatively short. Among the three joint models, the influence of
the shear deformation on the delamination buckling by the rigid model is the most severe,

while the effect is reduced for the flexible model.

1.0 A
0.8 A
0.6 A
‘S ; i Isotopic clamped joint model
) N // . S
i A B Isotopic semi-rigid joint model
0.4 5// .// —————— Isotopic flexible joint model
[ //'./ ——— - Orthotropic clamped joint model
//'/3/ — — —  Orthotropic semi-rigid joint model
0.2 /// ——————— Orthotropic flexible joint model
//
/
0.0 T T T T T
0 5 10 15 20 25 30

a/hl

Fig. 6.14 Shear effect on sub-layer delamination buckling

1.0 A
0.8 A
_ 06
Al
0.4 // /" / / — Isotopic clamped joint model
’ 'I/ /’/ 2 Isotopic semi-rigid joint model
/~' 2 et Isotopic flexible joint model
02 4 R / / — = - Orthotropic clamped joint model
’ /// — — —  Orthotropic semi-rigid joint model
/// ——————— Orthotropic flexible joint model
0.0 A /
0 5 10 15 20 25 30
alhy

Fig. 6.15 Shear effect on symmetric delamination buckling
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.......... Flexible joint model a/h, =3

Fig. 6.16 Shear effect on sub-layer delamination buckling with different
delamination length ratios
To further investigate the shear effect on the solution of three joint deformation
models, the beam specimen with the material properties of £y = E>, =1, v, =0,=0.3, h; =
0.2 and 4, = 2 for sub-layer delamination buckling and £, = E, =1, 01 =0,=0.3, h) = h,
= h = 0.4 for symmetric delamination buckling with different delamination ratios (a/h; =

3, 10 and 30) are analyzed. The ratio of the longitudinal stiffness E,, to the shear

E
modulus G, starts from isotropy (G _ = ——"—) to orthotropy by reducing the shear

2(1+v.)
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modulus of the isotropic materials step by step. As shown in Figs. 6.16 and 6.17, the

shear effect is more pronounced for the beam with short delamination length than the one

with long delamination length.

1.0

0.8

06 ..

P)

0.4

0.2 A1

0.0 T T T

—
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— —
P

EXX/GXZ

Rigid joint model a/h = 30
Semi-rigid joint model a/h = 30
Flexible joint model a/h = 30
Rigid joint model a/h = 10
Semi-rigid joint model a/h =10
Flexible joint model a/h =10
Rigid joint model a/h =3
Semi-rigid joint model a/h =3
Flexible joint model a/h =3

20

Fig. 6.17 Shear effect on symmetric delamination buckling with different

delamination length ratios

6.4.3 Influence of interface compliance

In the flexible joint model, the two interface compliance coefficients C,; and Cj; are

introduced to account for the contribution of interface stresses (i.e., peel and shear
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stresses) to the interface deformation. When the interface compliance coefficients
approach zero, it converges to the semi-rigid model (Eq. (6.51)). The beam specimens
with a delamination length symmetric to its center line with the material properties of E;
=E,=1,v;=0v,=0.3, h) = 0.2 and A, = 2 for sub-layer delamination buckling and E; =
E,=1,0,=0v2=0.3, hy = h, = h = 0.4 for symmetric delamination buckling are analyzed.
The delamination length ratio (a/h;) is 10. Figs. 6.18 and 6.19 show the delamination
buckling solution obtained based on the flexible joint model approaches to that of the

semi-rigid joint model by reducing the two interface compliance coefficients C,; and Cj;

to zero.
1.0
\ Semi-rigid joint model

0.8 - N e Flexible joint model

i 0.6
0.4 A
0.2 T T T

0.0 0.5 1.0 1.5 2.0

EC(C,=C,)

ni

Fig. 6.18 Delamination buckling load vs. interface compliance coefficients (sub-layer

delamination buckling)
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Fig. 6.19 Delamination buckling load vs. interface compliance coefficients

(symmetric delamination buckling)

6.5 Concluding remarks

The local delamination buckling analysis of laminated composite beams is presented
in this chapter. The analytical solution for local delamination buckling is derived based
on three distinct bi-layer beam theories (i.e., conventional composite beam theory, shear
deformable bi-layer beam theory, and interface deformable bi-layer beam theory)
representing three improving degrees of accuracy by accounting for the local deformation
at the delamination tip. In the conventional composite beam theory, the section at the
delamination tip deforms as one composite section, leading to a rigid joint and thus an
overestimated local delamination buckling load. In the shear deformable bi-layer beam

theory (Wang and Qiao 2004a), the relative rotation of two sub-layers at the delamination
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tip is allowed, resulting in a semi-rigid joint and an improved prediction of local
delamination buckling load. Finally, in the interface deformable bi-layer beam theory
(Qiao and Wang 2004), the relatively horizontal and vertical displacements at the
delamination tip are included by introducing the interface compliance coefficients, which
is similar to the concept of sub-layer beam on an elastic foundation, and it more mimics
the real scenario at the delamination tip in the laminated structures (e.g., fiber bridging
effect). The concept of the effective length is introduced as well, and with inclusion of
the delamination tip deformation, the effective length of the buckled sub-layer is
correspondingly increased. A numerical finite element modeling is conducted to validate
the analytical solution, and it demonstrates that the prediction of local delamination
buckling load by the flexible joint model is closer to the finite element results. It is also
noted that the local deformation is more pronounced as the length of the delamination
becomes shorter, in which a more accurate model, such as the flexible joint, is needed.
The improved solutions based on the semi-rigid and flexible joint models can be used to
better predict the local delamination buckling of laminated composite structures and
provide a viable and effective tool compared to numerical and other high-order

beam/plate models.
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CHAPTER SEVEN

CONCLUSIONS AND RECOMMENDATIONS

The goal of this dissertation aims to develop explicit buckling formulas for fiber-
reinforced plastic (FRP) composite structures, so that design analysis and optimization of
such the structures can be greatly facilitated. = A comprehensive study on stability
analyses (i.e., global (flexural-torsional) buckling, local buckling, and delamination
buckling) of FRP composite structures is presented. The stability of various FRP
structures (i.e., plates, structural shapes, and sandwich cores) is investigated by a
combined analytical, numerical and experimental study. Major findings and conclusions

are presented in this chapter, followed by recommendations for future work.

7.1 Conclusions
7.1.1 Global (Flexural-torsional) buckling of thin-walled FRP beams

A combined analytical, numerical and experimental study for the flexural-torsional
buckling of pultruded FRP composite cantilever I- and open channel section beams is
studied. The second variational problem and total potential energy of the thin-walled
beams based on nonlinear plate theory is derived, and the shear effects and beam
bending-twisting coupling are considered in the analysis. The stress resultants and
displacement fields of flexural-torsional buckling for I- and open channel section beams
considering bending and torsion are provided. For the stress resultants of I- and open

channel section beams, when a tip vertical load acts through the shear center (e.g., double
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symmetry [- section beams), only the bending of the beam occurs; whereas for the tip
load acting away from the shear center (e.g., single symmetry open channel section
beams), both the torsion and bending of the beam are developed, from which the stress
resultants consist of two parts: one is related to the bending effect of the vertical load P
acting at the shear center, and the other is the torsional effect caused by the torque of Pz
on the cross-section.

The analytical eigenvalue solutions for the cantilever I- and open channel section
beams are obtained, respectively, using the transcendental function. An experimental
study of four different geometries of FRP cantilever I- section beams and three open
channel beams is performed, and the critical buckling loads for different span lengths are
obtained. Good agreements among the analytical solutions, experimental tests and
numerical finite element predictions are obtained for both of I- and open section beams.
A parametric study on the effects of the load location through the shear center across the
height of the cross-section, fiber orientation, and fiber volume fraction on buckling
behavior of the open channel section beams is presented. The explicit analytical
formulations of global (flexural-torsional) buckling of FRP cantilever I- and open
channel section beams shed light on the global buckling behavior and can be employed in

optimal design of FRP beams.

7.1.2 Local buckling of rotationally restrained plates and FRP structural shapes
A variational formulation of the Ritz method is used to establish an eigenvalue

problem for the local buckling behavior of composite plates rotationally restrained along
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its four edges (the RRRR plate) and subjected to general biaxial linear loading, and the
explicit solutions in term of the rotational restraint stiftness (k. and k,) are presented. By
considering the rotationally restrained conditions along the four edges, the unique
combination of weighted sine and cosine functions is used to obtain the explicit solution
of the orthotropic plates rotationally restrained along their four edges. By properly

choosing the weight constants @, and , , the novel displacement function provides a

unique approach to derive the explicit solution and at the same time account for the
elastic restraining effect along the edges.

The explicit solution for the plate rotationally restrained along the four edges is
simplified to seven special cases (i.e., the SSSS, SSCC, CCSS, CCCC, SSRR, RRSS,
CCRR, and RRCC plates) based on the different edge restraining conditions (e.g., simply-
supported (S), clamped (C), or rotationally restrained (R)). The solutions for the plates
rotationally restrained along the four edges under uniaxial longitudinal compression are
also available by simplifying the loading condition. The explicit local buckling solutions
are validated with the exact transcendental solution for two special cases of the SSRR and
RRSS plates. A parametric study is conducted to evaluate the influences of the loading
ratio (a), the rotational restraint stiffness (k), the aspect ratio (y), and the flexural-
orthotropy parameters (apr and fogr) on the local buckling stress resultants of various
rotationally-restrained plates, and they shed light on better design for local buckling of
composite plates with different rotationally restrained boundary conditions.

The explicit equations of orthotropic plates in terms of the rotational restraint stiffness

coefficient (k) can be applied to predict the local buckling strength of various FRP
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structural shapes. As an application, the explicit local buckling solution of rotationally
restrained plates is adopted in the discrete plate analysis of two typical composite
structures, i.e., the thin-walled FRP structural shapes and honeycomb cores in
sandwiches. The results indicate that the present plate solution could be effectively
applied to predict the local buckling strength of FRP structural shapes and flat core walls
between the face sheets in sandwich structures, and the predictions are in close agreement
with the finite element and experimental results, thus further demonstrating the
applicability and validity of the explicit solutions. A guideline for explicit local buckling
design and resistance improvement of FRP structural shapes is provided.

Due to the excellent agreements with the exact transcendental solution of the local
buckling solution of orthotropic plates and the validity in applications to FRP shapes and
honeycomb cores in sandwich structures, the presented explicit formulas can be used
with confidence to predict the local buckling strength of rotationally restrained plates and
applied effectively in the discrete plate analysis to evaluate the local buckling of different

composite structures.

7.1.3 Local delamination buckling of laminated composite beams

The local delamination buckling analysis of laminated composite beams is conducted,
and the analytical solution is derived based on three different bi-layer beam theories (i.e.,
conventional composite beam theory, shear deformable bi-layer beam theory, and

interface deformable bi-layer beam theory), resulting in three improving accuracy of joint
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deformation models (i.e., rigid joint model, semi-rigid joint model, and flexible joint
model).

The delamination buckling analysis obtained by the semi-rigid joint and flexible joint
models provides better predictions than the rigid joint model, in comparison the
numerical finite element simulation. Due to introduction of local deformation in the
semi-rigid joint (i.e., the relative rotations between two sub-layers) and flexible joint (i.e.,
the fully deformable field) models at the delamination tips, the derived formulas by the
shear deformable and interface deformable bi-layer beam theories provide improved
solutions for local delamination buckling of laminated beams. The effect of shear
deformation to the local delamination buckling is evaluated, and both the length and
material orthotropy show pronounced influence to the delamination buckling strength.
The delamination buckling analysis of the laminated composite beams using the
improved semi-rigid and flexible deformation joint models achieves accurate predictions
which are closer to the real scenarios and thus avoids the need of the numerical finite
element modeling and other high order plate/beam theory in delamination buckling

computation.

7.2 Recommendations for future work

Though extensive study on global and local buckling for FRP structural shapes and
local delamination buckling of laminated composite beams is presented, there is still a
need to develop more generic formulations for stability of FRP composite structures.

The following recommendations are provided for future endeavors:
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Only some special cases (e.g., cantilever FPR I- and channel sections) are studied,
and their explicit flexural-torsional buckling formulas are derived. More generic
solutions for various FRP structural shapes with different loading and boundary
conditions should be further developed.

. A comprehensive study on local buckling of rotationally restrained orthotropic
plates primarily under uniform bi-axial loading is provided. More detailed study
on the explicit local buckling solution of restrained plates under linear and other
types of loads (e.g., shear) as well as their limitations should be investigated.

Only the rotational restraint at the plate edges is considered in the study. The
horizontal and vertical extensional restraints at the plate edges should be further
integrated in the explicit solution.

Local delamination buckling analysis of laminated composite beams using three
joint deformation models is presented, and their extension to delamination
buckling of laminated composite plates should be explored.

Due to similar nature and analytical strategy between structural stability and
dynamics, dynamics of delaminated composite beams could be treated in a similar

fashion using the three joint deformation models.
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APPENDIX



Appendix A. Shear stress resultant due to a torque in open channel section

The shear flow of an open channel beam (see the sectional geometry in Fig. A.1)

caused by a torque Pz can be calculated from the equilibrium equations (see Fig. A.2).

|y v
¢
‘ z
Pz ! S b,
sheat | |centroid b
center t
]
by |

Fig. A.1 Geometric parameters of open channel section

z' 4 B Zh 4

wi

ql ~ shear C‘ Pz

center

shear
center

P I L.

fi

Xz

(a) (6) (c)

Fig. A.2 Shear flow in open channel section subjected to a torque Pz
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For the calculation convenience, we separate the shear flow caused by torque in an

open channel section into two parts ¢' and ¢°(see Fig. A.2). The in-plane shear stress

resultants (or shear flows) N’ in the top flange and N . In the web are hereby derived as

an example.

The equilibrium equations of vertical loads and moment in part ¢' are

DF, =qyb, #0 (A1)

2 3Pz
M.=0;, Zq,b,b, =Pz=q, = A2
Z C 3 qB f“w qB Zb/bw ( )

Based on Eq. (A.2) and considering the parabolic distribution of the shear flow in the top
flange (Fig. A.2 (@)), the in-plane shear stress resultant is expressed as

2 2
z' z' 3Pz z' z' ,
q' =q}9 2__(_J = 2-—(—} Ostbf (A.3)

b./ ' b/ ' Zb./ ' bw b./ ' b./ '

For a thin-walled structure, the shear flow (i.e., the shear stress resultant in this study)

can be obtained from

s
_ Y
q=—"[ydd (A4)

z A

Because in the web panel, the shear flow ¢' (the constant flow on the web in Fig. A.2
(a)), which is accumulated from g}, cannot be balanced in the vertical direction of the
equilibrium equation (see Eq.(A.1)); thus ¢° (see Fig. A.2 (b)) is added in order to

maintain the equilibrium. In Fig. A.2 (), a channel section under an equivalent vertical
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shear load of ¢b, is studied, and the applied shear load is used to balance the

unequilibrium shear flow on the web in Fig. A.2 (a).

At point B and generic local point z', the shear flows caused by the balancing shear

load gb,, are,

\b, b

g2 = %bfzf - atPoint B (A.5)
\b, b

q° =q‘;—wz'tf?W 0<2'<b, (A.6)

Applying the superposition principle, the in-plane shear stress resultants in the flange

caused by the torque are obtained as

. 3Pz b2bt,
N™) =qg' —g* = ) at Point B A7
W2 =g a3 =, 2= 0-=570) (A7)

2
» ' ' blz't,
NI =g —g? = 2 2i—£i] -2 L 0<z'<h, (A.8)

Xz f
2b,b,| b, \b, ) 2L

The value of the in-plane shear stress resultant N in the bottom flange is the same

as that of the top flange, but in the opposite direction.

Similarly, for the in-plane shear stress resultant in the web panel N, the shear flow

of part ¢' and part ¢° at an arbitrary point are, respectively,
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3Pz

wl
N by (A9)
f“w
gt (b Y
NWZ — 2_|_ BZw"w “w 4,2
Xy qB 212 {( 2 j y :|
1.2 2
qpb.bt 2ot (b,
B lef — %21 K?} _yz} (A.10)

3Pz b\
= 2 Ip bt || 2| =2
4bffz{“'” Wl(zj y]}

The total in-plane shear flow in the web panel caused by torque Pz then becomes

N =N - N2 (A.11)
b 2
L R bobt, +1,| 2] -y (A.12)
" 2b,b, 4b,I. 2
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Appendix B. Compliance matrix in f flexible joint model

Case (a) £R|, £R,, and £R; (Qiao and Wang 2004)

Sy = | Sy Gy S| (B.1a)
Ci\R, R, R,
S, :L ;S +CZiS2 +03iS3 ’ (B.1b)
Dl Rl R2 R3
T T. S T.
S, = 5 e, + S b ey | ey, |, (B.1c)
DIRI BIRI D1R2 Ble D1R3 BIR3
S, :L(&_Fﬁ_i_&} (B.1d)
CZ Rl R2 R3
S., :_L S, n €3S, " Sy | b +h Ci G G ’ (B.1¢)
D, R, R, R, 2D, \ R, R, R,
h, +h, h, +h, hy +h,
—+3, — 4+, —=+8S,
Se =— 2 —+ d c,; + 2 —+ 4! C,y + 2 —+ L Cs; (B.1f)
D,R, B,R, D,R, B,R, D,R; B,R,
where i =1,2,3,
; R; —R; 2R,R
SIZ_R_1+Z, , == 2 3+Q,S3: 2 3’
bK, ¢ K, & EK

h h
I, =-R,S, _lea T, =-R,S, - RS, _?le’ T, =-RS, +R,S, —%R3.

Case (b) £R; and £R; £ iR3 (Qiao and Wang 2004)
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R R
R AV i T L W (B.2a)
Ci\R, R;+R; R;+R;

(B.2b)

_ 1 [eS 4 G (RzSz +R3S3)+ c3i(R2S3 +R352)
R, R} +R; R} +R; ’

s, T S,(R2 = R2)+2R,R,S, T,R,+T,R,
S, = s+ —— ey + TSy + 51 (€
DR BR, D, (R2 + R; ) B, (Rz +R; )

S,(R? =R?)+2R,R,S, T,R, +T,R,
+ 2 2 2 Cii»
D,(RZ +R?) B,(R; +R;)

(B.2¢)

1 (c, R R
Sy = | it | (B.2d)
2 1 R2 +R3 RZ +R3

S LRI (hl thy +SZ]R2 L R,S,
1 2 2
S2i ==

+ 3 2
D, R, R +R;

(B.2d)
03{(};1;}12 ts, JR3 + R2S3j

+
3 2 2
RS + R,

hith g (R = R?)+2R,R,S,
2 TR, +TiR,

i + i Cai
D,R! B,R, D, (R22 +R32 )2 B, (Rzz +R32) ’
(B.2e)

h, +h, ‘s,
2 T,R, +T,R,
D, (R + R2) B,(R2+R?)

S; (R22 - R32 )+ 2R2R3[

Cs;-

236



Case (c) Symmetry case (D, =D,=D, C,=C,=C, B,=B,=B, hy=h,=h, and

$=0)
1 (¢,
S.o=—| - B.3a
li C(](l] ( )
5, =] G2 Gy O (B.3b)
D\ k  k, K
1 1{c.S ¢, cs
Sy=——||S+= ey +ey +oy |——| 2+ 2+, B.3c
3i B (( j 1i 2i 3i J D ( klz k22 k32 J ( )
1{ ¢,
Sy =——-"1| B.3d
4i C(klj ( )
1 cll(S—l—Zj
SSl i CZi +0i s (B3e)
D k, k, k,
h
1 h Ch(s 2j Cyi | Gy
Sy =— S+5 c, tC,y ey | F— i +E+E (B.31)
h K bk’h® K bh’
BE LR Kb |(KbY 2K.b
where S = 2 2Kb2€2h2 D , k,=Kbn, k,= l;+\/(éj_ D" ,
s 2K,07K +2Knb
: B D

K b K bY 2K b
andk3—\/§ —\/( 1 j - D” .
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